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@ General formulation

@ Time-independent nondegenerate perturbation theory
o First-order theory

o Second-order theory

© Time-independent degenerate perturbation theory
@ General formulation

o Example: Two-dimensional harmonic oscilator

Q Time-dependent perturbation theory
© Literature

<O «F> - E = A



Do you remember this?

“Fr = E = A



Do you remember this?

Hoy9 = EJY)
(WOY%) = Snm

—

complete set
«40)>» «F» «=Zr « =) = Q>



General formulation
First-order theory
Second-order theory

Now, let us kick the potential bottom a little...
V(x)

V(x)

=
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Now, let us kick the potential bottom a little...

V(x) V(x)

What we'd like to solve now is...

Hwn = En'¢'n

A question

Does anyone have an idea how?
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Assume

«Or <« = - o

H=H0+)\Hl




Assume

@ unperturbed Hamiltonian
@ perturbation Hamiltonian

@ small parameter

<O «F> - E = A

H=H’+\H




Assume

@ unperturbed Hamiltonian
@ perturbation Hamiltonian

@ small parameter

«gOr «F» E E = A




Assume

@ unperturbed Hamiltonian
@ perturbation Hamiltonian

@ small parameter

General formulation
First-order theory
Second-order theory

HO+AHI
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First-order theory
Second-order theory

Name

Description

Hamiltonian

L-S coupling

Stark effect

Zeeman effect

Anharmonic
oscilator

Nearly free
electron
model

Coupling between orbital and
spin angular momentum in a
one-electron atom

One-electron atom in a constant
uniform electric field E = &Eq

One-electron atom in a constant
uniform magnetic field B

Spring with nonlinear restoring
force

Electron in a periodic lattice

H=Ho+f(r)L-S

H =f(r)L-S

Ho = p?/2m — Ze?/r
H = Hy + eEgz
H,:e]EoZ

Ho = p?/2m — Ze?/r

H = Ho + (e/2mc)J - B
H' = (e/2mc)] - B

Ho = p?/2m — Ze?/r
H = Hy + K'x*

H = K'x*

Ho = p?/2m + 1/2Kx?
H = Ho + V(x)

V(x) =3, Vaexpli(2mnx/a)]
Ho = p?/2m
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General formulation
First-order theory
Second-order theory

Assume

# H'" is small compared to Ho

f eigenstates and eigenvalues of H do not differ much from those of Hg
i eigenstates and eigenvalues of Ho are known
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General formulation
First-order theory
Second-order theory

Assume

# H'" is small compared to Ho

i eigenstates and eigenvalues of Ho are known
expand

i eigenstates and eigenvalues of H do not differ much from those of Hg

Yo = Up+ M+ XY+
E, =

E)+ NEy + NES +...

=
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Assume
g H' is small compared to Ho
f eigenstates and eigenvalues of H do not differ much from those of Hg

fi eigenstates and eigenvalues of Hy are known

expand
Yo = Yh4+ Mo+ XYL+,
E, = EY4+AE'+NE24 ...
and sort
(A%... Hopy = EJS,
(AD)... H% +HY = Evp+ Eju),

(N)... HQ2+H'yr = ENW:+ Exn + EZYY,
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Making (zp2|/()\1) and using the normalization property of 12, we get

First-order correction to the energy For calculation
details, see Refs

Er = (¥5IH'|¢n) [2], [3] and [4].
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First-order correction to the energy

Ey = (ol H'[¥0)

Example 1

<
=

Find the first-order corrections to the energy of
a particle in a infinite square well if the “floor”
of the well is raised by an constant value V.

Igor Lukatevi¢ Perturbation theory
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First-order correction to the energy

Ey = (ol H'[¥0)

Example 1

V(x)

Find the first-order corrections to the energy of
a particle in a infinite square well if the “floor”
of the well is raised by an constant value V.

o Unperturbed w.f.: ¢3(x) = \/gsin (n?ﬂx) Yo

Igor Lukatevi¢ Perturbation theory
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First-order correction to the energy

Ey = (ol H'[¥0)

Example 1

V(x)

Find the first-order corrections to the energy of
a particle in a infinite square well if the “floor”
of the well is raised by an constant value V.

o Unperturbed w.f.: ¢2(x) = \/gsin (?x) v

@ Perturbation Hamiltonian: H' = V, 0 a X

Igor Lukatevi¢ Perturbation theory
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First-order correction to the energy

Ey = (ol H'[¥0)

Example 1

Find the first-order corrections to the energy of
a particle in a infinite square well if the “floor”

of the well is raised by an constant value V. Vi)
0 2 . nm
o Unperturbed w.f.: ¢,(x) = S sin (?x)
@ Perturbation Hamiltonian: H' = V,
v
o First-order correction: ’
En = (¢nlVolyn) = Vo(Wilvn) = Vo 0 @

= corrected energy levels: E, ~ E° + Vi

Igor Lukatevi¢ Perturbation theory
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Example 1

Find the first-order corrections to the energy of
a particle in a infinite square well if the “floor”
of the well is raised by an constant value V.

V(x)
0 2 . nm
@ Unperturbed w.f.: 1,(x) = S sin (?x)
@ Perturbation Hamiltonian: H' = V,
@ First-order correction:
En = (n| Voln) = Vo(yalun) = Vo v,
= corrected energy levels: E, ~ E2 + Vj 0 a X

Compare this result with an exact solution

Igor Lukatevi¢ Perturbation theory
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Example 1

Find the first-order corrections to the energy of
a particle in a infinite square well if the “floor”
of the well is raised by an constant value V.

V(x)
0 2 . nm
@ Unperturbed w.f.: 1,(x) = S sin (?x)
@ Perturbation Hamiltonian: H' = V,
@ First-order correction:
En = (n| Voln) = Vo(yalun) = Vo v,
= corrected energy levels: E, ~ E2 + Vj 0 a X

o Compare this result with an exact solution
= for a constant perturbation all the
higher corrections vanish
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Example 1 (cont.)

Now, cut the perturbation to only a half-way
across the well

Igor Lukatevi¢ Perturbation theory
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Example 1 (cont.)

V()
Now, cut the perturbation to only a half-way
across the well
2V % %
E,} = 70/ sin? (nix)dx =2
a Jo a 2 v

a2
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Example 1 (cont.)

V()
Now, cut the perturbation to only a half-way
across the well
2V [? %
= E,} == sin? (nix)dx =2
a Jo a 2
HW. Compare this result with an exact one. Yo

a2
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Now we seek the first-order correction to the wave function.
(A') and 9y = > i), give
m#n

First-order correction to the wave

function For calculation
details, see Refs
1 <¢?n|H/|?/)2> 0 !
Yo = Z mwm [2], [3] and [4].

m#n

Igor Lukatevi¢ Perturbation theory
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First-order correction to the wave

function For calculation
O | H! |42 details, see Refs
UESY Wl o) 0 [2], [3] and [4].

m#n (E,9 - E’(r)’)

First-order perturbation theory gives:

B often accurate energies

B poor wave functions

Igor Lukatevi¢ Perturbation theory
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Example 2

Compute the first-order corrections for a

harmonic oscilator with applied small

perturbation W = ax>.

Igor Lukatevi¢ Perturbation theory
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Example 2

Compute the first-order corrections for a

harmonic oscilator with applied small

perturbation W = ax>.

@ Hamiltonian: H = —h—Zd—2 + = kx? + ax®
T 2mdx 2

Igor Lukatevi¢ Perturbation theory
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Example 2

Compute the first-order corrections for a
harmonic oscilator with applied small

perturbation W = ax>.
e Hamiltonian: H = —h—Zd—z + Zkx® + ax® “
T 2mdx 2
1
o HP eigenenergies: E) = (n Ak §> fuw

Igor Lukatevi¢ Perturbation theory
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Example 2

Compute the first-order corrections for a
harmonic oscilator with applied small

perturbation W = ax®. Don't forget...
a1
o Hamiltonian: H = ~ 5 I + = kx +ax® 8 1H"(5)
1 1 2¢
o HO eigenenergies: EX = (n + 7) fiw 2 4822
2 3 83 —12¢
. . 4 16c* — 48¢% 4 12
o HP eigenfunctions: 3 3225 _ 16553++ 120¢

s e Hiev)

Pn(x) =

Igor Lukatevi¢ Perturbation theory
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Example 2

Compute the first-order corrections for a
harmonic oscilator with applied small

perturbation W = ax®.
w2 Q2 Don't forget...

1
o Hamiltonian: H = —%&4_ kx® + ax® he)
1
o HO eigenenergies: EJ = (n + 1) hw 26
2 4¢% -2

8¢ — 12¢
16¢* — 48¢% + 12
3265 — 160 + 120¢

o HO eigenfunctions:

W00 = || [ 2 F Huev/)

= E; = (yala|yh) =0

oA WN -OlS

Igor Lukatevi¢ Perturbation theory
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Example 2

Compute the first-order corrections for a
harmonic oscilator with applied small

perturbation W = ax®.
2 12
1 ]
@ Hamiltonian: H = A + = kx + ax’ Don't forget...
2m dx
. Q 1 n Ha(€)
i ies: = it 0 1
o H" eigenenergies: E, (n—l— 2> hw T
2 422
o HP eigenfunctions: 3 823 —12¢
1 4 16€* — 48¢% + 12
PI(x) = 5o / ‘*H (xv/a) 5 3265 — 160&3 + 120¢

= Ey = (ynlax|yh) =0
@ For ¢} we need expressions (%|H'|42)

Igor Lukatevi¢ Perturbation theory
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Example 2

Compute the first-order corrections for a
harmonic oscilator with applied small

perturbation W = ax>.
2 12

@ Hamiltonian: H = —h—d— + lkx2 + ax®

2m dx 2 Don't forget...
o HP eigenenergies: EY = (n + %) hw 8 1Hn(§)

1 2
o HP eigenfunctions: 5 4§2 s
1 @& e 3 8¢ —12¢
Po(x) =/ =1/ =€ 2 Ha(x/a) 4 16¢* —48¢% 112
2nnl \ 5 32¢% — 160¢3 + 120¢

=  E = (yalal|yp) =0

@ For ¢} we need expressions (% |H'|42)

<> for m = n =+ 2k, k € Z these are zero

Igor Lukatevi¢ Perturbation theory
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Example 2

Compute the first-order corrections for a
harmonic oscilator with applied small
perturbation W = ax®.

2 12
o Hamiltonian: H = & + 1kx + ax®
2m dx
o HO eigenenergies: EX = (n + %) hw Don't forget...
0 . . n_ Ha(§)
@ H" eigenfunctions: 0 1
1 1 2¢
00y ) — / === 2 482 -2
¥n(x) Sl Hn(X\/>) 3 88— 12¢
4 166* — 4882 + 12
5 3265 — 160€° + 120¢

=  E = (ynladyl) =0
@ For ¢} we need expressions (% |H'|12)

< for m = n+ 2k, k € 7Z these are zero

= so, we'll, for example, take only these:
m=n+3n+1n—1n-3

Igor Lukatevi¢ Perturbation theory
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Example 2
Compute the first-order corrections for a
harmonic oscilator with applied small
perturbation W = ax>.
Don't forget...
- _ e nm+2)n+3)
<n|aX ‘n + 3> = a: (2(1)3 n H,(&)
0 1
1 2¢
3 _ (n+1)3 2 42 2
(nlax’|n+1) = 3a 20) 3 8 —12¢
4 16¢* — 4862 + 12
(Mlax’in—1) = 32,/ P
a (2a)
—1)(n—2
(nlax}ln—-3) = a- %
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Example 2

Compute the first-order corrections for a

harmonic oscilator with applied small

perturbation W = ax>.

(n4+1)(n+2)(n+3)

<n|ax3‘n aF 3> = a- (2a)3 Energy difFerzncesE
m n — Em
+3 —3hw
3 _ (n+1)° 1 —hw
{nlaxin+1) = 3a-4 /"5y AR
n-3 3hw
3 n3
(nlax’|ln—1) = 3a- 20)°

n(n—1)(n—2)

(nlax®}|n—3) = 2a)?

L
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Example 2

Compute the first-order corrections for a harmonic oscilator
with applied small perturbation W = ax3.
3 (n+1)(n+2)(n+3)
(n|ax"|n + 3) (2a)3 Energy differences
n4+1)3 m E, — Em
(nlaxln+1) = 3a- % T
n+1 — hw
5 n-1 hw
(nlax®|n — 1) 2a)3 n-3 3hw
3 n(n—1)(n—2)
(nlax®|n —3) = e
1 a |1 /n(n—1)(n—2) 4 n o
= = — 3+ 3” - _
¥n 2hwa |3 20 V-3 20 ¥
n+1 1 n+1)(n+2)(n+3
—3(n+ 1) Lot - 7\/( tUn+2)n+3) 0

Igor Lukatevi¢ Perturbation theory
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Making (1/}2|/()\2), using the normalization property of 42 and orthogonality
between 9% and 1}, we get

Second-order correction to the

energy For calculation
details, see Refs
(WA H [¥0)] :

g =y Wl el 2], [3] and [4]
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General formulation
First-order theory
Second-order theory

Now we seek the second-order correction to the wave function.

(2?) and P = Z Cmn?, give

m#n

Second-order correction to the wave function

_ (ol H [y (o H' [v5)

For calculation

o= )

(E9 - ER)?

details, see Refs
[2]. [3] and [4].

Um

m#n
(alH ) )
LB e - e

Igor Lukatevi¢
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@ General formulation

@ Time-independent nondegenerate perturbation theory
o First-order theory

@ Second-order theory

0 Time-independent degenerate perturbation theory
@ General formulation

o Example: Two-dimensional harmonic oscilator

Q Time-dependent perturbation theory
© Literature

<O «F> - E = A



Symmetry

J

Degeneracy

J

Perturbation

«0>» «F»r « > } .

J



General formulation

Symmetry

J

Degeneracy

J Perturbation

J
E.’

Emﬂ
Eq'
[
'\ —
g-fold degenerate ., :
state, before —_—
perturbation

After perturbation

=
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General formulation
Example: Two-dimensional harmonic oscilator

A question

What's wrong with

(¥m|H' [0
Z| | o) 2

Eo , MmN~
m##n

if unperturbed eigenstates are degenerate E{ = EY = -.. = Eg?
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Construct

H=Hy+ H’
Hoyn = Ejin
E? g-fold degenerate

Nondegenerate
perturbation theory
with basis 8

l®

{en} J

Gives new basis 5

-

_—

q
@ ¥n = Z 3nm¢?n
i=1

which diagonalizes submatrix
of H':
{onlH' i) = E'On

V

q

® ®
s}

Perturbation theory

Q)

Igor Lukatevi¢

S (H - E'8)a=0 J ~= def|H - | =0 |

El,E,... . E |



General formulation

Matrix H" in basis B

/
H11

/
Hl,q+1

0
Hg /2,472
- 0

U
q+1,1

!/
Hgq

=
Perturbation theory




Contents

Ti d d p:: . :::g:y General formulation
¢ 5 ! Y Example: Two-dimensional harmonic oscilator
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Construct

H=Hy+ H’
Hoyn = Ejin
E? g-fold degenerate

Nondegenerate
perturbation theory
with basis 8

l®

{en} J

Gives new basis 5

-

—_—

q
@ ¥n = Z 3nm¢?n
i=1

which diagonalizes submatrix
of H':
{onlH' i) = E'On

V

q

® ®
s}

Perturbation theory

Q)
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El,E,... . E |



General formulation

q
Forn=1, Z(H,',m — EjSpm)anm = 0 appear as

m=1
’ ! / ’ ’
Hi — E Hi, H13 fee qu ai
! ! ! ! !
Hz, Hp — Ei  Hx qu a2
!
ql aiq

=
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¢ 5 ! Y Example: Two-dimensional harmonic oscilator
Time-dependent perturbation theory
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Construct

H=Hy+ H’
Hoyn = Ejin
E? g-fold degenerate

Nondegenerate
perturbation theory
with basis 8

l®

{en} J

Gives new basis 5

-

—_—

q
@ ¥n = Z 3nm¢?n
i=1

which diagonalizes submatrix
of H':
{onlH' i) = E'On

V

q

® ®
s}

Perturbation theory

Q)
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S (H - E'8)a=0 J —= def|H - | =0 |

El,E,... . E |



General formulation

The g roots of secular equation det|H' - E,',I| = 0 are the diagonal elements of
the submatrix of H’.

=
Perturbation theory
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Time-dependent perturbation theory
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Construct

H=Hy+ H’
Hoyn = Ejin
E? g-fold degenerate

Nondegenerate
perturbation theory
with basis 8

l®

{en} J

Gives new basis 5

-

—_—

q
@ ¥n = Z 3nm¢?n
i=1

which diagonalizes submatrix
of H':
{onlH' i) = E'On

V

q

® ®
s}

Perturbation theory
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¢ 5 ! Y Example: Two-dimensional harmonic oscilator
Time-dependent perturbation theory
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Construct

H=Hy+ H’
Hoyn = Ejin
E? g-fold degenerate

Nondegenerate
perturbation theory
with basis 8

l®

{en} J

Gives new basis 5

-

—_—

q
@ ¥n = Z 3nm¢?n
i=1

which diagonalizes submatrix
of H':
{onlH' i) = E'On

V

q

® @
s}

Perturbation theory
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Ti d d p:: . :::g:y General formulation
¢ 5 ! Y Example: Two-dimensional harmonic oscilator
Time-dependent perturbation theory
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Construct

H=Hy+ H’
Hoyn = Ejin
E? g-fold degenerate

Nondegenerate
perturbation theory
with basis 8

l®

{en} J

Gives new basis 5

-

—_—

q
@ ¥n = Z 3nm¢?n
i=1

which diagonalizes submatrix
of H':
{onlH' i) = E'On

V

q

o ®
s}

Perturbation theory
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Construct

H=Hy+ H’
Hoyn = Ejin
E? g-fold degenerate

Nondegenerate
perturbation theory
with basis 8

l®

{en} J

Gives new basis 5

-

—_—

q
@ ¥n = Z 3nm¢?n
i=1

which diagonalizes submatrix
of H':
{onlH' i) = E'On

V

q

® ®
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Ti d d p:: . :::g:y General formulation
¢ 5 ! Y Example: Two-dimensional harmonic oscilator
Time-dependent perturbation theory
Literature
Construct

H=Hy+ H’
Hoyn = Ejin
E? g-fold degenerate

Nondegenerate
perturbation theory
with basis 8

l®

{en} J

Gives new basis 5

-

—_—

q
@ ¥n = Z 3nm¢?n
i=1

which diagonalizes submatrix
of H':
{onlH' i) = E'On

V

q

® ®
s}
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General formulation
T = 9

Yo=Y ML +NYE ... n>gq

E.=E} 4+XE}} +X°E? +... n<q (E)=---

E, = EY4+XE'+XNE?2+... n>gq
E, = (pnlH'|n) n<gq
Er = (valH'|[¢D) n>gq

=] =

RN <turbation thecry

E9)
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General formulation
Example: Two-dimensional harmonic oscilator

Yn=wn +Xpop +XN¢, +... n<gq
=12 ML N2 +... n>gq

E,=E) +XE' +NE? +... n<q (EE=---=E))
E, = E)+AE}+NE}+... n>q
E, = {¢alH |n) n<gq
Ex = (YolH'|YR) n>gq

So, what do we get from degenerate perturbation theory:
@ lst-order energy corrections

o corrected w.f. (with nondegenerate states they serve as a basis for
higher-order calculations)

Igor Lukatevi¢ Perturbation theory



General formulation

@ Two-dimensional harmonic oscilator Hamiltonian:

2 2
o= PPy
2m

+ §<x2 +y?)
Ynp = pa(x)0p(y) = [np)

=
Perturbation theory



General formulation
T 3 q

@ Two-dimensional harmonic
oscilator Hamiltonian:

Ho

2 2
_ Pt Ko, 2
=5 Ty +y)

Ynp = n(X)pp(y) = [np)

o Ep=hw(n+p+1)is
(n+ p + 1)-fold degenerate.
What's the degeneracy of |01)
state?
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General formulation
T 3 q

@ Two-dimensional harmonic
oscilator Hamiltonian:

Ho

2 2
_ Pt Ko, 2
=5 Ty +y)

Ynp = n(X)pp(y) = [np)

o Enp=hw(n+p+1)is
(n+ p + 1)-fold degenerate.
What's the degeneracy of |01)
state?
Eio = Eo1 = 2hwo.




Now, turn on the perturbation: H’

General formulation

K'xy
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General formulation

Now, turn on the perturbation: H' = K’'xy
o find w.f. which diagonalize H’

Y1

a0 + by
©2

3’10 + b'thor

=
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Now, turn on the perturbation: H' = K'xy

o find w.f. which diagonalize H’

Y1 = ayio + by
wo = a'tho+ b Yo

o calculate the elements of submatrix of H' in the basis {t10, %01}

H,:K,< (10|xy|10)  (10|xy|01) ) :E< 01 )

(01|xy|10) (01|xy|01) 1 0
K' 5  muwo
E=om P =
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General formulation
Example: Two-dimensional harmonic oscilator

Now, turn on the perturbation: H' = K'xy

o find w.f. which diagonalize H’

p1 = ayvio + byor
P2 a'thio + b'hor

o calculate the elements of submatrix of H' in the basis {t10, %01}

o K,( (10|xy[10)  (10|xy|01) ) :E( 01 )

(01|xy|10) (01|xy|01) 1 0
_ K’2 = mwo
23 h

@ solve the secular equation

E.=Eo+E

—-E'" E ’_ Eio

’ E  _g |= 0= E =+E

E_=E(—E
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General formulation

@ obtain the new w.f. from

(¥ 2)(3)-

E' =+4E ~ @1 = \/Li(i/}lo + to1)
E'=-E~ ¢ = J5(%10 — Yo)

=
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General formulation
Example: Two-dimensional harmonic oscilator

@ obtain the new w.f. from

(£ %)(5)-s

1 _ 1
. El—‘i‘EW@l—?(Q/)lO"’wOl)
E'=—E~ ¢y = 5(¢10 — Y1)

How does the threefold-degenerate energy

E = 3hwo
of the two-dimensional harmonic oscilator separate due to the perturbation

H =K'xy?

Igor Lukatevi¢ Perturbation theory



@ General formulation

@ Time-independent nondegenerate perturbation theory
o First-order theory

@ Second-order theory

© Time-independent degenerate perturbation theory
@ General formulation

o Example: Two-dimensional harmonic oscilator

Q Time-dependent perturbation theory
© Literature

<O «F> - E = A
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Problem

If the system is initially in Ho, what is the probability that, after time t,
transition to another state (of Ho) occurs?
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Problem

If the system is initially in Ho, what is the probability that, after time t,
transition to another state (of Ho) occurs?

Let us assume:
e H(F,t) = Ho(F) + AH'(F, t)
o (7, t) = pn(F)e” ™"

HOSDn = E/(q)@n
o W(Ft)=> clt)pn(Fit), t>0
ow
h— = (H, AHHVY
i ot (Ho + )
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If the system is initially in Ho, what is the probability that, after time t,
transition to another state (of Ho) occurs?

Let us assume:
o H(7 t) = Ho(F) + AH(7, t)
o Yn(r,t) = ap,,(?)e"“”

HOSOn = E,?@n
o V(7 t) ch YUn(7, t),
iha— = (Ho + AHW
ot V"

Can you remember the meaning of these coefficients?

Igor Lukatevi¢ Perturbation theory
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Inserting W(F, t) and ca(t) = ¢ 4+ Ack(t) + A\2c2(t) + ... into time-dependent
S.E. and factorizing the perturbation Hamiltonian as H'(7, t) = H'(7)f(t) gives

Probability that the system has undergone a transition from state ¢, to state

Py at time t

7 |2 2
kl

h

Pk = Py = |Cn|2 =

© . ’
/ e’ Mt f(t")dt

—o0

For calculation details, see Refs [2] and [3]. )
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@ General formulation

@ Time-independent nondegenerate perturbation theory
o First-order theory

@ Second-order theory

© Time-independent degenerate perturbation theory
@ General formulation

o Example: Two-dimensional harmonic oscilator

o Time-dependent perturbation theory
© Literature

<O «F> - E = A
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