[bookmark: _Hlk184426196]Three Basic Concepts
1. Languages   
2. Grammars
3. Automata
Language Concepts
· An alphabet, is denoted by ∑ , is a finite, nonempty set of symbols.
· A string is a finite sequence of symbols from the alphabet.
Language: In genereal, a language is a collection of words, but in the theory of computation, it is a collection of strings.
For example: ∑={a,b}
L1= a set of all strings of length 2.
L1={aa, ab, ba, bb}
L1 is called a finite language or a finite set.

L2= a set of all strings of length 3.
L2={aaa, aab, aba, abb, baa, bab, bba, bbb}
L2 is called a finite language or a finite set.

L3= a set of all strings where each string starts with an “a”
L3={a, aa, ab, aaa, aab, aba, abb, …} 
L3 is called an infinite language or an infinite set.

Note: A language which can be formed over an alphabet can be finite or infinite.

· Powers of an alphabet, ∑k, is the set of strings of length k with symbols from ∑.

Alphabet: ∑={0, 1}
∑0 = {}
∑1 = {0, 1}
∑2 = {00, 01, 10, 11}

Examples: 

∑0 = a set of all strings over ∑ of length 0.
∑0 = {ε}
ε (epsilon) is a special symbol which represents an empty string “” with length 0.
| ε | = 0
|∑0| = 0

∑1 = a set of all strings over ∑ of length 1.
∑1 = {a, b}
|∑1| = 2

∑2 = a set of all strings over ∑ of length 2.
∑2 = ∑ ∑ = {a, b} {a, b} = {aa, ab, ba, bb}
|∑2| = 4

∑3 = a set of all strings over ∑ of length 3.
∑3 = ∑ ∑ ∑ = {a, b} {a, b} {a, b} = {aaa, aab, aba, abb, baa, bab, bba, bbb}
|∑3| = 8

· The set of all strings over ∑ is denoted as ∑*.
∑* = ∑0 ∪ ∑1 ∪ ∑2 ∪ … ∪ ∑n ∪ …

For example:  ∑ = {a, b}
∑* = {ε} ∪ {a, b} ∪ {aa, ab, ba, bb} ∪ …

∑* = a set of all strings over ∑ of ALL lengths.
∑* represents an infinite set.
∑* can be seen as the parent of all languages.

* means 0,1, 2,…, n, … 

· The set of all strings over ∑ is denoted as ∑+.
∑+ = ∑1 ∪ ∑2 ∪ … ∪ ∑n ∪ …

For example:  ∑ = {a, b}
∑+ = {a, b} ∪ {aa, ab, ba, bb} ∪ …

· A language L, over an alpahbet ∑ is a subset of ∑*. 
That is, L ⸦ ∑*.
· Examples: 
The set of legal English words.
The set of legal C programs.
The set of strings consisting of n 0’s followed by n 1’s.
{01, 0011, 000111,…}
· The empty language ∅. 
· The language {ε} consisting of the empty string.
· [bookmark: _Hlk184851212]∅ ≠ {ε}

[bookmark: _Hlk191526057]Question: How many languages are possible over ∑*. 
Answer: infinite

Regular Expression
is a set of symbols, Thus if alphabet= {a, b}, then aab, a, baba, bbbbb, and baaaaa would all be strings of
symbols of alphabet.
In addition we include an empty string denoted by ε which has no symbols in it. 
Examples of Kleene star:
1* is the set of strings {ε, 1, 11, 111, 1111, 11111, etc. }
(1100)* is the set of strings {ε, 1100, 11001100, 110011001100, etc. }
(00+11)* is the set of strings {epsilon, 00, 11, 0000, 0011, 1100, 1111, 000000, 000011, 001100, etc. }
(0+1)* is all possible strings of zeros and ones, often written as sigma * where sigma = {0, 1}
(0+1)* (00+11) is all strings of zeros and ones that end with either 00 or 11.
(w)+ is a shorthand for (w)(w)* w is any string or expression and the superscript plus, +
1- Concatenation:
Notation to the concatenation: . (The dot.):
if L1 = {x, xxx} and L2 = {xx} So (L1.L2) means L1 concatenated L2 and it is equal = {xxx, xxxxx}
Examples on concatenations:
Ex1:
L1 = {a, b}.
L2 = {c, d}.
L1.L2 = {ac, ad, bс, bd}
Note: ab differs from ba.
Ex2:
∑= {x}.
L1 = {set of all odd words over ∑ with odd length}. 
L2 = {set of all even words over ∑ with even length}.
L1= {x, xxx, xxxxx, xxxxxxx……}.
L2= {ε, xx, xxxx, xxxxxx…}.
L1.L2 = {x, xxx, xxxxx, xxxxxxx…}.
Note:
التكرار غير مسموح داخل المجموعة.
Ex3:
L1 = {x, xxx}.
L2 = {xx}.
L1.L2 = {xxx, xxxxx}.
Some rules on concatenation:
ε.x = x
L1.L2 = {set of elements}

Definition of a Regular Expression
A regular expression may be the null string, r = ε 
A regular expression may be an element of the input alphabet, r = a
A regular expression may be the union of two regular expressions, r = r1 + r2
A regular expression may be the concatenation of two regular expressions, r = r1 r2
A regular expression may be the Kleene closure (star) of a regular expression r = r1*
A regular expression may be a regular expression in parenthesis r = (r1)
epsilon is the zero length string
0, 1, a, b, c, are symbols in sigma
x is a variable or regular expression
( ... )( ... ) is concatenation
( ... ) + ( ... ) is union
( ... )* is the Kleene Closure = Kleene Star
(ε)(x) = (x)(ε) = x
(ε) + (x) = (x) + (ε) = x
x + x = x
(ε)* = (ε)(ε) = ε
(x)* + (ε) = (x)* = x*
(x + ε)* = x* 
x* (a+b) + (a+b) = x* (a+b)
x* y + y = x* y
(x + ε)x* = x* (x + ε) = x*
(x+ ε)(x+ ε)* (x+ ε) = x*
ε is the null string (there are no symbols in this string)
* is the set of all strings of length greater than or equal to 0
Example:
A = {a,b} // the alphabet is composed of a and b
A* = { ε, a,b,aa,ab,ba,bb,aaa,aab,…}
The symbol * is called the Kleene star.
∅ (empty set) 
ε (empty string) 
( ) delimiter ,
∪ + union (selection) 
. concatenation

Given regular expressions x and y, x + y is a regular expression
representing the set of all strings in either x or y (set union)
x = {a, b}, y = {c, d}, x + y = {a, b, c, d}

Example 1
Let A={0,1}, W1 = 00110011, W2 = 00000
W1W2 = 0011001100000
W2W1 = 0000000110011
W1 ε = W1 = 00110011
ε W2 = W2 = 00000
x = {a, b}, y = {c, d}, xy = {ac, ad, bc, bd}
Note:
( a + b )* = ( a*b* )*




Examples of regular expressions
Describe the language = what is the output (words, strings) of the following RE

	Regular expression
	output(set of strings)

	λ 
	{λ}

	λ*
	{λ}

	a 
	{ a }

	aa
	{ aa }

	a*
	{λ, a, aa, aaa, ….}

	aa* 
	{ a, aa, aaa, ... }

	a+ 
	{ a, aa, aaa, ...}

	ba+ 
	{ ba, baa, baaa, ...}

	(ba)+
	{ ba, baba, bababa, ...}

	(a|b)
	{ a, b }

	a|b* 
	{ a, λ, b, bb, bbb, ... }

	(a|b)* 
	{ λ, a, b, aa, ab, ba, bb, ... }

	aa(ba)*bb
	{ aabb, aababb, aabababb, ... }

	(a + a)
	{a}

	(a + b)
	{a, b}

	(a + b)2 
	(a + b)(a + b) == {aa, ab, ba, bb}

	(a + b + c)
	{a, b, c}

	(a + b)* 
	{ λ, a, b, aa, bb, ab, ba, aaa, bbb, aab, bba, ….}

	(abc)
	{abc}

	(λ + a) bc
	{bc, abc}

	ab*
	{a, ab, abb, abbb, …}

	(ab)*
	{ λ, ab, abab, ababab, …}

	a + b*
	{a, λ, b, bb, bbb, …}

	a (a + b)*
	{a, aa, ab, aaa, abb, aba, abaa, … }

	(a + b)* a (a + b)*
	{a, aaa, aab, baa, bab, …}

	(a + λ)* 
	(a)* = { λ, a, aa, aaa, ….}

	x* (a + b) + (a + b)
	x* (a + b)

	x* y + y
	x* y

	(x + λ)x*
	x* (x + λ) = x* 

	(x + λ)( x + λ)* (x + λ)
	x*

	start with a
	a (a + b)*

	end with b
	(a + b)* b

	start with a and end with b
	

	start with a or b
	

	not start with b
	

	contains exactly 2 a's
	(b)* a (b)* a (b)*

	contains at least 2 a's
	(a + b)* a (a + b)* a (a + b)*

	contains exactly 2 a's or 2 b's
	[(b)* a (b)* a (b)*] + [(a)* b (a)* b (a)*)]

	contains even no of a
	[ (b)* a (b)* a (b)* ]*

	not start with a and not contain b
	

	with even length of a
	(aa)+

	Strings containing 101
	

	Even number of 0’s and contains 101
	

	Even number of 0’s or contains 101
	

	Every one has at least two zeros that follow it
	

	Second symbol not a one
	

	End with 00 or 01
	



Exercise
Ex. 1: Find a regular expression over the alphabet { a, b } that contain exactly three a's.
Ex. 2: Find a regular expression over the alphabet { a, b } that end with ab.
Ex. 3: Find a regular expression over the alphabet { a, b } that has length of 3.
Ex. 4: Find a regular expression over the alphabet { a, b } that contain exactly two successive a's.
Ex. 5: Find the output (words) for the following regular expressions.

Finite Automata:
[image: ]     [image: ]
is a device consisting of a tape and a control circuit which satisfy the following conditions:
1. The tape start from left end and extends to the right without an end.
2. The tape is divided into squares in each a symbol.
3. The tape has a read only head.
4. The head moves to the right one square every time it reads a symbol. It never moves to the left. When it sees no symbol, it stops and the automata terminates its operation.
5. There is a control determines the state of the automaton and also controls the movement of the head.
A DFA represents a finite state machine that recognizes a RE. 
For example, the following FA recognizes (accepts) the string ab 
[image: ]
A finite automaton consists of a finite set of states, a set of transitions (moves), one start state, and a set of final states (accepting states). In addition, a DFA has a unique transition for every state combination. It is a set of states, and its “control” moves from state to state in response to external “inputs” . A finite automaton, FA, provides the simplest model of a computing device. It has a central processor of finite capacity and it is based on the concept of state.
finite state machine is a 5 tuple, M = (Q, A, T, S ,F), where
· Q --set of states = {q0, q1, q2, ….}
· A -- set of input symbols ={a,b, …, 0, 1, …}
· T --set of transitions or rules
· S -- an initial state
· F -- the final state -- could be more than one final state
[image: ]
Example: Q = { 0, 1, 2 }, A= { a, b }, F = { 1 }, the initial state is 0 and T is shown in the following table.
[image: ]               [image: ]

[image: ]Transition diagram:
TG has many inputs on the edge ab 
[image: ]
FA has only one input on the edge a 




Deterministic Finite Automata DFA and  Non Deterministic Finite Automata NFA
DFA: different input from state to different states          NFA: one input from state to different states
[image: ]    [image: ]
Language accepted by FA
String is accepted by a FA if and only if the FA starting at the initial state and ends in an accepting state after reading the string.
Examples of languages accepted by FA
	FA
	RE

	[image: ]
	λ

	[image: ]
	a

	[image: ]
	aa

	[image: ]
	a+=aa*

	[image: ]
	a*

	[image: ]
	a+b

	[image: ]
	(a+b)*

	[image: ]
	a(a+b)*b

	
	

	[image: ]
	a*b

	[image: ]
	b(a+b)*

	[image: ]
	(a+b)*b

	[image: ]
	(a+b)* b(a+b)*

	[image: ]
	ab(a+b)*

	[image: ]
	a*babb*

	[image: ]
	(aa)*ba

	[image: ]
	contains 3 a's b*ab*ab*ab*

	
	



Converting NFA into DFA:
Three steps : 
1. find transition table                                                       (عمل جدول التنقلات)
2. drawing new design                                                         (رسم الشكل الجديد)
3. remove unreachable states           (ازالة الحالات الزائدة التي لايمكن الوصول اليها)

Example : Convert the following NDFA into DFA

[image: ]            [image: ]
Note: Any state contains final mark it will be final state

[image: ]
3) remove unreachable states (marked by dashed circle – state q1 and state q3 ) because we can not reach them.
[image: ]







HW convert the following NFA into DFA  

[image: ]

Phrase structure grammar :-                     أسلوب بناء القواعد
G=( N , T , P , S )

[bookmark: _Hlk191526327]N : is a finite set of non-terminal symbols such that N ∩ T = 0 , called non-terminal alphabet .
T : a finite set of terminal symbols , called terminal alphabet , such that N ∪ T = ∑*
P : is a set of productions , P will be denoted by X         B such that X ∈ ∑+ and B ∈ ∑+
S : is the start symbol .       

Note:
We use the letter A … Z to denote non-terminal symbols in N
• We use the letter a … z to denote terminal symbols in T

Example : Consider the grammar G ( N , T , P , S ) where N = { S } , T = { a , b }
[bookmark: _Hlk191527010]P = { S         aSb , S         ab } find L ( G ) ?

S         ab           ….1
S         aSb          aabb ….2
S         aSb          aaSbb          aaabbb ….3
S         aSb         aaSbb           aaaSbbb          aaaabbbb ….4
[bookmark: _Hlk191527923]∴ L ( G ) = { anbn / n ≥ 1 }
aab ∉ L ( G )
ba ∉ L ( G )
AB ∉ L ( G )

H.W1: Find the grammar for the following language, L(G)={anbn / n ≥ 1}
G ( N , T , P , S )
N = { S }
T = { a , b }
P = { S         ab , S          aSb }
H.W 2: let G = ( { S , B } , { a } , P , S ), where 
P = { S        B , B         aBS , B         a } find L ( G ) ?

S       B        a ….1
S       B       aBS        aaS        aaB       aaa ….2 
S      B       aBS        aaBSS       aaaSS        aaaBS        aaaaS       aaaaB       aaaaa ….3   
∴ L ( G ) = { a2n+1 / n ≥ 0 }  or L ( G ) = { a2n-1 / n ≥ 1 }

EX :- let G = ( { S , A} , { a , b } , P , S ) }, where,
P = { S        aAa ,  A         bAb , A         a } find L ( G ) ?

Ans:
S        aAa        aaa ….1 
S        aAa        abAba        ababa ….2
S        aAa        abAba        abbAbba        abbabba ….3
∴ L ( G ) = { abnabna / n ≥ 0 }

H.W: write grammar which construct the following language :
1. L ( G ) = { an b4n+1 / n ≥ 0 }
2. L ( G ) = { 1n / n ≥ 1 }

1. Ans :-
G = ( N , T , P , S ) where
N = { S }
T = { a , b }
S = S
P = { S      b , S      aSbbbb}

2. Ans :-
G = ( N , T , P , S ) where
N = { S }
T = { 1 }
S = S
P = { S      1 , S      1S}
Trees

We can represent the grammar of any language through tree that contain:
1- Root: it is a start symbol.
2- PSG: are a Nonterminal symbol. 
3- Leaves: are a terminal symbol.
4- Links: collection of connections.

Tree is called syntax tree or parse tree or generation tree or production tree or derivation tree. 



Left Most Derivation
Example:  Let G(L) = ({S}, {a, b, c}, P, S), where P is:
S  SbS | ScS | a
Find the string “abaca”S  ScS
    SbScS
    abScS
    abacS
    abaca    Accept


[bookmark: OLE_LINK15]S  SbS
    abS
    abScS
    abacS
    abaca    Accept
S

S
S
c
b
S
a
S
a
a

S

S
S
b
a
S
c
S
a
a
















Right Most Derivation
S  ScS
    Sca
    SbSca
    Sbaca
    abaca    Accept


[bookmark: OLE_LINK16]S  SbS
    SbScS
    SbSca
    Sbaca
    abaca    Accept
S

S
S
c
b
S
a
S
a
a
S

S
S
b
a
S
c
S
a
a











 في المثال السابق نلاحظ ان الحل الثاني هو نفس جهة الحل الاول، متكون من اشتقاق من جهة اليمين واشتقاق من جهة اليسارولهُ نفس الشجرة.
نستنتج من ذلك عندما يوجد اكثر من حل من جهة اليسار او اكثر من حل من جهة اليمين تسمى القاعد غامضة ambiguous. 

Ambiguous and Unambiguous Grammar 
Ambiguous GrammarX: X  L(G)


                       يوجد اشتقاقين متميزين من جهة اليمين او اشتقاقين متميزين من جهة اليسار عندها تسمى القاعدة غامضة. 

Unambiguous Grammar
                       يعطي نفس الاشتقاق الشجري سواء من اليمين او اليسار.X: X  L(G)


[bookmark: OLE_LINK20]
Example:  Let G(L) = ({S, A}, {a, b}, P, S), where P is:
[bookmark: OLE_LINK17][bookmark: OLE_LINK18]S  AA
A  AAA | bA | Ab | a
· Is the string “bbaaaab” Accept or not? 



· Is the grammar ambiguous or not? A

S
A
A
b
A
a

[bookmark: OLE_LINK21]
(Left) S → AA
→ bAA
→ bbAAb

→ bbAAAA
→ bbaAAA
→ bbaaAAa
b
A

→ bbaaaA
→ bbaaaAb
→ bbaaaab    AcceptA
A
A



a
a






(Left) S → AAA

S
A
A
b
A
a

→ AAAA
→ bAAAA
→ bbAAAA
→ bbaAAAA
A

→ bbaaAA
→ bbaaaA
→ bbaaaAbb
A
a
a

→ bbaaaab    Accept
[bookmark: OLE_LINK27]                    The grammar is ambiguousA
b


a









Example: Let the following grammar:S

S
S
+
3
S
*
S
4
5a


S  S +S | S  S | digit
· Is the string “ 3 + 4  5 ” Accept or not?
· Is the grammar ambiguous or not?

(Left) S S + S
 3 + S 
 3 + S S
 3 + 4 S
 3 + 4 5   Accept


(Left) S S SS

S
S
*
+
S
5
S
4
3

 S + S S 
[bookmark: OLE_LINK24] 3 + S S
 3 + 4 S
 3 + 4 5   Accept

The grammar is ambiguous




Homework: Let the following grammar:
S  aSa | bSb | a | b | 
· Is the string “aabaa” Accept or not?
· Is the grammar ambiguous or not?
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