The Semiconductor in
Equilibrium

o far, we have been considering a general crystal and applying to it the

concepts of quantum mechanics in order to determine a few of the char-

acteristics of electrons in a single-crystal lattice. In this chapter, we apply
these concepts specifically to a semiconductor material. In particular, we use the
density of quantum states in the conduction band and the density of quantum states
in the valence band along with the Fermi-Dirac probability function to determine
the concentration of electrons and holes in the conduction and valence bands, re-
spectively. We also apply the concept of the Fermi energy to the semiconductor
material.

This chapter deals with the semiconductor in equilibrium. Equilibrium, or ther-
mal equilibrium, implies that no external forces such as voltages, electric fields, mag-
netic fields, or temperature gradients are acting on the semiconductor. All properties
of the semiconductor will be independent of time in this case. B

4.0 | PREVIEW

In this chapter, we will:

B Derive the thermal-equilibrium concentrations of electrons and holes in a semi-
conductor as a function of the Fermi energy level.

B Discuss the process by which the properties of a semiconductor material
can be favorably altered by adding specific impurity atoms to the
semiconductor.

B Determine the thermal-equilibrium concentrations of electrons and holes in a
semiconductor as a function of the concentration of dopant atoms added to the
semiconductor,

B Determine the position of the Fermi energy level as a function of the concen-
trations of dopant atoms added to the semiconductor.
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4.1 | CHARGE CARRIERS IN SEMICONDUCTORS

Current is the rate at which charge flows. In a semiconductor, two types of charge
carrier, the electron and the hole, can contribute to a current. Since the current in a
semiconductor is determined largely by the number of electrons in the conduction
band and the number of holes in the valence band, an important characteristic of the
semiconductor is the density of these charge carriers. The density of electrons and
holes is related to the density of states function and the Fermi distribution function,
both of which we have considered. A qualitative discussion of these relationships will
be followed by a more rigorous mathematical derivation of the thermal-equilibrium
concentration of electrons and holes.

4.1.1 Equilibrium Distribution of Electrons and Holes

The distribution (with respect to energy) of electrons in the conduction band is given
by the density of allowed quantum states times the probability that a state 1s occupied
by an electron. This statement 1s written in equation form as

n(E) = g (E)f#(E) (4.1)

where f; (E) is the Fermi-Dirac probability function and g (E) is the density of quan-
tum states in the conduction band. The total electron concentration per unit volume
in the conduction band is then found by integrating Equation (4.1) over the entire
conduction-band energy.

Similarly, the distribution (with respect to energy) of holes in the valence band
1s the density of allowed quantum states in the valence band multiplied by the prob-
ability that a state 1s not occupied by an electron. We may express this as

P(E) = g(E)[1 = fr(E)] (4.2)

The total hole concentration per unit volume is found by integrating this function
over the entire valence-band energy.

To find the thermal-equilibrium electron and hole concentrations, we need to
determine the position of the Fermi energy E; with respect to the bottom of the
conduction-band energy E, and the top of the valence-band energy E,. To address
this question, we will initially consider an intrinsic semiconductor. An ideal in-
trinsic semiconductor is a pure semiconductor with no impurity atoms and no
lattice defects in the crystal (e.g., pure silicon). We have argued in the previous
chapter that, for an intrinsic semiconductor at T = 0 K, all energy states in the
valence band are filled with electrons and all energy states in the conduction
band are empty of electrons. The Fermi energy must, therefore, be somewhere
between E, and E,. (The Fermi energy does not need to correspond to an allowed
energy.)

As the temperature begins to increase above 0 K, the valence electrons will gain
thermal energy. A few electrons in the valence band may gain sufficient energy to
jump to the conduction band. As an electron jumps from the valence band to the con-
duction band, an empty state, or hole, is created in the valence band. In an intrinsic
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Figure 4.1 | (a) Density of states functions, Fermi—Dirac probability function, and areas representing electron and hole
concentrations for the case when Er is near the midgap energy: (b) expanded view near the conduction-band energy;
and (c) expanded view near the valence-band energy.

semiconductor, then, electrons and holes are created in pairs by the thermal energy so
that the number of electrons in the conduction band is equal to the number of holes
in the valence band.

Figure 4.1a shows a plot of the density of states function in the conduction-band
g AE), the density of states function in the valence-band g,(E), and the Fermi—Dirac
probability function for T > 0 K when Ef is approximately halfway between E, and
E,. If we assume, for the moment, that the electron and hole effective masses are
equal, then g (E) and g,(E) are symmetrical functions about the midgap energy (the
energy midway between E, and E,). We noted previously that the function f;(E) for
E = Er1s symmetrical to the function 1 — fr(E) for E < Er about the energy £ = E.
This also means that the function f«(E) for E = Er + dE is equal to the function
| — fe(E) for E = Er — dE.
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Figure 4.1b is an expanded view of the plot in Figure 4.1a showing f;(E) and
g.(E) above the conduction-band energy E,.. The product of g(FE) and f:(FE) is the
distribution of electrons n(E) in the conduction band given by Equation (4.1). This
product is plotted in Figure 4.1a. Figure 4.1c, which is an expanded view of the plot
in Figure 4.1a shows [1 — f-(E)] and g (E) below the valence-band energy E.. The
product of g (E) and [1 — f(E)] is the distribution of holes p(E) in the valence band
given by Equation (4.2). This product is also plotted in Figure 4.1a. The areas under
these curves are then the total density of electrons in the conduction band and the
total density of holes in the valence band. From this we see that if g(E) and g.(E)
are symmetrical, the Fermi energy must be at the midgap energy in order to obtain
equal electron and hole concentrations. If the effective masses of the electron and
hole are not exactly equal, then the effective density of states functions g.(E) and
g.(E) will not be exactly symmetrical about the midgap energy. The Fermi level for
the intrinsic semiconductor will then shift slightly from the midgap energy in order
to obtain equal electron and hole concentrations.

4.1.2 The n, and p, Equations

We have argued that the Fermi energy for an intrinsic semiconductor is near midgap.
In deriving the equations for the thermal-equilibrium concentration of electrons ng
and the thermal-equilibrium concentration of holes p,, we will not be quite so restric-
tive. We will see later that, in particular situations, the Fermi energy can deviate from
this midgap energy. We will assume initially, however, that the Fermi level remains
within the bandgap energy.

Thermal-Equilibrium Electron Concentration The equation for the thermal-
equilibrium concentration of electrons may be found by integrating Equation (4.1)
over the conduction band energy, or

ny = f e (E)f+(E) dE (4.3)

The lower limit of integration is E, and the upper limit of integration should be the
top of the allowed conduction band energy. However, since the Fermi probability
function rapidly approaches zero with increasing energy as indicated in Figure 4.1a,
we can take the upper limit of integration to be infinity.

We are assuming that the Fermi energy is within the forbidden-energy band-
gap. For electrons in the conduction band, we have E > E_. If (E. — Ef) > kT, then
(E — E) > kT, so that the Fermi probability function reduces to the Boltzmann ap-
proximation,' which is

_{E = EF}]
7 (4.4)

|
fHE) = = exp[
(E = E.r-'}
1 + cxXp T

"The Maxwell-Boltzmann and Fermi—Dirac distribution functions are within 5 percent of each other
when E — Er = 3kT (see Figure 3.35). The > notation is then somewhat misleading to indicate when
the Boltzmann approximation is valid, although it is commonly used.
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Applying the Boltzmann approximation to Equation (4.3), the thermal-equilibrium
density of electrons in the conduction band is found from

2 3/2
ny = f 4“‘+” VE—E exp [M] dE 4.5)
A

The integral of Equation (4.5) may be solved more easily by making a change of
variable. If we let

E =

= "%7 (4.6)

then Equation (4.5) becomes
_Aw(2mkT)V? {—{E{. — Ep)
=T T

The integral is the gamma function, with a value of

fk n'"*exp (=m) dn =
0

Then Equation (4.7) becomes

f n'/?exp (—n) dn (4.7)
1\

VT (4.8)

b=

32 =
ny = ’) M] [M] {4_9}
We may define a parameter N, as
3/2
N, = z(M) (4.10)

The parameter m;; is the density of states effective mass of the electron. The thermal-
equilibrium electron concentration in the conduction band can be written as

ny = N, exp [-_—@I}:—Eﬂ] (4.11)

The parameter N, is called the effective density of states function in the conduction
band. It we were to assume that m! = m,, then the value of the effective density
of states function at 7 = 300 K is N, = 2.5 X 10" em ™, which is the order of
magnitude of N, for most semiconductors. If the effective mass of the electron is
larger or smaller than m,, then the value of the effective density of states function
changes accordingly, but is still of the same order of magnitude.

EXAMPLE 4.1

Objective: Calculate the probability that a quantum state in the conduction band at
E = E. + kT/2 is occupied by an electron, and calculate the thermal-equilibrium electron
concentration in silicon at T = 300 K.

Assume the Fermi energy is .25 eV below the conduction band. The value of N, for
siliconat 7= 300K is N. = 2.8 X 10" em ' (see Appendix B).

W Solution
The probability that a quantum state at £ = E, + kT/2 is occupied by an electron is given by
JHE) = . - = L-xp[—_ [E__ E""}] = l:xp[ —(Be [k_sz) =0
| +exp (£ E‘r) kT
P\
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ar

_ [ (025 + (0.0259/2)) | _ :
JHE) = pr[ 0.0259 AR

The electron concentration is given by

—(E. — Ef)
kT

] = (2.8 % l{}"’}exp[ —0.25

n, = N, EKP[ ﬁzj_g

or

Ny = 1.80 %X 10" ¢m™

® Comment
The probability of a state being occupied can be quite small, but the fact that there are a large
number of states means that the electron concentration i1s a reasonable value.

® EXERCISE PROBLEM

Ex 4.1 Determine the probability that a quantum state at energy £ = E, + kT is occupied
by an electron, and calculate the electron concentration in GaAs at T = 300 K if the
Fermi energy level i1s 0.25 eV below E..

[(-W2 01 X TO'E = W 01 X 9€°T = (F)f suy]

Thermal-Equilibrium Hole Concentration The thermal-equilibrium concentra-
tion of holes in the valence band is found by integrating Equation (4.2) over the
valence-band energy, or

po = f g ()1 — fe(E)] dE (4.12)

We may note that

| — fHE) = | (4.13a)

1+ exp (2 E

For energy states in the valence band, E < E,. If (E; — E,) > kT (the Fermi function

1s still assumed to be within the bandgap), then we have a slightly different form of

the Boltzmann approximation, Equation (4.13a) may be written as

—(Er — E)]
kT

(4.13b)

1
1 — fHE) = — = exXp
1 + exp [EFJS:T g

Applying the Boltzmann approximation of Equation (4.13b) to Equation (4.12), we
find the thermal-equilibrium concentration of holes in the valence band is

3 *y3/2 iz ==
Po = fk % VE, — E exp [%] dE 4.14)

=

where the lower limit of integration is taken as minus infinity instead of the bottom
of the valence band. The exponential term decays fast enough so that this approxima-
tion 1s vahd.
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Equation (4.14) may be solved more easily by again making a change of vari-
able. If we let

(4.15)

then Equation (4.14) becomes

_ —47(2m; kT) /2 —(Er — E)
= " e N

f (m')'*exp(—m')dn’ (4.16)

where the negative sign comes from the differential dE = —kTdn'. Note that the
lower limit of " becomes += when E = —=. If we change the order of integration,
we introduce another minus sign. From Equation (4.8), Equation (4.16) becomes

= (2RI o [ e~ ]
Po=2 T) X T (4.17)
We may define a parameter N, as
2wmikT\2
N, =2 ( TT‘ ) (4.18)

which is called the effective density of states function in the valence band. The
parameter m, is the density of states effective mass of the hole. The thermal-
equilibrium concentration of holes in the valence band may now be written as

_(EI- =5 El}
kT

The magnitude of N, is also on the order of 10" ecm™* at T = 300 K for most
semiconductors.

(4.19)

Po = N, exp

EXAMPLE 4.2

Objective: Calculate the thermal-equilibrium hole concentration in silicon at 7 = 400 K.
Assume that the Fermi energy is (.27 eV above the valence-band energy. The value of N,
for siliconat 7= 300 K is N, = 1.04 X 10" cm . (See Appendix B)

B Solution
The parameter values at 7 = 400 K are found as:

N. = (1.04 X 10") (:34%% " = 1.60 X 10" cm™?
and

kT = {n.nzsg}[‘:”n—g' — 0.03453 eV

The hole concentration is then

p = Noexp [ B ED] = 1.60 x 10 exp (7027

or

po = 6.43 X 10¥ ¢cm™*
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B Comment
The parameter values at any temperature can easily be found by using the 300 K values and
the temperature dependence.

u EXERCISE PROBLEM
Ex 4.2 (a)Repeat Example 4.2 at T = 250 K. (b) What is the ratio of pp at T = 250 K to

thatat T = 400 K? [._01 % #$+ () - wd 01 ¥ T6'T = "d (p) suy]
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The effective density of states functions, N, and N,, are constant for a given
semiconductor material at a fixed temperature. Table 4.1 gives the values of the den-
sity of states function and of the density of states effective masses for silicon, gallium
arsenide, and germanium. Note that the value of N, for gallium arsenide is smaller
than the typical 10" em™* value. This difference is due to the small electron effective
mass in gallium arsenide.

The thermal-equilibrium concentrations of electrons in the conduction band and
of holes in the valence band are directly related to the effective density of states con-
stants and to the Fermi energy level.

TEST YOUR UNDERSTANDING

TYU 4.1 Calculate the thermal equilibrium electron and hole concentration in silicon
at T = 300 K for the case when the Fermi energy level is 0.22 ¢V below the
conduction-band energy E.. The value of E, is given in Appendix B.4.
(¢-wd 01 X €F'8 = d W 0] X £L°C = u 'suy)

TYU 4.2 Determine the thermal equilibrium electron and hole concentration in GaAs
at T = 300 K for the case when the Fermi energy level is 0.30 eV above the

valence-band energy E,. The value of E, is given in Appendix B.4.
(-2 01 X €679 = % *,_wd 6LL0°0 = " "suy)

4.1.3 The Intrinsic Carrier Concentration

For an intrinsic semiconductor, the concentration of electrons in the conduction band
is equal to the concentration of holes in the valence band. We may denote n; and p,
as the electron and hole concentrations, respectively, in the intrinsic semiconductor.
These parameters are usually referred to as the intrinsic electron concentration
and intrinsic hole concentration. However, n; = p;, so normally we simply use the
parameter n; as the intrinsic carrier concentration, which refers to either the intrinsic
electron or hole concentration.

Table 4.1 | Effective density of states function and density of states effective mass values

N. (cm ) N, (em?) m} [my mj /my
Silicon 2.8 X 10 1.04 x 109 1.08 0.56
Gallium arsenide 4.7 X 10V 7.0 x 10 0.067 0.48

Germanium 1.04 x 10" 6.0 X 10" 0.55 0.37
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The Fermi energy level for the intrinsic semiconductor is called the intrinsic
Fermi energy, or E, = E;. If we apply Equations (4.11) and (4.19) to the intrinsic
semiconductor, then we can write

ny=n = N, exp[_[ £ EF‘}] (4.20)
and
Po=p;=n;,= N,exp _{EE}: E"]} (4.21)
If we take the product of Equations (4.20) and (4.21), we obtain
e _'[.E: - E.FI]] i [_L{EFI - E:)}
n; = N_N, exp[ T exp 5 (4.22)
or
- —{E..—f-:..;]_ [—Eu]
n; = N.N, exp[ T = N.N,exp | —= (4.23)

where E, is the bandgap energy. For a given semiconductor material at a constant
temperature, the value of i, is a constant, and independent of the Fermi energy.

The mntrinsic carrier concentration for silicon at 7 = 300 K may be calculated
by using the effective density of states function values from Table 4.1. The value
of n, calculated from Equation (4.23) for E, = 1.12 eV is n, = 6.95 X 10" cm ™.
The commonly accepted value® of n, for silicon at 7 = 300 K is approximately
1.5 X 10" ¢cm~*. This discrepancy may arise from several sources. First, the values
of the effective masses are determined at a low temperature where the cyclotron
resonance experiments are performed. Since the effective mass is an experimen-
tally determined parameter, and since the effective mass is a measure of how well a
particle moves in a crystal, this parameter may be a slight function of temperature.
Next, the density of states function for a semiconductor was obtained by general-
izing the model of an electron in a three-dimensional infinite potential well. This
theoretical function may also not agree exactly with experiment. However, the dif-
ference between the theoretical value and the experimental value of n, is approxi-
mately a factor of 2, which, in many cases, is not significant. Table 4.2 lists the
commonly accepted values of n; for silicon, gallium arsenide, and germanium at
T = 300 K.

The intrinsic carrier concentration is a very strong function of temperature.

Table 4.2 | Commonly accepted values of

matT =300 K
Silicon m=15%X10"¢m™?
Gallium arsenide m=18X10¢cm™
Germanium m=24x10"cm™?

*Various references may list slightly different values of the intrinsic silicon concentration at room
temperature. In general, they are all between 1 X 10" and 1.5 X 10" ¢m 7, This difference is, in most
cases, not significant.
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Objective: Calculate the intrinsic carrier concentration in silicon at 7 = 250 K and
at T = 400 K.

The values of N, and N, for silicon at T = 300 K are 2.8 X 10" em " and 1.04 X 10"
cm ', respectively. Both N, and N, vary as 7% Assume the bandgap energy of silicon is
1.12 eV and does not vary over this temperature range.

B Solution
Using Equation (4.23), we find, at T = 250 K
L 1% 19 ﬁ} ' . l']g
nt = (2.8 X 10")(1.04 X 10 }{mu} “""[m.uzsmuﬁﬂﬁm}
= 4.90 X 10"
or
n="70x10"c¢cm™*
At T = 400 K, we find
. . o (400)" ~1.12
= (2.8 X 10)(1.04 X 10 ](3{1{}] “p[(n.nzsm{annmm
=5.67 X 10
ar
n=238 X 10”7 em™
2 Comment

We may note from this example that the intrinsic carrier concentration increased by over 4
orders of magnitude as the temperature increased by 150°C.

®m EXERCISE PROBLEM

Ex 4.3 (a) Calculate the intrinsic carrier concentration in GaAs at 7 = 400 K and at
T = 250 K. Assume that E, = 1.42 eV is constant over this temperature range.
(b) What is the ratioof m, at T'= 400 K to that at T = 250 K?

[0 X 19°%(q) S wd 0] X €1°L = (ST ' wd O X 67°¢ = (00F)u (V) suy]

EXAMPLE 4.3

Figure 4.2 is a plot of n, from Equation (4.23) for silicon, gallium arsenide,
and germanium as a function of temperature. As seen in the figure, the value of n,
for these semiconductors may easily vary over several orders of magnitude as the
temperature changes over a reasonable range.

TEST YOUR UNDERSTANDING

TYU 4.3 Calculate the intrinsic concentration in silicon at (@) T =200 K and (b) T =

450 K. (¢) Determine the ratio of m, at T = 450 K to that at T = 200 K.

[{01 X 9TT(2) e wd (01 X TL'T = "u(q) ' wd O X €9°L = 'u (v) 'suy]
TYU4.4 Repeat TYU 4.3 for GaAs.

[oiO1 X 8T (2) . wd 5,0 X €8¢ = U (q) ,_wd [¢'] ="u(p) suy]
TYU4.5 Repeat TYU 4.3 for Ge.

[O01 X 8T (2) WD (0 X L6'T = "W (q) " wd ,,0 X §I'T = U (p) suy]
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Figure 4.2 | The intrinsic carrier
concentration of Ge, Si, and GaAs as a
function of temperature.

(From Sze [14].)

4.1.4 The Intrinsic Fermi-Level Position

We have qualitatively argued that the Fermi energy level is located near the center
of the forbidden bandgap for the intrinsic semiconductor. We can specifically calcu-
late the intrinsic Fermi-level position. Since the electron and hole concentrations are
equal, setting Equations (4.20) and (4.21) equal to each other, we have

_(EH - E:}

KT (4.24)

N, exp [_{E"k; E”}] =N, exp[
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If we take the natural log of both sides of this equation and solve for E;, we obtain

E, = -2[- (E.+E) + %—-len (%) (4.25)
From the definitions for N, and N, given by Equations (4.10) and (4.18), respectively,
Equation (4.25) may be written as

En=3(E +E)+3kTn (:i] (4.26a)
The first term, % (E. + E,), 1s the energy exactly midway between E, and E,, or the
midgap energy. We can define

% (-Eq. * EI] = Emi:dgup

s0 that

3 I?I:f
Er — Epiggp = 1 kT In ( ] (4.26b)

It the electron and hole effective masses are equal so that m; = my, then the intrinsic
Fermi level is exactly in the center of the bandgap. If m; > my, the intrinsic Fermi
level is slightly above the center, and if m; < mj, it is slightly below the center of
the bandgap. The density of states function is directly related to the carrier effective
mass; thus, a larger effective mass means a larger density of states function. The
intrinsic Fermi level must shift away from the band with the larger density of states

in order to maintain equal numbers of electrons and holes.
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Objective: Calculate the position of the intrinsic Fermi level with respect to the center of
the bandgap in silicon at T = 300 K.
The density of states effective carrier masses in silicon are m; = 1.08mg and m; = 0.56m,.

B Solution
The intrinsic Fermi level with respect to the center of the bandgap is

Er, Euudg.l.p 4 kT lﬂ( HT: 4 (0,0259) In [ lﬂg)

or

Efi = Eniggp = —0.0128 eV = —12.8 meV

® Comment

The intrinsic Fermi level in silicon 1s 12.8 meV below the midgap energy. If we compare
12.8 meV to 560 meV, which is one-half of the bandgap energy of silicon, we can, in many
applications, simply approximate the intrinsic Fermi level to be in the center of the bandgap.

® EXERCISE PROBLEM
Ex 4.4 Determine the position of the intrinsic Fermi level at T = 300 K with respect to the cen-
ter of the bandgap for (a) GaAs and (b) Ge. [A2w1 ()L 'L — (g) iAW CT'RE+ (P) suy]

EXAMPLE 4.4
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TEST YOUR UNDERSTANDING

TYU 4.6 Determine the position of the intrinsic Fermi level with respect to the center of the
bandgap in silicon at (@) T = 200 K and (b) T = 400 K. Assume the effective masses
are constant over this temperature range. [APWI0'LI— (9) ‘AW GOS8 — (P) ‘SuV]

4.2 | DOPANT ATOMS AND ENERGY LEVELS

The intrinsic semiconductor may be an interesting material, but the real power of
semiconductors is realized by adding small, controlled amounts of specific dopant,
or impurity, atoms. This doping process, described briefly in Chapter 1, can greatly
alter the electrical characteristics of the semiconductor. The doped semiconductor,
called an extrinsic material, 1s the primary reason we can fabricate the various semi-
conductor devices that we will consider in later chapters.

4.2.1 Qualitative Description

In Chapter 3, we discussed the covalent bonding of silicon and considered the sim-
ple two-dimensional representation of the single-crystal silicon lattice as shown in
Figure 4.3. Now consider adding a group V element, such as phosphorus, as a sub-
stitutional impurity. The group V element has five valence electrons. Four of these
will contribute to the covalent bonding with the silicon atoms, leaving the fifth more
loosely bound to the phosphorus atom. This effect is schematically shown in Fig-
ure 4.4. We refer to the fifth valence electron as a donor electron.

The phosphorus atom without the donor electron is positively charged. At very
low temperatures, the donor electron is bound to the phosphorus atom. However,
by intuition, it should seem clear that the energy required to elevate the donor elec-
tron into the conduction band is considerably less than that for the electrons involved
in the covalent bonding. Figure 4.5 shows the energy-band diagram that we would
expect. The energy level, E, is the energy state of the donor electron.

3= G a0 B £=3 G Gyise Sfoes gy G g 6

| IO | I R | R | R | | AN | | |
28I =—S8i=— 8 = S8i=— 8 — 8§ij === 2 Si=8i=S8Si=S8i=@— §i ==¢
(I T [ T
=z §f = §i == 8i = 8i = 8i = Si === =2z 8 == §i = Si 7= 8i = §i = §i ===
| [ | A | A | R | R | | N | P | | |
22 §j = §j = §i = Si = 8§i = S§i === =22 §i = 8i = S§i = Si = S§i = §i ===
Figure 4.3 | Two-dimensional Figure 4.4 | Two-dimensional
representation of the intrinsic silicon representation of the silicon lattice doped

lattice. with a phosphorus atom.
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Figure 4.5 | The energy-band diagram showing (a) the discrete donor energy state
and (b) the effect of a donor state being ionized.

[f a small amount of energy, such as thermal energy, is added to the donor elec-
tron, it can be elevated into the conduction band, leaving behind a positively charged
phosphorus 1on. The electron in the conduction band can now move through the crys-
tal generating a current, while the positively charged ion is fixed in the crystal. This
type of impurity atom donates an electron to the conduction band and so is called a
donor impurity atom. The donor impurity atoms add electrons to the conduction band
without creating holes in the valence band. The resulting material is referred to as an
n-type semiconductor (n for the negatively charged electron).

Now consider adding a group III element, such as boron, as a substitutional
impurity to silicon. The group III element has three valence electrons, which are all
taken up in the covalent bonding. As shown in Figure 4.6a, one covalent bonding
position appears to be empty. If an electron were to occupy this “empty” position,
its energy would have to be greater than that of the valence electrons, since the net
charge state of the boron atom would now be negative. However, the electron occu-
pying this “empty” position does not have sufficient energy to be in the conduction
band, so its energy is far smaller than the conduction-band energy. Figure 4.6b shows
how valence electrons may gain a small amount of thermal energy and move about in
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(a) (b)

Figure 4.6 | Two-dimensional representation of a silicon lattice (a) doped with a boron atom
and (b) showing the ionization of the boron atom resulting in a hole.
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Figure 4.7 | The energy-band diagram showing (a) the discrete acceptor energy state
and (b) the effect of an acceptor state being ionized.

the crystal. The “empty™ position associated with the boron atom becomes occupied,
and other valence electron positions become vacated. These other vacated electron
positions can be thought of as holes in the semiconductor material.

Figure 4.7 shows the expected energy state of the “empty” position and also
the formation of a hole in the valence band. The hole can move through the crys-
tal generating a current, while the negatively charged boron atom is fixed in the
crystal. The group III atom accepts an electron from the valence band and so i1s
referred to as an acceptor impurity atom. The acceptor atom can generate holes in
the valence band without generating electrons in the conduction band. This type
of semiconductor material is referred to as a p rype material (p for the positively
charged hole).

The pure single-crystal semiconductor material is called an intrinsic material.
Adding controlled amounts of dopant atoms, either donors or acceptors, creates a
material called an extrinsic semiconductor. An extrinsic semiconductor will have
either a preponderance of electrons (n type) or a preponderance of holes (p type).

4.2.2 lonization Energy

We can calculate the approximate distance of the donor electron from the donor
impurity ion, and also the approximate energy required to elevate the donor electron
into the conduction band. This energy is referred to as the ionization energy. We will
use the Bohr model of the atom for these calculations. The justification for using this
model is that the most probable distance of an electron from the nucleus in a hydro-
gen atom, determined from quantum mechanics, is the same as the Bohr radius. The
energy levels in the hydrogen atom determined from quantum mechanics are also the
same as obtained from the Bohr theory.

In the case of the donor impurity atom, we may visualize the donor electron
orbiting the donor ion, which is embedded in the semiconductor material. We will
need to use the permittivity of the semiconductor material in the calculations rather
than the permittivity of free space as is used in the case of the hydrogen atom. We
will also use the effective mass of the electron in the calculations.



4.2 Dopant Atoms and Energy Levels

The analysis begins by setting the coulomb force of attraction between the elec-
tron and ion equal to the centripetal force of the orbiting electron. This condition will
give a steady orbit. We have

et _ mFp?
= — (4.27)

dmer: Fn

where v is the magnitude of the velocity and r, is the radius of the orbit. If we assume
the angular momentum is also quantized, then we can write

m*r,v=nh (4.28)

where n is a positive integer. Solving for v from Equation (4.28), substituting into
Equation (4.27), and solving for the radius, we obtain

_nhdme
The assumption of the angular momentum being quantized leads to the radius also
being quantized.
The Bohr radius is defined as
4areh”
moye”
We can normalize the radius of the donor orbital to that of the Bohr radius, which gives

=(0.53 A (4.30)

fdy —

I = i, ( ’"ﬂ) (4.31)

iy m*

where €, is the relative dielectric constant of the semiconductor material, m, is the
rest mass of an electron, and m* is the conductivity effective mass of the electron in
the semiconductor.?

If we consider the lowest energy state in which n = 1, and if we consider silicon
in which €, = 11.7 and the conductivity effective mass is m*/m, = 0.26, then we
have that

£1.. — ¥
oL =45 (4.32)

or r; = 23.9 A. This radius corresponds to approximately four lattice constants of
silicon. Recall that one unit cell in silicon effectively contains eight atoms, so the
radius of the orbiting donor electron encompasses many silicon atoms. The donor
electron is not tightly bound to the donor atom.

The total energy of the orbiting electron is given by

E=T+YV (4.33)

where T is the kinetic energy and Vis the potential energy of the electron. The Kinetic
energy is

m*u? (4.34)

"The conductivity effective mass is used when electrons and holes are in motion. See Appendix F for a
discussion of effective mass concepts.
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Using the velocity v from Equation (4.28) and the radius r, from Equation (4.29). the
kinetic energy becomes

e m*e’
= Sy dmey &29)

The potential energy is

¥

_ —& . —m*
V= dmer,  (nh)(4me) (4.36)

The total energy is the sum of the kinetic and potential energies, so that

R e | o 3
=¥ 2(nfi)*(dme)’ k)
For the hydrogen atom, m* = m, and € = €, The ionization energy of the hydrogen
atom in the lowest energy state is then E = —13.6 eV. If we consider silicon, the

ionization energy is E = —25.8 meV, much less than the bandgap energy of silicon.
This energy is the approximate ionization energy of the donor atom, or the energy
required to elevate the donor electron into the conduction band.

For ordinary donor impurities such as phosphorus or arsenic in silicon or germa-
nium, this hydrogenic model works quite well and gives some indication of the mag-
nitudes of the ionization energies involved. Table 4.3 lists the actual experimentally
measured ionization energies for a few impurities in silicon and germanium. Ger-
manium and silicon have different relative dielectric constants and effective masses;
thus, we expect the ionization energies to differ.

4.2.3 Group III-V Semiconductors

In the previous sections, we have discussed the donor and acceptor impurities in
a group IV semiconductor, such as silicon. The situation in the group IlI-V com-
pound semiconductors, such as gallium arsenide, 1s more complicated. Group Il ele-
ments, such as beryllium, zinc, and cadmium, can enter the lattice as substitutional
impurities, replacing the group III gallium element to become acceptor impurities.
Similarly, group VI elements, such as selenium and tellurium, can enter the lattice
substitutionally, replacing the group V arsenic element to become donor impurities.
The corresponding ionization energies for these impurities are smaller than those for
the impurities in silicon. The ionization energies for the donors in gallium arsenide

Table 4.3 | Impurity ionization energies in silicon
and germanium

Ionization energy (eV)

Impurity Si Ge
Donors

Phosphorus 0.045 0.012
Arsenic 0.05 0.0127
Accepiors

Boron 0.045 0.0104

Aluminum 0.06 0.0102
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Table 4.4 | Impurity ionization energies
in gallium arsenide

Impurity lonization energy (eV)
Donors
Selenium 0.0059
Tellurium 0.0058
Silicon 0.0058
Germanium 0.0061
Acceptors
Beryllium 0.028
Zinc 0.0307
Cadmium 0.0347
Silicon 0.0345
Germanium 0.0404

are also smaller than those for the acceptors, because of the smaller effective mass of
the electron compared to that of the hole.

Group IV elements, such as silicon and germanium, can also be impurity atoms
in gallium arsenide. If a silicon atom replaces a gallium atom, the silicon impurity will
act as a donor, but if the silicon atom replaces an arsenic atom, then the silicon impu-
rity will act as an acceptor. The same is true for germanium as an impurity atom. Such
impurities are called amphoteric. Experimentally in gallium arsenide, it is found that
germanium is predominantly an acceptor and silicon is predominantly a donor. Table
4.4 lists the ionization energies for the various impurity atoms in gallium arsenide.

TEST YOUR UNDERSTANDING

TYU 4.7 (a) Calculate the ionization energy and the radius (normalized to the Bohr radius)
of a donor electron in its lowest energy state in GaAs. (b) Repeat part (a) for Ge.
[e€et /M Aowt LE9— () 1S7SHT = P/ ‘AP Og'S— (P) "Suy]

4.3 | THE EXTRINSIC SEMICONDUCTOR

We defined an intrinsic semiconductor as a material with no impurity atoms present
in the crystal. An extrinsic semiconductor is defined as a semiconductor in which
controlled amounts of specific dopant or impurity atoms have been added so that
the thermal-equilibrium electron and hole concentrations are different from the in-
trinsic carrier concentration. One type of carrier will predominate in an extrinsic
semiconductor.

4.3.1 Equilibrium Distribution of Electrons and Holes

Adding donor or acceptor impurity atoms to a semiconductor will change the dis-
tribution of electrons and holes in the material. Since the Fermi energy is related to
the distribution function, the Fermi energy will change as dopant atoms are added.
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Figure 4.8 | Density of states functions, Fermi—Dirac
probability function, and areas representing electron
and hole concentrations for the case when Eg is above
the intrinsic Fermi energy.

If the Fermi energy changes from near the midgap value, the density of electrons in
the conduction band and the density of holes in the valence band will change. These
effects are shown in Figures 4.8 and 4.9. Figure 4.8 shows the case for E; > Ep, and
Figure 4.9 shows the case for Ex < Eg. When E; > Ej, the electron concentration
is larger than the hole concentration, and when E; < Ej, the hole concentration is
larger than the electron concentration. When the density of electrons is greater than the
density of holes, the semiconductor is n type: donor impurity atoms have been added.
When the density of holes is greater than the density of electrons, the semiconduc-
tor is p type; acceptor impurity atoms have been added. The Fermi energy level in
a semiconductor changes as the electron and hole concentrations change and, again,
the Fermi energy changes as donor or acceptor impurities are added. The change in
the Fermi level as a function of impurity concentrations is considered in Section 4.6.
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Figure 4.9 | Density of states functions, Fermi-Dirac
probability function, and areas representing electron and
hole concentrations for the case when Er is below the
intrinsic Fermi energy.

The expressions previously derived for the thermal-equilibrium concentration of

electrons and holes, given by Equations (4.11) and (4.19), are general equations for
ny and p, in terms of the Fermi energy. These equations are again given as

Ny = N exp [M]

and

Po = NJ. Exp {{f—E'}]

As we just discussed, the Fermi energy may vary through the bandgap energy, which
will then change the values of n, and p,,
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EXAMPLE 4.5

Objective: Calculate the thermal equilibrium concentrations of electrons and holes for a
given Fermi energy.

Consider siliconat 7= 300 Ksothat N, = 2.8 X 10" cm “and N, = 1.04 X 10" ¢m ™,
Assume that the Fermi energy is 0.25 eV below the conduction band. If we assume that the
bandgap energy of silicon is 1.12 eV, then the Fermi energy will be 0.87 ¢V above the valence
band.

H Solution
Using Equation (4.11), we have

ny = (2.8 X 10") exp (__,_Z_g) = 1.8 X 10¥ e¢m™?

From Equation (4.19), we can write

po = (1.04 X 10") exp({;[?étg;) =27 X 10°¢cm™
® Comment
The change in the Fermi level is actually a function of the donor or acceptor impurity concen-
trations that are added to the semiconductor. However, this example shows that electron and
hole concentrations change by orders of magnitude from the intrinsic carrier concentration as
the Fermi energy changes by a few tenths of an electron-volt.

= EXERCISE PROBLEM
Ex 4.5 Determine the thermal-equilibrium concentrations of electrons and holes in silicon
at T = 300 K if the Fermi energy level is 0.215 eV above the valence-band energy

E:u {{ W2 L0 X LR = Oy l.[_lﬂ.'} g0l X 86°C = igf 'Su\;f’]

In the previous example, since n, > py, the semiconductor is n type. In an n-type
semiconductor, electrons are referred to as the majority carrier and holes as the mi-
nority carrier. By comparing the relative values of n, and p, in the example, it is easy
to see how this designation came about. Similarly, in a p-type semiconductor where
Po = ng, holes are the majority carrier and electrons are the minority carrier.

We may derive another form of the equations for the thermal-equilibrium con-
centrations of electrons and holes. If we add and subtract an intrinsic Fermi energy
in the exponent of Equation (4.11), we can write

n, = N, exp [_(E" — E”l; (Er — EF’}} (4.38a)
or
ne=N. exp[ _{E*k; EF"] exp [@;TE‘“J] (4.38b)

The intrinsic carrier concentration is given by Equation (4.20) as

'(E Eh}

n; —-Nexp[
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so that the thermal-equilibrium electron concentration can be written as

Ee=FE.
Ny = n; exp [—f-ﬁ.—ﬂ.l (4.39)

Similarly, if we add and subtract an intrinsic Fermi energy in the exponent of
Equation (4.19), we will obtain

_{EF = -EF!}
kT

Po = n; eXp (4.40)

As we will see, the Fermi level changes when donors and acceptors are added,
but Equations (4.39) and (4.40) show that, as the Fermi level changes from the
intrinsic Fermi level, n, and p, change from the n; value. If Er > E, then we will
have n, > n; and p, < n,. One characteristic of an n-type semiconductor is that
Ey > Ef so that ny > p,. Similarly, in a p-type semiconductor, Er < Ef; so that p, > n;
and n, < n;; thus, py > n,.

We can see the functional dependence of n, and p, with E; in Figures 4.8 and
4.9. As Er moves above or below Eg, the overlapping probability function with the
density of states functions in the conduction band and valence band changes. As E;
moves above Ej,. the probability function in the conduction band increases, while the
probability, 1 — fr(E), of an empty state (hole) in the valence band decreases. As Er
moves below Ej, the opposite occurs.

4.3.2 The n,p, Product

We may take the product of the general expressions for n, and p, as given in Equa-
tions (4.11) and (4.19), respectively. The result is

Ho Po = N{. NI- exp [,ﬁ;%@.] exp _':E;,c; E“} (441}
which may be written as
~F
nopo = N. N, exp[ kTR (4.42)

As Equation (4.42) was derived for a general value of Fermi energy, the values
of n, and p, are not necessarily equal. However, Equation (4.42) is exactly the same
as Equation (4.23), which we derived for the case of an intrinsic semiconductor. We
then have that, for the semiconductor in thermal equilibrium,

(4.43)

’ Rg Po = ﬂ,_:

Equation (4.43) states that the product of n, and p, 1s always a constant for a
given semiconductor material at a given temperature. Although this equation seems
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very simple, it is one of the fundamental principles of semiconductors in thermal
equilibrium. The significance of this relation will become more apparent in the chap-
ters that follow. It 1s important to keep in mind that Equation (4.43) was derived
using the Boltzmann approximation. If the Boltzmann approximation is not valid,
then likewise, Equation (4.43) is not valid.

An extrinsic semiconductor in thermal equilibrium does not, strictly speaking,
contain an intrinsic carrier concentration, although some thermally generated carriers
are present. The intrinsic electron and hole carrier concentrations are modified by the
donor or acceptor impurities. However, we may think of the intrinsic concentration
n; in Equation (4.43) simply as a parameter of the semiconductor material.

*4.3.3 The Fermi-Dirac Integral

In the derivation of the Equations (4.11) and (4.19) for the thermal equilibrium elec-
tron and hole concentrations, we assumed that the Boltzmann approximation was
valid. If the Boltzmann approximation does not hold, the thermal equilibrium elec-
tron concentration is written from Equation (4.3) as

% — 1/2
Hy = 4__1_;!' (2m?)> (E— E)"*dE (4.44)
h " E—E,;
e 1 <F exp( T
If we again make a change of variable and let
E-E
and also define
_E;—E,
Ne= (4.45b)
then we can rewrite Equation (4.44) as
B Zﬁur:,“,‘ai:}‘")”2 " 1'% dn
Mo = 4ﬂ. hZ f l - exp [n = T]}-) (4+46}

The integral is defined as

_ = .ql.'rl dﬂ
Fix(np) f EY (4.47)

This function, called the Fermi—Dirac integral. is a tabulated function of the variable
1 Figure 4.10 1s a plot of the Fermi—Dirac integral. Note that if n, > 0, then E; >
E.; thus, the Fermi energy is actually in the conduction band.

EXAMPLE 4.6

Objective: Calculate the electron concentration using the Fermi-Dirac integral.
Let ms = 2 so that the Fermi energy is above the conduction band by approximately
52 meV at T = 300 K.

B Solution
Equation (4.46) can be written as

Hyp = \/L’F N.F\ s (Me)



4.3 The Extrinsic Semiconductor

For silicon at T = 300 K, N, = 2.8 X 10" ¢cm * and, from Figure 4.10, the Fermi-Dirac
integral has a value or Fy,:(2) = 2.7. Then

Ny = \%{13 X 10)(2.7) = 8.53 X 10" cm™*

® Comment

Note that if we had used Equation (4.11), the thermal equilibrium value of ny would be n, =
2.08 X 10® cm *, which is incorrect since the Boltzmann approximation is not valid for this
case.

u EXERCISE PROBLEM
Ex4.6 Ifn, = 1.5 10" cm *insilicon at T = 300 K, determine the position of the Fermi
level relative to the conduction-band energy E.. (A2 §8780°0 = "7 — 47 'suy)

129

We may use the same general method to calculate the thermal equilibrium con-
centration of holes. We obtain

B zln:k‘r]?-.-"! = [n')ifl d‘n"
po=dm (T f e o =T (4.48)
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Figure 4.10 | The Fermi-Dirac integral F, ;- as a function
of the Fermi energy.
(From Sze [14].)
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where

(4.49a)
and

E, —E;

N = kT (4.49b)

The integral in Equation (4.48) is the same Fermi-Dirac integral defined by Equa-
tion (4.47), although the variables have slightly different definitions. We may note
that if n's > 0, then the Fermi level is in the valence band.

TEST YOUR UNDERSTANDING

TYU 4.8 (a) Calculate the thermal-equilibrium electron concentration in silicon at
T = 300 K for the case when Er = E,. (b) Calculate the thermal-equilibrium hole
concentration in stlicon at T = 300 K for the case when E, = E..
[1-. w0 X £9°L = ocd ':'Tn"} :t wo .01 X 0T = u (m) ‘SHV]

4.3.4 Degenerate and Nondegenerate Semiconductors

In our discussion of adding dopant atoms to a semiconductor, we have implicitly
assumed that the concentration of dopant atoms added i1s small when compared to
the density of host or semiconductor atoms. The small number of impurity atoms are
spread far enough apart so that there is no interaction between donor electrons, for
example, in an n-type material. We have assumed that the impurities introduce dis-
crete, noninteracting donor energy states in the n-type semiconductor and discrete,
noninteracting acceptor states in the p-type semiconductor. These types of semicon-
ductors are referred to as nondegenerate semiconductors.

If the impurity concentration increases, the distance between the impurity atoms
decreases and a point will be reached when donor electrons, for example, will begin
to interact with each other. When this occurs, the single discrete donor energy will
split into a band of energies. As the donor concentration further increases, the band
of donor states widens and may overlap the bottom of the conduction band. This
overlap occurs when the donor concentration becomes comparable with the effec-
tive density of states. When the concentration of electrons in the conduction band
exceeds the density of states N, the Fermi energy lies within the conduction band.
This type of semiconductor is called a degenerate n-type semiconductor.

In a similar way, as the acceptor doping concentration increases in a p-type
semiconductor, the discrete acceptor energy states will split into a band of energies
and may overlap the top of the valence band. The Fermi energy will lie in the valence
band when the concentration of holes exceeds the density of states N,. This type of
semiconductor is called a degenerate p-type semiconductor.

Schematic models of the energy-band diagrams for a degenerate n-type and de-
generate p-type semiconductor are shown in Figure 4.11. The energy states below E;
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Figure 4.11 | Simplified energy-band diagrams for degenerately doped (a) n-type and
(b) p-type semiconductors.

are mostly filled with electrons and the energy states above E; are mostly empty. In
the degenerate n-type semiconductor, the states between Ey and E, are mostly filled
with electrons; thus, the electron concentration in the conduction band is very large.
Similarly, in the degenerate p-type semiconductor, the energy states between E, and
E are mostly empty; thus, the hole concentration in the valence band is very large.

4.4 | STATISTICS OF DONORS AND ACCEPTORS

In the previous chapter, we discussed the Fermi—Dirac distribution function, which
gives the probability that a particular energy state will be occupied by an electron.
We need to reconsider this function and apply the probability statistics to the donor
and acceptor energy states.

44.1 Probability Function

One postulate used in the derivation of the Fermi-Dirac probability function was
the Pauli exclusion principle, which states that only one particle is permitted in each
quantum state. The Pauli exclusion principle also applies to the donor and acceptor
slates.

Suppose we have N, electrons and g; quantum states, where the subscript 7 in-
dicates the ith energy level. There are g, ways of choosing where to put the first
particle. Each donor level has two possible spin orientations for the donor electron;
thus, each donor level has two quantum states. The insertion of an electron into one
quantum state, however, precludes putting an electron into the second quantum state.
By adding one electron, the vacancy requirement of the atom is satisfied, and the
addition of a second electron in the donor level is not possible. The distribution func-
tion of donor electrons in the donor energy states is then slightly different than the
Fermi-Dirac function.

The probability function of electrons occupying the donor state 1s

Ny

(4.50)

Eur = E_;)
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where n, 1s the density of eleumns occupying the donor level and E, is the energy of
the donor level. The factor + 5 in this equation is a direct result of the spin factor just
mentioned. The factor is sometimes written as 1,/g. where g is called a degeneracy
factor.

Equation (4.50) can also be written in the form

ng=N; — N; (4.51)

where N is the concentration of ionized donors. In many applications, we will be
interested more in the concentration of ionized donors than in the concentration of
electrons remaining in the donor states.

If we do the same type of analysis for acceptor atoms, we obtain the expression

N,
oo (555
1+ 7 eXp T

=N,—N; (4.52)

Pa =

where N, is the concentration of acceptor atoms, E, is the acceptor energy level, p,
is the concentration of holes in the acceptor states, and N is the concentration of
ionized acceptors. A hole in an acceptor state corresponds to an acceptor atom that
is neutrally charged and still has an “empty” bonding position as we have discussed
in Section 4.2.1. The parameter g is, again, a degeneracy factor. The ground state de-
generacy factor g 1s normally taken as 4 for the acceptor level in silicon and gallium
arsenide because of the detailed band structure.

4.4.2 Complete Ionization and Freeze-Out

The probability function for electrons in the donor energy state was just given by
Equation (4.50). If we assume that (E; — E;) > kT, then

N (Ey — EF)]

o = QN [
1 ex (_._’E:‘I — EF) oy
2P\TaT

If (E; — Ef) > kT, then the Boltzmann approximation is also valid for the electrons
in the conduction band so that, from Equation (4.11),

"“(E E}-]]

(4.53)

ng =

ny = N, exp [

We can determine the relative number of electrons in the donor state compared
with the total number of electrons; therefore, we can consider the ratio of electrons
in the donor state to the total number of electrons in the conduction band plus donor
state. Using the expressions of Equations (4.53) and (4.11), we write

. ZNJ Exp [ _(Eﬂ’ == Ef}
n ‘:.ﬂ' - —{E —E) _(E . E) {4+54}
e G o[
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The Fermi energy cancels out of this expression. Dividing by the numerator term,
we obtain

g S0 1
ng + ng N. [—[ E. — E‘;}] (4.55)
T

1 + IN, exp 3
The factor (E, — E,) 1s just the ionization energy of the donor electrons.

Objective: Determine the fraction of total electrons still in the donor states at T = 300 K. EXAMPLE 4.7
Consider phosphorus doping in silicon, for T = 300 K, at a concentration of N; =
10" em 7,
B Solution
Using Equation (4.55), we find
o~ ‘ = 0.0041 = 0.41%

motng L 2.8 X107 —0.045
L+ 0w %P ( 0.0259 )
® Comment

This example shows that there are very few electrons in the donor state compared with the
conduction band. Essentially all of the electrons from the donor states are in the conduction
band and, since only about 0.4 percent of the donor states contain electrons, the donor states
are said to be completely ionized.

u EXERCISE PROBLEM

Ex 4.7 Repeat Example 4.7 for (a) T = 250 K and (b) T = 200 K. (¢) What can be said
about the fraction as the temperature decreases?

[ sasvainop aimesaduiay se saseatour uonowrd (2) . 01 X SLT1(9) 01 X 0S'L (7) suy]

At room temperature, then, the donor states are essentially completely ionized
and, for a typical doping of 10" ¢m ™, almost all donor impurity atoms have donated
an electron to the conduction band.

At room temperature, there is also essentially complete ionization of the accep-
tor atoms. This means that each acceptor atom has accepted an electron from the
valence band so that p, is zero. At typical acceptor doping concentrations, a hole is
created in the valence band for each acceptor atom. This ionization effect and the cre-
ation of electrons and holes in the conduction band and valence band, respectively,
are shown in Figure 4.12.

The opposite of complete ionization occurs at 7 = 0 K. At absolute zero degrees, all
electrons are in their lowest possible energy state; that is, for an n-type semiconductor,
each donor state must contain an electron, therefore n, = N,or N, © = (. We must have,
then, from Equation (4.50) that exp [(E; — E¢)/kT] = 0. Since T = 0 K, this will occur
for exp (—=¢) = (), which means that E; > E,. The Fermi energy level must be above the
donor energy level at absolute zero. In the case of a p-type semiconductor at absolute
zero temperature, the impurity atoms will not contain any electrons, so that the Fermi en-
ergy level must be below the acceptor energy state. The distribution of electrons among

the various energy states, and hence the Fermi energy, is a function of temperature.
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Conduction band Conduction band
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Figure 4.12 | Energy-band diagrams showing complete ionization of (a) donor states
and (b) acceptor states.
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Figure 4.13 | Energy-band diagram at 7' = 0 K for (a) n-type and (b) p-type
semiconductors.

A detailed analysis, not given in this text, shows that at T = 0 K, the Fermi en-
ergy is halfway between E, and E, for the n-type material and halfway between E,
and E, for the p-type material. Figure 4.13 shows these effects. No electrons from
the donor state are thermally elevated into the conduction band; this effect is called
freeze-out. Similarly, when no electrons from the valance band are elevated into the
acceptor states, the effect is also called freeze-out.

Between T' = 0 K, freeze-out, and 7' = 300 K, complete ionization, we have
partial ionization of donor or acceptor atoms.

EXAMPLE 4.8

Objective: Determine the temperature at which 90 percent of acceptor atoms are ionized.
Consider p-type silicon doped with boron at a concentration of N, = 10" ¢m .

B Solution

Find the ratio of holes in the acceptor state to the total number of holes in the valence band
plus acceptor state. Taking into account the Boltzmann approximation and assuming the de-
generacy factor is g = 4, we write

S — 1

FD+P-1 - ] e NL. . [_{Eu_Ev]]
3N, " ©xP kT
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For 90 percent ionization,

Pa 1
=0.10 =
P o3 P i T \2
(104 X 10") (555) |

4(10™)

—0.045
0.0259 (

]
..3[}[]

B Comment

This example shows that at approximately 100°C below room temperature, we still have
90 percent of the acceptor atoms ionized; in other words, 90 percent of the acceptor atoms
have “donated” a hole to the valence band.

® EXERCISE PROBLEM

Ex 4.8 Determine the fraction of total holes still in the acceptor states in silicon for
N, = 10"cm*at (@) T = 250 K and (b) T = 200 K.
[: 01 X 9€L°8 (4) 5; 01 X [6°€ (P) 'suy]
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TEST YOUR UNDERSTANDING

TYU 4.9 Determine the fraction of total holes still in the acceptor states in silicon at
T = 300 K for a boron impurity concentration of N, = 10" cm ™, (6L1°0 'SUV)
TYU 4.10 Consider silicon with a phosphorus impurity concentration of N, = 10" em ™,
Determine the percent of ionized phosphorus atoms at (a) T = 100 K,
(L) T=200K,(c)T= 300K, and (d) T = 400 K.
(9586766 (P) %9666 () *%T8°66 (9) *2%T9°¢6 (V) suy]

4.5 | CHARGE NEUTRALITY

In thermal equilibrium, the semiconductor crystal is electrically neutral. The elec-
trons are distributed among the various energy states, creating negative and positive
charges, but the net charge density is zero. This charge-neutrality condition is used
to determine the thermal-equilibrium electron and hole concentrations as a function
of the impurity doping concentration. We will define a compensated semiconductor
and then determine the electron and hole concentrations as a function of the donor
and acceptor concentrations.

4.5.1 Compensated Semiconductors

A compensated semiconductor is one that contains both donor and acceptor impurity
atoms in the same region. A compensated semiconductor can be formed, for ex-
ample, by diffusing acceptor impurities into an n-type material or by diffusing donor
impurities into a p-type material. An n-type compensated semiconductor occurs
when N, > N,, and a p-type compensated semiconductor occurs when N, > N,.
It N, = N, we have a completely compensated semiconductor that has, as we will
show, the characteristics of an intrinsic material. Compensated semiconductors are
created quite naturally during device fabrication as we will see later.
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Figure 4.14 | Energy-band diagram of a compensated
semiconductor showing ionized and un-ionized donors
and acceptors.

4.5.2 Equilibrium Electron and Hole Concentrations

Figure 4.14 shows the energy-band diagram of a semiconductor when both donor
and acceptor impurity atoms are added to the same region to form a compensated
semiconductor. The figure shows how the electrons and holes can be distributed
among the various states.

The charge neutrality condition is expressed by equating the density of negative
charges to the density of positive charges. We then have

ng+ N, =ps+ N, (4.56)

or

ny + (N, — Pa} =po T+ (Ng — ny) (4.57)

where n, and p, are the thermal-equilibrium concentrations of electrons and holes in
the conduction band and valence band, respectively. The parameter n, is the concen-
tration of electrons in the donor energy states, so N, = N; — n, is the concentration
of positively charged donor states. Similarly, p, is the concentration of holes in the
acceptor states, so N, = N, — p, 1s the concentration of negatively charged acceptor
states. We have expressions for ng, py, n,. and p, in terms of the Fermi energy and
lEmpEI‘EI[Lll‘E.
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Thermal-Equilibrium Electron Concentration If we assume complete ioniza-
tion, n, and p, are both zero, and Equation (4.57) becomes

ng + N, = py + ny (4.58)
If we express p, as n; /n,, then Equation £4,58} can be written as
no + N, = 5=+ N, (4.59)
which in turn can be written as
ny— (Ny— Nong—n; =0 (4.59b)

The electron concentration n, can be determined using the quadratic formula, or

_— {Nd;Nu) +\/(NJENH)_ + n;’. (460)

The positive sign in the quadratic formula must be used, since, in the limit of an
itrinsic semiconductor when N, = N, = (), the electron concentration must be a
positive quantity, or ny = n,.

Equation (4.60) is used to calculate the electron concentration in an n-type semi-
conductor, or when N, > N,. Although Equation (4.60) was derived for a compen-
sated semiconductor, the equation is also valid for N, = (.
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Objective: Determine the thermal-equilibrium electron and hole concentrations
in silicon at T = 300 K for given doping concentrations. (a) Let N, = 10" cm™* and
N.=0.(b)LetN;,=5X 10%ecm3Pand N, =2 X 10® cm™,

Recall that n; = 1.5 X 10" ¢cm in silicon at T = 300 K.

B Solution
(a) From Equation (4.60), the majority carrier electron concentration is

16 1642
no=19=+ \/(%) + (1.5 X 1000 = 10* cm ™

The minority carrier hole concentration is found to be

2 102
pu=ﬂ=—“'5 X 107)" 225 x 10* em

(h) Again, from Equation (4.60), the majority carrier electron concentration is

=5K10‘5—2X]D”+\/[5XID‘E—ZXID”
2 2

o ] + (1.5 X 10" =3 X 10 ¢m

The minority carrier hole concentration is

n 1.5 X 10')2
P“zn_:.:{ 3 % 10'5) =75 X 10*cm™

EXAMPLE 4.9
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B Comment

In both parts of this example, (N, — N,) > n,, so the thermal-equilibrium majority carrier
electron concentration is essentially equal to the difference between the donor and acceptor
concentrations. Also, in both cases, the majority carrier electron concentration is orders of
magnitude larger than the minority carrier hole concentration.

® EXERCISE PROBLEM
Ex 4.9 Find the thermal-equilibrium electron and hole concentrations in silicon with
doping concentrations of N, = 7 X 10%¢m *and N, = 3 X 10 cm
for (a) T = 250 K and (b) T = 400 K.
[ 60T X 91
=0d* w0 X p="u(g),_ WdGTT] =" _wd O] X $ = "u(p) suy]

We have argued in our discussion and we may note from the results of Ex-
ample 4.9 that the concentration of electrons in the conduction band increases above
the intrinsic carrier concentration as we add donor impurity atoms. At the same time,
the minority carrier hole concentration decreases below the intrinsic carrier concen-
tration as we add donor atoms. We must keep in mind that as we add donor impurity
atoms and the corresponding donor electrons, there is a redistribution of electrons
among available energy states. Figure 4.15 shows a schematic of this physical redis-
tribution. A few of the donor electrons will fall into the empty states in the valence
band and, in doing so, will annihilate some of the intrinsic holes. The minority carrier
hole concentration will therefore decrease as we have seen in Example 4.9. At the

Intrinsic
electrons

> A few donor electrons
annthilate some
intrinsic holes

(R

*@ + > Intrinsic holes

2
n;

Netp, = e

Figure 4.15 | Energy-band diagram showing the
redistribution of electrons when donors are added.
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same time, because of this redistribution, the net electron concentration in the con-
duction band is notr simply equal to the donor concentration plus the intrinsic electron
concentration.
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Objective: Calculate the thermal-equilibrium electron and hole concentrations in
germanium for a given doping concentration.

Consider a germanium sample at 7' = 300 K in which N, = 2 X 10" em ' and N, = 0.
Assume thatn, = 2.4 X 10" em™.

B Solution
Again, from Equation (4.60), the majority carrier electron concentration is

no = 2—3‘32—”}3 + \/[lﬁzlﬂi)] + (24 X 10M)? = 2,028 X 10" em™?

The minority carrier hole concentration is

m (2.4 % 10")?

Po= 75 = 2008 X 107 2.84 X 10% em™?

® Comment

If the donor impurity concentration is not too different in magnitude from the intrinsic carrier
concentration, then the thermal-equilibrium majority carrier electron concentration is influ-
enced by the intrinsic concentration.

® EXERCISE PROBLEM

Ex 4.10 Repeat Example 4.10 for (a) T = 250 K and (b) T = 350 K. (¢) What can
be said about a very low-doped material as the temperature increases?
[1o1onpuostas srsutnun ue sayorvoxdde pusmpy (2) L wd 01 X 6501 =

‘U 0 X 6S0°E = " () fewd (0 X LF6 = uwd 0] X T = "u(p) suy]

EXAMPLE 4.10

We have seen that the intrinsic carrier concentration n; is a very strong function
of temperature. As the temperature increases, additional electron-hole pairs are ther-
mally generated so that the n; term in Equation (4.60) may begin to dominate. The
semiconductor will eventually lose its extrinsic characteristics. Figure 4.16 shows
the electron concentration versus temperature in silicon doped with 5 X 10" donors
per cm?’ . As the temperature increases, we can see where the intrinsic concentration
begins to dominate. Also shown is the partial ionization, or the onset of freeze-out, at
the low temperature.

Thermal-Equilibrium Hole Concentration If we reconsider Equation (4.58) and
express i as n; /p,, then we have

n
%+m=m+m (4.61a)
which we can write as

qun = (N, — Nopo — ”? =0 (4.61b)
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Figure 4,16 | Electron concentration versus temperature showing
the three regions: partial ionization, extrinsic, and intrinsic.

Using the quadratic formula, the hole concentration is given by

N,—N N, — N, \? )
Y = e B

where the positive sign, again, must be used. Equation (4.62) is used to calculate the
thermal-equilibrium majority carrier hole concentration in a p-type semiconductor,
or when N, > N,. This equation also applies for N, = (0.

EXAMPLE 4.11

Objective: Calculate the thermal-equilibrium electron and hole concentrations in a
compensated p-type semiconductor.
Consider a silicon semiconductor at T = 300 K in which N, = 10" ¢m and N; = 3 X

10% em ™, Assume m; = 1.5 X 10% em .

B Solution
Since N, = Ny, the compensated semiconductor is p-type and the thermal-equilibrium majority
carrier hole concentration is given by Equation (4.62) as

6 _ 15 6 _ 15\2
po = 10 EK 10 +V[ 10 ;K 10 ] + (1.5 X 10102

—

s0 that
po=7X10%cm™?

The minority carrier electron concentration is
n _ (1.5 X 10')?
Po 7 X 10

Ry = =321 X 10cm™

® Comment

If we assume complete 1ionization and if (N, — N,) > n,, then the majority carrier hole concen-
tration is, to a very good approximation, just the difference between the acceptor and donor
concentrations.
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® EXERCISE PROBLEM

Ex 4.11 Consider silicon at T = 300 K. Calculate the thermal-equilibrium electron and
hole concentrations for impurity concentrations of (a) N, = 4 X 10" cm 3,
N,=8X 10%cm*and () N, = N, =3 X 10¥ ecm*.
¢ w2 5,01 X €71 = = 0d (g) % W O] X €OL =’ Wd 0] X TE = 'd () suy]
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We may note that, for a compensated p-type semiconductor, the minority carrier
electron concentration is determined from

2 ¢l

n; n;

Po~ (N, — N,

Equations (4.60) and (4.62) are used to calculate the majority carrier electron
concentration in an n-type semiconductor and majority carrier hole concentration in
a p-type semiconductor, respectively. The minority carrier hole concentration in an
n-type semiconductor could, theoretically, be calculated from Equation (4.62). How-
ever, we would be subtracting two numbers on the order of 10 ecm ™, for example,
to obtain a number on the order of 10* cm ™, which from a practical point of view is
not possible. The minority carrier concentrations are calculated from ngp, = n; once
the majority carrier concentration has been determined.

My =

TEST YOUR UNDERSTANDING

TYU 4.11 Consider a compensated GaAs semiconductor at T = 300 K doped at Ny, = 5 X
10" em 3 and N, = 2 X 10" em . Calculate the thermal equilibrium electron
and hole concentrations. (- W2 01 X 91'C = "' wd ,,01 X ¢'[ = "d 'suy)

TYU 4.12 Silicon is doped at N, = 10" em * and N, = 0. (a) Plot the concentration of
electrons versus temperature over the range 300 = T = 600 K. (b) Calculate the
temperature at which the electron concentration is equal to 1.1 X 10" em .

(1 T6€ = L suy)

TYU 4.13 A silicon device with n-type material is to be operated at T = 550 K. At this
temperature, the intrinsic carrier concentration must contribute no more than
5 percent of the total electron concentration. Determine the minimum donor
concentration required to meet this specification. (-2 501 X 0¥l = "N "SUY)

4.6 | POSITION OF FERMI ENERGY LEVEL

We have discussed qualitatively in Section 4.3.1 how the electron and hole concen-
trations change as the Fermi energy level moves through the bandgap energy. Then,
in Section 4.5, we calculated the electron and hole concentrations as a function of
donor and acceptor impurity concentrations. We can now determine the position
of the Fermi energy level as a function of the doping concentrations and as a func-
tion of temperature. The relevance of the Fermi energy level will be further discussed
after the mathematical derivations.



142

CHAPTER 4 The Semiconductor in Equilibrium

4.6.1 Mathematical Derivation

The position of the Fermi energy level within the bandgap can be determined by
using the equations already developed for the thermal-equilibrium electron and hole
concentrations. If we assume the Boltzmann approximation to be valid, then from
Equation (4.11) we have n, = N, exp [—(E. — Ey)/kT]. We can solve for E. — Ey
from this equation and obtain

My

E.— E;=kTln (5<) ‘ (4.63)

where n, is given by Equation (4.60). If we consider an n-type semiconductor in
which N, >> n,, then n, = N, so that
N.
E.— Er=kTln (-—) (4.64)
Ny
The distance between the bottom of the conduction band and the Fermi energy
1s a logarithmic function of the donor concentration. As the donor concentration
increases, the Fermi level moves closer to the conduction band. Conversely, if the
Fermi level moves closer to the conduction band, then the electron concentration in
the conduction band is increasing. We may note that if we have a compensated semi-
conductor, then the N, term in Equation (4.64) is simply replaced by N, — N,, or- the
net effective donor concentration.

DESIGN
EXAMPLE 4.12

Objective: Determine the required donor impurity concentration to obtain a specified Fermi
energy.

Silicon at T = 300 K contains an acceptor impurity concentration of N, = 10" cm .
Determine the concentration of donor impurity atoms that must be added so that the silicon is
n type and the Fermi energy is 0.20 eV below the conduction-band edge.

H Solution
From Equation (4.64), we have
N
E.— Er=kT In —)
3 (Nrf - Nc
which can be rewritten as
N;— N, = N.exp [%]
Then

Ne— N.= 2.8 X 10" exp [ﬁf%] =124 X 10" ¢m™?

or
Ne=124 X 10"+ N, =224 X 10" cm™?

® Comment
A compensated semiconductor can be fabricated to provide a specific Fermi energy level.
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® EXERCISE PROBLEM
Ex4.12 Consider silicon at T = 300 K with doping concentrations of N, = § X 10" ¢cm™*
and N, = 5 X 10" ecm . Determine the position of the Fermi energy level with

respect o E.. (A2 89€7°0 = “7 — "F 'Suy)
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We may develop a slightly different expression for the position of the Fermi
level. We had from Equation (4.39) that n, = n, exp [(Er — E)/kT). We can solve
for Er — Eg as

E, — E; = kTIn (%) ‘ (4.65)

Equation (4.65) can be used specifically for an n-type semiconductor, where ny is
given by Equation (4.60), to find the difference between the Fermi level and the
intrinsic Fermi level as a function of the donor concentration. We may note that, if
the net effective donor concentration is zero, that is, N, — N, = 0, then n, = n; and
E; = Ex. A completely compensated semiconductor has the characteristics of an
intrinsic material in terms of carrier concentration and Fermi-level position.

We can derive the same types of equations for a p-type semiconductor. From
Equation (4.19), we have p, = N, exp [—(Er — E,)/kT], so that

I E,--E,:krln[%;;) ‘ (4.66)

If we assume that N, >> n,, then Equation (4.66) can be written as

E.—E, = kTln (%—) 4.67)

The distance between the Fermi level and the top of the valence-band energy for
a p-type semiconductor is a logarithmic function of the acceptor concentration: as the
acceptor concentration increases, the Fermi level moves closer to the valence band.
Equation (4.67) still assumes that the Boltzmann approximation is valid. Again, if
we have a compensated p-type semiconductor, then the N, term in Equation (4.67) is
replaced by N, — N, or the net effective acceptor concentration.

We can also derive an expression for the relationship between the Fermi level
and the intrinsic Fermi level in terms of the hole concentration. We have from Equa-

tion (4.40) that py = n, exp [—(Er — Ep)/kT), which yields

Equation (4.68) can be used to find the difference between the intrinsic Fermi level
and the Fermi energy in terms of the acceptor concentration. The hole concentration
po in Equation (4.68) is given by Equation (4.62).
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Figure 4.17 | Position of Fermi level for an (a) n-type (N; = N.) and (b) p-type (N; = N.)
semiconductor.

We may again note from Equation (4.65) that, for an n-type semiconductor,
ny > n; and Er > Ej. The Fermi level for an n-type semiconductor is above Ey,. For
a p-type semiconductor, p, > n,, and from Equation (4.68) we see that E;, > Ep.
The Fermi level for a p-type semiconductor is below Ej,. These results are shown in
Figure 4.17.

4.6.2 Variation of E; with Doping Concentration
and Temperature

We may plot the position of the Fermi energy level as a function of the doping
concentration. Figure 4.18 shows the Fermi energy level as a function of donor con-
centration (n type) and as a function of acceptor concentration (p type) for silicon at
T = 300 K. As the doping levels increase, the Fermi energy level moves closer to the
conduction band for the n-type material and closer to the valence band for the p-type
material. Keep in mind that the equations for the Fermi energy level that we have
derived assume that the Boltzmann approximation is valid.

N;(em™?)
) “}l?. “-'f” “]H H]l.'l' ]nlﬁ “]17 I[}IH
E T T T T T 1
n type
I';-f,-r --------------------------------
N
E [ i | L 1 I
1012 1043 1M 1013 1016 1o 10
N, (em™)

Figure 4.18 | Position of Fermi level as a function of donor
concentration (n type) and acceptor concentration (p type).
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Objective: Determine the Fermi energy level and the maximum doping concentration at
which the Boltzmann approximation is still valid.

Consider p-type silicon, at T = 300 K, doped with boron. We may assume that the limit
of the Boltzmann approximation occurs when E — E, = 3kT. (See Section 4.1.2.)

B Solution

From Table 4.3, we find the ionization energy is E, — E, = 0.045 eV for boron in silicon, If
we assume that Ey; = E, ., then from Equation (4.68), the position of the Fermi level at the
maximum doping is given by

E,
Ep— Er == — (E,— E) — (Ef — E) = kT'In ()

or
Nll

1,

0.56 — 0.045 — 3(0.0259) = 0.437 = (0.0259) In (
We can then solve for the doping as

e 0437 \ _ ) S
® Comment

[f the acceptor (or donor) concentration in silicon is greater than approximately 3 X 10" ¢m ™,
then the Boltzmann approximation of the distribution function becomes less valid and the
equations for the Fermi-level position are no longer quite as accurate.

® EXERCISE PROBLEM

Ex 4.13  Consider n-type silicon at T = 300 K doped with arsenic. Determine the
maximum doping at which the Boltzmann approximation is still valid. Assume
the limit is such that E; — Epr = 3kT. (,_wd 0] X 20T = "M suy)

EXAMPLE 4.13

The intrinsic carrier concentration n,, in Equations (4.65) and (4.68), is a strong
function of temperature, so that £ is a function of temperature also. Figure 4.19 shows
the variation of the Fermi energy level in silicon with temperature for several donor
and acceptor concentrations. As the temperature increases, n, increases, and E; moves
closer to the intrinsic Fermi level. At high temperature, the semiconductor material
begins to lose its extrinsic characteristics and begins to behave more like an intrinsic
semiconductor. At the very low temperature, freeze-out occurs; the Boltzmann approx-
imation is no longer valid and the equations we derived for the Fermi-level position
no longer apply. At the low temperature where freeze-out occurs, the Fermi level goes
above E, for the n-type material and below E, for the p-type material. At absolute zero
degrees, all energy states below E; are full and all energy states above E are empty.

4.6.3 Relevance of the Fermi Energy

We have been calculating the position of the Fermi energy level as a function of
doping concentrations and temperature. This analysis may seem somewhat arbitrary
and fictitious. However, these relations do become significant later in our discus-
sion of pn junctions and the other semiconductor devices we consider. An important
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Figure 4.19 | Position of Fermi level as a function of
temperature for various doping concentrations.
{From Sze [14].)

point is that, in thermal equilibrium, the Fermi energy level is a constant throughout
a system. We will not prove this statement, but we can intuitively see its validity by
considering the following example.

Suppose we have a particular material, A, whose electrons are distributed in the
energy states of an allowed band as shown in Figure 4.20a. Most of the energy states
below Eg, contain electrons and most of the energy states above E;, are empty of
electrons. Consider another material, B, whose electrons are distributed in the energy
states of an allowed band as shown in Figure 4.20b. The energy states below E,; are
mostly full and the energy states above E;; are mostly empty. If these two materi-
als are brought into intimate contact, the electrons in the entire system will tend to
seek the lowest possible energy. Electrons from material A will flow into the lower
energy states of material B, as indicated in Figure 4.20c, until thermal equilibrium is
reached. Thermal equilibrium occurs when the distribution of electrons, as a function
of energy, is the same in the two materials. This equilibrium state occurs when the
Fermi energy is the same in the two materials as shown in Figure 4.20d. The Fermi
energy, important in the physics of the semiconductor, also provides a good pictorial
representation of the characteristics of the semiconductor materials and devices.

TEST YOUR UNDERSTANDING

TYU 4.14 Determine the position of the Fermi level with respect to the valence-band
energy in p-type GaAs at T = 300 K. The doping concentrations are
N,=5X 10*cm > and N, = 4 X 10" cm, (A2 0£1°0 = "7 — “F "suy)
TYU 4.15 Calculate the position of the Fermi energy level in n-type silicon at 7 = 300 K
with respect to the intrinsic Fermi energy level. The doping concentrations are
N,=2X107em *and N, = 3 X 10" em 2, (A? I1TF0 = ¥F — /7 "suy)
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Figure 4.20 | The Fermi energy of (a) material A in thermal equilibrium, (b) material B
in thermal equilibrium, (¢) materials A and B at the instant they are placed in contact. and
(d) materials A and B in contact at thermal equilibrium.

4.7 | SUMMARY

B  The concentration of electrons in the conduction band is the integral over the
conduction-band energy of the product of the density of states function in the
conduction band and the Fermi—Dirac probability function.

B  The concentration of holes in the valence band 1s the integral over the valence-band
energy of the product of the density of states function in the valence band and the prob-
ability of a state being empty, which is [1 — fx(E)].

B  Using the Maxwell-Boltzmann approximation, the thermal-equilibrium concentration
of electrons in the conduction band is given by

_[-E: T EF}
kT

na=N, cxp[

where N, is the effective density of states in the conduction band.
B Using the Maxwell-Boltzmann approximation, the thermal-equilibrium concentration
of holes in the valence band is given by

Po = Hr EKF[%

where N, is the effective density of states in the valence band.
B  The intrinsic carrier concentration is found from

n = N:N,.Exp[;—?‘]

147
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B The concept of doping the semiconductor with donor (group V elements) impurities
and acceptor (group Il elements) impurities to form n-type and p-type extrinsic semi-
conductors was discussed.

B The fundamental relationship of nypy = n; was derived.

B Using the concepts of complete ionization and charge neutrality, equations for the
electron and hole concentrations as a function of impurity doping concentrations were
derived.

B  The position of the Fermi energy level as a function of impurity doping concentrations
was derived.

W The relevance of the Fermi energy was discussed. The Fermi energy is a constant
throughout a semiconductor that is in thermal equilibrium.

GLOSSARY OF IMPORTANT TERMS

acceptor atoms  Impurity atoms added to a semiconductor to create a p-type material.

charge carrier The electron and/or hole that moves inside the semiconductor and gives rise
to electrical currents.

compensated semiconductor A semiconductor that contains both donors and acceptors in
the same semiconductor region.

complete ionization The condition when all donor atoms are positively charged by giv-
ing up their donor electrons and all acceptor atoms are negatively charged by accepting
electrons.

degenerate semiconductor A semiconductor whose electron concentration or hole concen-
tration is greater than the effective density of states, so that the Fermi level is in the conduc-
tion band (n type) or in the valence band (p type).

donor atoms  Impurity atoms added to a semiconductor to create an n-type material.

effective density of states The parameter N,, which results from integrating the density of
quantum states g, (£') times the Fermi function fr(£') over the conduction-band energy, and
the parameter N,, which results from integrating the density of quantum states g, (E) times
[1 = fr(E)] over the valence-band energy.

extrinsic semiconductor A semiconductor in which controlled amounts of donors and/or
acceptors have been added so that the electron and hole concentrations change from the
intrinsic carrier concentration and a preponderance of either electrons (n type) or holes
(p type) is created.

freeze-out  The condition that occurs in a semiconductor when the temperature is lowered
and the donors and acceptors become neutrally charged. The electron and hole concentra-
tions become very small.

CHECKPOINT

After studying this chapter, the reader should have the ability to:

B Derive the equations for the thermal equilibrium concentrations of electrons and holes
in terms of the Fermi energy.

B Derive the equation for the intrinsic carrier concentration.

B Disscuss what is meant by the effective density of states for electrons and holes.

B Describe the effect of adding donor and acceptor impurity atoms to a semiconductor,



Problems

B  Understand the concept of complete ionization.

B Derive the fundamental relationship nyp, = n’.

B Describe the meaning of degenerate and nondegenerate semiconductor materials.

B Discuss the concept of charge neutrality.

B Derive the equations for n, and p, in terms of impurity doping concentrations.

B Derive the equations for the Fermi energy in terms of the impurity doping concentrations.

B Discuss the variation of the Fermi energy with doping concentration and temperature,

REVIEW QUESTIONS

1. How does the electron concentration in the conduction band change with energy E for
E>E.”?

2. In deriving the equation for n, in terms of the Fermi function, the upper limit of the
integral should be the energy at the top of the conduction band. Justify using infinity
instead.

3. Assuming the Boltzmann approximation applies, write the equations for ny and py in
terms of the Fermi energy.

4. What is the source of electrons and holes in an intrinsic semiconductor?

5. Under what condition would the intrinsic Fermi level be at the midgap energy?

6. What is a donor impurity? What is an acceptor impurity?

7. What is meant by complete ionization? What is meant by freeze-out?

8. What is the product of ny and p, equal to?

9. Write the equation for charge neutrality for the condition of complete ionization.

10. Sketch a graph of ng versus temperature for an n-type material.

11. Sketch graphs of the Fermi energy versus donor impurity concentration and versus

[Emp{‘:ralur(:.

12. What is the relevance of the Fermi energy?

PROBLEMS

Section 4.1 Charge Carriers in Semiconductors

4.1 Calculate the intrinsic carrier concentration, iy, at T = 200, 400, and 600 K for
(a) silicon, (b) germanium, and (¢) gallium arsenide.

4.2  Plot the intrinsic carrier concentration, n;, for a temperature range of 200 = 7= 600 K
for (a) silicon, (b) germanium, and (¢) gallium arsenide. (Use a log scale for n,. )

4.3  (a) The maximum intrinsic carrier concentration in a silicon device must be limited to
5 X 10" em . Assume E, = 1.12 eV. Determine the maximum temperature allowed
for the device. (b) Repeat part (a) if the maximum intrinsic carrier concentration is
limited to 5 X 10" ¢cm ™%,

4.4  In a particular semiconductor material, the effective density of states functions

are given by N, = Ny (T/300)? and N, = N.o- (T/300)"? where N,; and N, are
constants independent of temperature. Experimentally determined intrinsic carrier
concentrations are found tobe n, = 1.40 X 10°em *at T= 200K and n, = 7.70 X
10" em * at T = 400 K. Determine the product Ny * N, and the bandgap energy E..

(Assume E, is constant over this temperature range.)

149



150

CHAPTER 4 The Semiconductor in Equilibrium

4.5

4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

Two semiconductor materials have exactly the same properties except material A
has a bandgap energy of 0.90 ¢V and material B has a bandgap energy of 1.10 eV.
Determine the ratio of n; of material B to that of material A for (a) T = 200 K,

() T =300 K, and (c) T = 400 K.

(a) The magnitude of the product go«(E )f¢(E) in the conduction band is a function
of energy as shown in Figure 4.1. Assume the Boltzmann approximation is valid.
Determine the energy with respect to E. at which the maximum occurs. (b) Repeat
part (a) for the magnitude of the product g, (E) [1 — fr (E)] in the valence band.

Assume the Boltzmann approximation in a semiconductor is valid. Determine the
ratio of n(E) = g(E)f(E)at E=E, + 4kTtothat at E = E, + kT/2.

Assume that E. — Er = 0.20 eV in silicon. Plot n(E) = ge(E) fr(E) over the range
E=E=E +0.10eVior(a)T=200Kand(h) T = 400 K.

(a) Consider silicon at 7 = 300 K. Plot the thermal equilibrium electron concentration
n, (on a log scale) over the energy range 0.2 = E, — E; = 0.4 eV. (b) Repeat part

(a) for the hole concentration over the range 0.2 = Ey — E, = 04 eV.

Given the effective masses of electrons and holes in silicon, germanium, and gallium
arsenide, calculate the position of the intrinsic Fermi energy level with respect to the
center of the bandgap for each semiconductor at T = 300 K.

Calculate E;; with respect to the center of the bandgap in silicon for T = 200, 400, and
600 K.

(a) The carrier effective masses in a semiconductor are m; = 1.21 my and m; = 0.70 m,.
Determine the position of the intrinsic Fermi level with respect to the center of the
bandgap at T = 300 K. (b) Repeat part (a) if m; = 0.080 m, and m} = 0.75 m,,

If the density of states function in the conduction band of a particular semiconductor
15 a constant equal to K, derive the expression for the thermal-equilibrium concentra-
tion of electrons in the conduction band, assuming Fermi—Dirac statistics and assum-
ing the Boltzmann approximation is valid.

Repeat Problem 4.13 if the density of states function is given by g(E) = C(E — E,)
for E = E. where C, is a constant.

Section 4.2 Dopant Atoms and Energy Levels

4.15

4.16

Calculate the ionization energy and radius of the donor electron in germanium using
the Bohr theory.

Repeat Problem 4.15 for gallium arsenide.

Section 4.3 The Extrinsic Semiconductor

4.17

4.18

4.19

Silicon at T = 300 K is doped with arsenic atoms such that the concentration of elec-
trons is ny = 7 X 10% em . (a) Find E. — Eg. (b) Determine Er — E,. (¢) Calculate
Po. (d) Which carrier is the minority carrier? (e) Find Er — Ep.

The value of pyin silicon at T = 300 K is 2 X 10" cm . (a) Determine Er — E..

(b) Calculate the value of E. — Er. (¢) What is the value of n,? (d) Determine Ex — Er.
The electron concentration in silicon at 7= 300 K is n, = 2 X 10° cm . (a) Deter-
mine the position of the Fermi level with respect to the valence band energy level.

(b) Determine py. (¢) Is this n- or p-type material?



4.20

4.21

4.22

4.23

4.24

4.25
4.26

4.27

4.28

4.29

4.30

Problems

(a) If E. — Er = 0.28 eV n gallium arsenide at T = 375 K, calculate the values of ng
and p,. (b) Assuming the value of n, in part (@) remains constant, determine E, — E;
and poatT = 300 K.

Repeat Problem 4.20 for silicon.

The Fermi energy level in silicon at T = 300 K is as close to the top of the valence
band as to the midgap energy. (a) Is the material n type or p type? (b) Calculate the
values of ng and p,.

(a) The Fermi energy level in silicon at T = 300 K is (.22 eV above the intrinsic
Fermi level. Determine no and po. (b) Repeat part (a) for GaAs.

Silicon at T = 300 K is doped with boron atoms such that the concentration of holes
1spp = 5 X 10¥ em . (@) Find Er — E.. (b) Determine E, — Er. (¢) Determine ny.

() Which carrier is the majority carrier? (e) Determine E;, — E..

Repeat Problem 4.24 for T = 400 K, assuming the hole concentration remains constant.
(a) Determine the values of n, and po in GaAs at T = 300 K if Er — E, = 0.25 eV.
(b) Assuming the value of p, in part (a) remains constant, determine the values of
Er — E.and np at T = 400 K.

Repeat Problem 4.26 for silicon.

(a) Assume that E; = E, + kT/2 at T = 300 K in silicon. Determine ny. (b) Repeat
part (a) for GaAs.

Consider silicon at T = 300 K in which the hole concentration is p, = 5 X 10" ¢m
Determine E, — E;.

(a) In silicon at T = 300 K, we find that E; — E- = 4 kT Determine the electron con-
centration. (b) Repeat part (a) for GaAs.

3

Section 4.4 Statistics of Donors and Acceptors

*4.31

*4.32

4.33

The electron and hole concentrations as a function of energy in the conduction band
and valence band peak at a particular energy as shown in Figure 4.8. Consider silicon
and assume E, — E; = (.20 eV. Determine the energy, relative to the band edges, at
which the concentrations peak.

For the Boltzmann approximation to be valid for a semiconductor, the Fermi level
must be at least 3 kT below the donor level in an n-type material and at least 3 kT
above the acceptor level in a p-type material. If T = 300 K, determine the maximum
electron concentration in an n-type semiconductor and the maximum hole concen-
tration in a p-type semiconductor for the Boltzmann approximation to be valid in
(a) silicon and (b) gallium arsenide.

Plot the ratio of un-ionized donor atoms to the total electron concentration versus
temperature for silicon over the range 50 = T = 200 K.

Section 4.5 Charge Neutrality

4.34

Determine the equilibrium electron and hole concentrations in silicon for the follow-
ing conditions:

(@) T=300K,N,=10%ecm™ >3, N, =4 X 10¥em™?

b) T=300K,N;=3 X 10%ecm™ 3 N, =0

* Asterisks next to problems indicate problems that are more difficult.
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4.35
4.36

*4.37

4.38

4.39

4.40

4.41

442

4.43

4.44
4.45

4.46

4.47

(¢) T=300K,N,=N,=2X10%cm™*
(d) T=315K.N,=0,N, =4 X 10¥%cm™
(&) T=450K,N,=10%cm3, N,=0
Repeat Problem 4.34 for GaAs.

(@) Consider a germanium semiconductor at T = 300 K. Calculate the thermal equi-
librium electron and hole concentrations for (i) Ny = 2 X 10¥ em %, N, = 0, and

(i) N, = 10" em *, Ny, = 7 X 10" ecm . (b) Repeat part (a) for GaAs. (¢) For the case
of GaAs in part (b), the minority carrier concentrations are on the order of 10" cm .
What does this result mean physically?

The Fermi level in n-type silicon at T = 300 K is 245 meV below the conduction
band and 200 meV below the donor level. Determine the probability of finding an
electron (a) in the donor level and (b) in a state in the conduction-band kT above the
conduction-band edge.

Assume that silicon, germanium, and gallium arsenide each have dopant concen-
trastions of Ny = 1 X 10" em P and N, = 2.5 X 10" em ™ at T = 300 K. For each of
the three materials: (a) Is this material n type or p type? (b) Calculate n, and p,,.

A silicon semiconductor material at T = 300 K is doped with arsenic atoms to

a concentration of 2 X 10" ¢m ™ and with boron atoms to a concentration of

1.2 X 10" em 7. (a) Is the material n type or p type? (b) Determine n, and p.

(¢) Additional boron atoms are to be added such that the hole concentration is

4 X 10" ecm . What concentration of boron atoms must be added and what is the
new value of n,?

The thermal equilibrium hole concentration in silicon at 7= 300 Kis po= 2 X 1{F em .
Determine the thermal-equilibrium electron concentration. Is the material n type or

p type?

In a germanium sample at T = 250 K, it is found that p, = 4n, and that N, = 0. Deter-
mine po, Mg, and N,.

Consider a sample of silicon doped at N, = 0 and N, = 10" cm . Plot the majority
carrier concentration versus temperature over the range 200 = T = 500 K.

The temperature of a sample of silicon is T = 300 K and the acceptor doping concen-
tration is N, = (). Plot the minority carrier concentration (on a log-log plot) versus N,
over the range 10" = N, = 10% em .

Repeat problem 4.43 for GaAs.

A particular semiconductor material is doped at Ny, =2 X 10" em “and N, = 1.2 X
10" ¢cm*. The thermal equilibrium electron concentration is found to be ny = 1.1 X
10" ¢m*. Assuming complete ionization, determine the intrinsic carrier concentration
and the thermal equilibrium hole concentration.

(a) Silicon at T = 300 K is uniformly doped with boron atoms to a concentration of

3 X 10" em ¥ and with arsenic atoms to a concentration of 1.5 X 10" ¢m %, Is the
material n type or p type? Calculate the thermal equilibrium concentrations of majonty
and minority carriers. (b) Additional impurity atoms are added such that holes are the
majority carrier and the thermal equilibrium concentration is p, = 5 X 10" ¢cm ™. What
type and concentration of impurity atoms must be added? What is the new value of n,?
Insiliconat T = 300 K, it 1s found that N, = 7 X 10 em “and p, = 2 X 10f em ™.
(a) Is the material n type or p type? (b) What are the majority and minority carrier
concentrations? (¢) What must be the concentration of donor impurities?



Problems

Section 4.6 Position of Fermi Energy Level

4.48

4.49

4.50

4.51

4.52

4.53

4.54

4.55

4.56

4.57

Consider germanium with an acceptor concentration of N, = 10" ¢m * and a donor
concentration of N; = (. Consider temperatures of T = 200, 400, and 600 K. Calcu-
late the position of the Fermi energy with respect to the intrinsic Fermi level at these
temperatures.

Consider silicon at 7 = 300 K with donor concentrations of N, = 10", 10, 10'%, and
1077, em~*. Assume N, = (. (a) Calculate the position of the Fermi energy level with
respect Lo the conduction band for these donor concentrations. (b) Determine the posi-
tion of the Fermi energy level with respect to the intrinsic Fermi energy level for the
donor concentrations given in part (a).

A silicon device is doped with donor impurity atoms at a concentration of 10" ¢cm %,
For the device to operate properly, the intrinsic carriers must contribute no more than
5 percent to the total electron concentration. (a) What is the maximum temperature
that the device may operate? (b) What is the change in E. — E; fromthe T = 300 K
value to the maximum temperature value determined in part (a). (¢) Is the Fermi level
closer or further from the intrinsic value at the higher temperature?

Silicon is doped with acceptor impurity atoms at a concentration of N, = 3 X 10" em .
Assume N, = (). Plot the position of the Fermi energy level with respect to the intrinsic
Fermi energy level over the temperature range of 200 = T = 600 K.

Consider GaAs at T = 300 K with N; = 0. (a) Plot the position of the Fermi energy
level with respect to the intrinsic Fermi energy level as a function of the acceptor im-
purity concentration over the range of 10" = N, = 10 ¢m . (b) Plot the position of
the Fermi energy level with respect to the valence-band energy over the same acceptor
impurity concentration as given in part (a).

For a particular semiconductor, E, = 1.50 eV, m; = 10m}, T = 300 K, and

m =1 X 10° cm*, (@) Determine the position of the intrinsic Fermi energy level with
respect to the center of the bandgap. (5) Impurity atoms are added so that the Fermi
energy level is 0.45 eV below the center of the bandgap. (i) Are acceptor or donor
atoms added? (ii) What is the concentration of impurity atoms added?

Silicon at T = 300 K contains acceptor atoms at a concentration of N, = 5 X 10% em .
Donor atoms are added forming an n-type compensated semiconductor such that

the Fermi level is 0.215 eV below the conduction-band edge. What concentration of
donor atoms are added?

(a) Silicon at T = 300 K is doped with donor impurity atoms at a concentration of

Ny = 6 X 10" ecm ., (i) Determine E, — E. (ii) Calculate the concentration of
additional donor impurity atoms that must be added to move the Fermi energy level

a distance k7 closer to the conduction band edge. (b) Repeat part (a) for GaAs 1f the
original donor impurity concentration is Ny = 1 X 10 cm ™.

(a) Determine the position of the Fermi energy level with respect to the intrinsic Fermi
level in silicon at T = 300 K that is doped with boron atoms at a concentration of

N, = 2 X 10" cm . (b) Repeat part (a) if the silicon is doped with phosphorus atoms
at a concentration of Ny, = 2 X 10" ¢m . (¢) Calculate ng and py in parts (a) and (b).
GaAs at T = 300 K is doped with donor impurity atoms at a concentration of

7 X 10" em . Additional impurity atoms are to be added such that the Fermi level is
0.55 eV above the intrinsic Fermi level. Determine the type (donor or acceptor) and
concentration of impurity atoms to be added.
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4.58 Determine the Fermi energy level with respect to the intrinsic Fermi level for each
condition given in Problem 4.34.

4.59 Find the Fermi energy level with respect to the valence-band energy for the conditions
given in Problem 4.35.

4.60 Calculate the position of the Fermi energy level with respect to the intrinsic Fermi for
the conditions given in Problem 4.47.

Summary and Review

4.61 A new semiconductor material is to be “designed.” The semiconductor is to be p
type and doped with 5 X 10" em ¥ acceptor atoms. Assume complete ionization and
assume N, = (. The effective density of states functions are N, = 1.2 X 10" ¢m ¥ and
N, = 1.8 X 10" em " at T = 300 K and vary as T°. A special semiconductor device
fabricated with this material requires that the hole concentration be no greater than
5.08 > 10" em *at T = 350 K. What is the minimum bandgap energy required in this
new material?

4,62 Silicon atoms, at a concentration of 7 X 10" em *, are added to gallium arsenide. As-
sume that the silicon atoms act as fully ionized dopant atoms and that 5 percent of the
concentration added replace gallium atoms and 95 percent replace arsenic atoms. Let
T = 300 K. (a) Determine the donor and acceptor concentrations. (b) Is the material
n type or p type? (¢) Calculate the electron and hole concentrations. () Determine the
position of the Fermi level with respect to Ep,.

4.63 Defects in a semiconductor material introduce allowed energy states within the forbid-
den bandgap. Assume that a particular defect in silicon introduces two discrete levels:
a donor level 0.25 eV above the top of the valence band and an acceptor level 0.65 eV
above the top of the valence band. The charge state of each defect is a function of the
position of the Fermi level. (a) Sketch the charge density of each defect as the Fermi
level moves from E, to E.. Which defect level dominates in (i) heavily doped n type
material and (i) in heavily doped p-type matenial? (b) Determine the electron and
hole concentrations and the location of the Fermi level in (/) an n type sample doped
at Ny = 10" em ¥ and (i) in a p-type sample doped at N, = 10" ¢cm ™ *. (¢) Determine
the Fermi-level position if no dopant atoms are added. Is the material n type, p type,
or intrinsic?
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