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      Laplace transforms are invaluable for any engineer’s mathematical toolbox as 

they make solving linear ODEs and related initial value problems, as well as 

systems of linear ODEs, much easier. Applications abound: electrical networks, 

springs, mixing problems, signal processing, and other areas of engineering and 

physics. 

https://www.intmath.com/laplace-transformation/intro.php 

 

1- Laplace Transform, Linearity, Shifting Theorem (s-Shifting) 

 

Laplace Transform 

    If 𝑓(𝑡) is a function defined for all 𝑡 ≥ 0, its Laplace transform is the integral 

of 𝑓(𝑡) times 𝑒−𝑠𝑡 from 𝑡 = 0 to ∞. It is a function of s, say 𝐹(𝑠), and is denoted 

by ℒ{𝑓(𝑡)}, thus 

ℒ{𝑓(𝑡)} = ∫ 𝑓(𝑡) 𝑒−𝑠𝑡 𝑑𝑡
∞

0

= 𝐹(𝑠)                                              (1) 

Here we must assume that the integral exists. 

 

The inverse transform 

𝑓(𝑡) = ℒ−1{𝐹(𝑠)}                                                                                        

ℒ−1{𝐹(𝑠)} = ∫ 𝐹(𝑠) 𝑒𝑠𝑡 𝑑𝑠
∞

0

= 𝑓(𝑡)                                              (2) 

  

https://www.intmath.com/laplace-transformation/intro.php
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Example 1: Show that 

𝓛(𝟏) =
𝟏

𝒔
 , 𝒔 > 𝟎                                                           (𝟑) 

Solution:  

ℒ{𝑓(𝑡)} = ∫ 𝑓(𝑡) 𝑒−𝑠𝑡 𝑑𝑡
∞

0
,    𝑙𝑒𝑡 𝑓(𝑡) = 1 

ℒ{1} = ∫ 1 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                                                

= ∫ 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                                        

=
1

−𝑠
[𝑒−𝑠𝑡]0

∞                                                        

= −
1

𝑠
 { lim
𝑇→∞

𝑒−𝑠𝑇 − 𝑒0}                                    

= −
1

𝑠
 {0 − 1}                                                    

= −
1

𝑠
 (−1)                                                       

=
1

𝑠
                                                                    

 

 

  

= 0  𝑖𝑓 𝑠 > 0 

𝑓(𝑡) = 1 
𝐹(𝑠) =

1

𝑠
 

ℒ{𝑓(𝑡)} 
 

ℒ−1{𝐹(𝑠)} 
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Example 2:  

Find Laplace transform of 𝑓(𝑡) = 𝑒𝑎𝑡,  i.e.,  ℒ{𝑒𝑎𝑡} 

Solution: 

Again by Eq. (1) 

ℒ{𝑓(𝑡)} = ∫ 𝑓(𝑡) 𝑒−𝑠𝑡 𝑑𝑡
∞

0

= 𝐹(𝑠) ,    𝑙𝑒𝑡 𝑓(𝑡) = 𝑒𝑎𝑡                     

ℒ{𝑒𝑎𝑡} = ∫ 𝑒𝑎𝑡 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                                                       

= ∫ 𝑒−(𝑠−𝑎)𝑡 𝑑𝑡
∞

0

                                                           

=
1

−(𝑠 − 𝑎)
 [𝑒−(𝑠−𝑎)𝑡]

0

∞
                                                

=
1

−(𝑠 − 𝑎)
 [ lim
𝑇→∞

𝑒−(𝑠−𝑎)𝑇 − 𝑒−(𝑠−𝑎)0]                    

=
1

−(𝑠 − 𝑎)
 [0 − 1]                                                        

=
1

𝑠 − 𝑎
 , 𝑤ℎ𝑒𝑛  𝑠 > 𝑎                                           

Thus 

∴ ℒ{𝑒𝑎𝑡} = 𝐹(𝑠) =
1

𝑠 − 𝑎
 , 𝑓𝑜𝑟  𝑠 > 𝑎                                                 (4) 

 

∴ ℒ{𝑒−𝑎𝑡} = 𝐹(𝑠) =
1

𝑠 + 𝑎
 , 𝑓𝑜𝑟  𝑠 > −𝑎                                             (5) 

 

 

 

 

 

 

 

 

= 0  𝑖𝑓 𝑠 > 𝑎 

𝑓(𝑡) = 𝑒𝑎𝑡 
𝐹(𝑠) =

1

𝑠 − 𝑎
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Theorem 1: Linearity of the Laplace Transform 

Theorem: Laplace transform is a linear operation 

ℒ{𝑎 𝑓(𝑡) ± 𝑏 𝑔(𝑡)} = 𝑎 ℒ{𝑓(𝑡)} ± 𝑏 ℒ{𝑔(𝑡)} = 𝑎𝐹(𝑠) + 𝑏𝐺(𝑠)       (6) 

Proof 

ℒ{𝑎 𝑓(𝑡) ± 𝑏 𝑔(𝑡)} = ∫ {𝑎 𝑓(𝑡) ± 𝑏 𝑔(𝑡)} 𝑒−𝑠𝑡 𝑑𝑡
∞

𝟎

                                                    

= 𝑎∫ 𝑓(𝑡) 𝑒−𝑠𝑡 𝑑𝑡
∞

0

± 𝑏∫ 𝑔(𝑡) 𝑒−𝑠𝑡 𝑑𝑡
∞

0

 

= 𝑎 ℒ{𝑓(𝑡)} ± 𝑏 ℒ{𝑔(𝑡)}                             

= 𝑎 𝐹(𝑠) ± 𝑏 𝐺(𝑠)                                        

 

Example 4 Using the linearity property, derive the formulas 

ℒ{cosh𝑎𝑡} =
𝑠

𝑠2 − 𝑎2
                            (7) 

ℒ{sinh 𝑎𝑡} =
𝑎

𝑠2 − 𝑎2
                            (8) 

Solution 

ℒ{cosh 𝑎𝑡} = ℒ {
𝑒𝑎𝑡 + 𝑒−𝑎𝑡

2
}                                                                

=
1

2
 [ℒ{𝑒𝑎𝑡} + ℒ{𝑒−𝑎𝑡}]                             

=
1

2
 [

1

𝑠 − 𝑎
+

1

𝑠 + 𝑎
]                             

=
1

2
 [
(𝑠 + 𝑎) + (𝑠 − 𝑎)

(𝑠 − 𝑎)(𝑠 + 𝑎)
]                          

=
1

2
 [

2 𝑠

𝑠2 − 𝑎2
]                                            

= 
𝑠

𝑠2 − 𝑎2
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Integrating by part by assuming 

𝑢 = cos 𝑎𝑡     and    𝑑𝑣 = 𝑒−𝑠𝑡 𝑑𝑡 

∴ 𝑑𝑢 = −𝑎 sin 𝑎𝑡  𝑑𝑡   and    𝑣 =
𝑒−𝑠𝑡

−𝑠
 

Example 5 Derive the following formulas 

ℒ{cos 𝑎𝑡} =
𝑠

𝑠2 + 𝑎2
 ,                                                   (9) 

ℒ{sin 𝑎𝑡} =
𝑎

𝑠2 + 𝑎2
 ,                                                (10) 

Solution 

Assuming    𝐿𝑐 = ℒ{cos 𝑎𝑡} = ∫ cos 𝑎𝑡  𝑒−𝑠𝑡 𝑑𝑡
∞

0
   

and    𝐿𝑠 = ℒ{sin 𝑎𝑡} = ∫ sin 𝑎𝑡 𝑒−𝑠𝑡 𝑑𝑡
∞

0
 

 

Therefore 

𝐿𝑐 = ℒ{cos 𝑎𝑡} = ∫ cos 𝑎𝑡  𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                                                               

 

= [cos 𝑎𝑡
𝑒−𝑠𝑡

−𝑠
]
0

∞

−∫
𝑒−𝑠𝑡

−𝑠

∞

0

 (−a sin 𝑎𝑡  𝑑𝑡)    

=
−1

𝑠
[cos 𝑎𝑡 𝑒−𝑠𝑡]0

∞ −
𝑎

𝑠
  ∫ 𝑒−𝑠𝑡

∞

0

 sin 𝑎𝑡  𝑑𝑡  

=
−1

𝑠
[0 − cos 0 𝑒0] −

𝑎

𝑠
 𝐿𝑠                               

 

∴ 𝐿𝑐 =
1

𝑠
−
𝑎

𝑠
 𝐿𝑠                                                                                              (5.1) 

Similarly 

𝐿𝑠 =
𝑎

𝑠
 𝐿𝑐                                                                                                          (5.2) 

 

This is two linear equations, can be solved simultaneously: 

From Eq. (5.1)   𝐿𝑐 =
1

𝑠
−
𝑎

𝑠

𝑎

𝑠
 𝐿𝑐 =

1

𝑠
−
𝑎2

𝑠2
𝐿𝑐 

𝐿𝑐 +
𝑎2

𝑠2
𝐿𝑐 =

1

𝑠
                         

𝐿𝑐 (1 +
𝑎2

𝑠2
) =

1

𝑠
                    



(6) 

𝐿𝑐 (
𝑠2 + 𝑎2

𝑠2
) =

1

𝑠
              

𝐿𝑐  
𝑠2 + 𝑎2

𝑠
= 1                

∴ 𝐿𝑐 =
𝑠

𝑠2 + 𝑎2
                                                                                         (5.3) 

Substituting Eq. (5.3) into Eq. (5.2) 

𝐿𝑠 =
𝑎

𝑠

𝑠

𝑠2 + 𝑎2
=

𝑎

𝑠2 + 𝑎2
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Let  𝑠𝑡 = 𝑥   𝑑𝑡 =
𝑑𝑥

𝑠
 

Example 6: Show that 

ℒ{𝑡−1/2} = √
𝜋

𝑠
                                                     (11) 

Solution: 

ℒ{𝑡−1/2} = ∫ 𝑡−1/2 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                                                         

= ∫ (
𝑥

𝑠
)
−1/2

 𝑒−𝑥  
𝑑𝑥

𝑠

∞

0

                                               

= ∫ (
𝑠

𝑥
)
1/2

 𝑒−𝑥  
𝑑𝑥

𝑠

∞

0

                                                

= ∫ (
1

𝑥
)
1/2

 𝑒−𝑥  
𝑑𝑥

𝑠1/2

∞

0

                                           

= √
1

𝑠
  ∫ 𝑥−1/2 𝑒−𝑥 𝑑𝑥

∞

0

                                       

= √
1

𝑠
  Γ (

1

2
)                                                           

= √
1

𝑠
  √π                                                             

= √
𝜋

𝑠
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Let  𝑠𝑡 = 𝑥   𝑑𝑡 =
𝑑𝑥

𝑠
 

∫
𝑥𝑛  𝑒−𝑥 𝑑𝑥 = Γ(𝑛 + 1),   𝑛 + 1 > 0,   

𝑜𝑟 𝑛 > −1

∞

0

 

 

Example 7: Show that 

ℒ{𝑡𝑛} =

{
 
 

 
 

  

Γ(𝑛 + 1)

𝑠𝑛+1
 ,   𝑛 > −1  

𝑛!

𝑠𝑛+1
 ,   𝑛 = 0, 1, 2, …

                                                      (11) 

Solution:  

ℒ{𝑡𝑛} = ∫ 𝑡𝑛 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                                                         

= ∫ (
𝑥

𝑠
)
𝑛

 𝑒−𝑥  
𝑑𝑥

𝑠

∞

0

                                                      

 

=
1

𝑠𝑛+1
∫ 𝑥𝑛 𝑒−𝑥 𝑑𝑥
∞

0

                                                  

 

=
Γ(𝑛 + 1)

𝑠𝑛+1
 , 𝑛 > −1                                            

 

For integer values of n, i.e., n=0, 1, 2, …  Γ(𝑛 + 1) = 𝑛! 

 

∴  ℒ{𝑡𝑛} =
𝑛!

𝑠𝑛+1
 , 𝑛 = 0, 1, 2, … 

 

eg.,  if  𝑛 = 0,  ℒ{1} =
1

𝑠
 

if  𝑛 = 1,  ℒ{𝑡} =
1

𝑠2
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Let 𝑓(𝑡)𝑒𝑎𝑡 = 𝑔(𝑡) 

 

Shifting Theorem (s-Shifting) 

 

If  ℒ{𝑓(𝑡)} = 𝐹(𝑠), 

         therefore    ℒ{𝑒𝑎𝑡 𝑓(𝑡)} = 𝐹(𝑠 − 𝑎),  

where a is constant 

 

Proof: 

∵   𝐹(𝑠) = ℒ{𝑓(𝑡)} = ∫ 𝑓(𝑡) 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                                  

∴   𝐹(𝑠 − 𝑎) = ∫ 𝑓(𝑡) 𝑒−(𝑠−𝑎)𝑡 𝑑𝑡
∞

0

                                                      

= ∫ [𝑓(𝑡) 𝑒𝑎𝑡] 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                           

= ∫ 𝑔(𝑡) 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                     

= ℒ{𝑔(𝑡)}                                                 

= ℒ{𝑓(𝑡) 𝑒𝑎𝑡}                                        

 

Example 8: Find Laplace transform of 𝑒2𝑡 𝑡 , i.e., find ℒ{𝑒2𝑡 𝑡} 

Solution:      ∵  ℒ{𝑡} =
1

𝑠2
= 𝐹(𝑠)                                

∴  ℒ{𝑒2𝑡 𝑡} = 𝐹(𝑠 − 2)                           

=
1

(𝑠 − 2)2
     

Example 8:  

Find ℒ{𝑒−3𝑡 cos 𝑏𝑡} 

Solution: 

∵  ℒ{cos 𝑏𝑡} =
𝑠

𝑠2 + 𝑏2
= 𝐹(𝑠)                                         

∴  ℒ{𝑒−3𝑡 cos 𝑏𝑡} = 𝐹(𝑠 + 3)                                           

=
𝑠 + 3

(𝑠 + 3)2 + 𝑏2
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1st term is equal to zero if 𝑠 > 0 

 

2- Unit step Function 

The Unit step function is also called Heaviside function which defined as follows: 

 

𝑢(𝑡) = {
0 ,   𝑡 < 0

1 ,   𝑡 > 0
                                                                                       

 

shifting the unit step function is: 

𝑢(𝑡 − 𝑎) = {
0 ,   𝑡 − 𝑎 < 0

1 ,   𝑡 − 𝑎 > 0
                                                                                       

                  = {
0 ,   𝑡 < 𝑎

1 ,   𝑡 > 𝑎
                                                                                               

Example 8:  

Show that  

ℒ{𝑢(𝑡 − 𝑎)} =
𝑒−𝑎𝑠

𝑠
 , 𝑠 > 0 

Solution:  

∵  ℒ{𝑢(𝑡 − 𝑎)} = ∫ 𝑢(𝑡 − 𝑎) 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                                                         

= ∫ 𝑢(𝑡 − 𝑎) 𝑒−𝑠𝑡 𝑑𝑡
𝑎

0

+∫ 𝑢(𝑡 − 𝑎) 𝑒−𝑠𝑡 𝑑𝑡
∞

𝑎

 

= ∫ (0) 𝑒−𝑠𝑡 𝑑𝑡
𝑎

0

+∫ (1) 𝑒−𝑠𝑡 𝑑𝑡
∞

𝑎

                     

= ∫ 𝑒−𝑠𝑡 𝑑𝑡
∞

𝑎

                                                          

=
1

−𝑠
 [𝑒−𝑠𝑡]𝑎

∞                                                       

=
1

−𝑠
 [ lim
𝑇→∞

𝑒−𝑠𝑇 − 𝑒−𝑠𝑎]                                 

=
1

−𝑠
 [0 − 𝑒−𝑠𝑎] =

𝑒−𝑎𝑠

𝑠
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Application of the Unit step function 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

  



(12) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

The rectangular pulses can be generated by summing Unit step functions 

 

Example 9: Generate a rectangular pulse 𝑓(𝑡) of amplitude A and period a  

starting from t=0. 

Solution:  𝑓(𝑡) = 𝐴[𝑢(𝑡) − 𝑢(𝑡 − 𝑎)] 

 

Example 10: Find Laplace transform for a rectangular pulse 

𝑓(𝑡) = 𝐴[𝑢(𝑡) − 𝑢(𝑡 − 𝑎)] 

Solution: 

ℒ{𝑓(𝑡)} = ℒ{𝐴[𝑢(𝑡) − 𝑢(𝑡 − 𝑎)]}                       

= 𝐴 ℒ{[𝑢(𝑡) − 𝑢(𝑡 − 𝑎)]}      

= 𝐴[ℒ{𝑢(𝑡)} − ℒ{𝑢(𝑡 − 𝑎)}] 

= 𝐴 [
1

𝑠
−
𝑒−𝑎𝑠

𝑠
]                          



(13) 

 

If  𝑓(𝑡) = 𝐴[𝑢(𝑡) − 𝑢(𝑡 − 𝑎)]    ℒ{𝑓(𝑡)} = 𝐴 [
1

𝑠
−
𝑒−𝑎𝑠

𝑠
] 

 

 

Example11: Find L.T. for the pulse indicated in the figure using the formula 

ℒ{𝑢(𝑡 − 𝑎)} =
𝑒−𝑎𝑠

𝑠
 

 

 

 

 

 

 

 

 

 

 

Solution: 

𝑓(𝑡) can be expressed by using the Unit step function: 

 

𝑓(𝑡) = 2𝑘[𝑢(𝑡 − 1) − 𝑢(𝑡 − 2)] − 𝑘[𝑢(𝑡 − 2) − 𝑢(𝑡 − 3)] + 𝑘𝑢(𝑡 − 3) 

     = 𝑘[2𝑢(𝑡 − 1) − 2𝑢(𝑡 − 2) − 𝑢(𝑡 − 2) + 𝑢(𝑡 − 3) + 𝑢(𝑡 − 3)] 

= 𝑘[2𝑢(𝑡 − 1) − 3𝑢(𝑡 − 2) + 2𝑢(𝑡 − 3)]                                   

 

ℒ{𝑓(𝑡)} = ℒ{𝑘[2𝑢(𝑡 − 1) − 3𝑢(𝑡 − 2) + 2𝑢(𝑡 − 3)]}                                     

= 𝑘 ℒ{2𝑢(𝑡 − 1) − 3𝑢(𝑡 − 2) + 2𝑢(𝑡 − 3)}                      

= 𝑘 [2ℒ{𝑢(𝑡 − 1)} − 3ℒ{𝑢(𝑡 − 2)} + 2ℒ{𝑢(𝑡 − 3)}]     

= 𝑘 [
2𝑒−𝑠

𝑠
−
3𝑒−2𝑠

𝑠
+
2𝑒−3𝑠

𝑠
]                                              

=
𝑘

𝑠
 [2𝑒−𝑠 − 3𝑒−2𝑠 + 2𝑒−3𝑠]                                            

-k 

2k 

k 
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Integrating by part by assuming 

𝑢 = 𝑒−𝑠𝑡     and    𝑑𝑣 = 𝑓′(𝑡) 𝑑𝑡 
∴ 𝑑𝑢 = −𝑠𝑒−𝑠𝑡 𝑑𝑡   and    𝑣 = 𝑓(𝑡) 

3- Theorem: Lplace transform of the derivative 

If 𝑓(𝑡) and it’s derivative 𝑓′(𝑡) are continuous for att 𝑡 ≥ 0, hence, ℒ{𝑓(𝑡)} and 

ℒ{𝑓′(𝑡)} are exist. 

ℒ{𝑓′(𝑡)} = 𝑠 ℒ{𝑓(𝑡)} − 𝑓(0)                                (12) 

 

Proof: 

ℒ{𝑓′(𝑡)} = ∫ 𝑓′(𝑡) 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                                                      

 

= [𝑓(𝑡) 𝑒−𝑠𝑡]0
∞ −∫ 𝑓(𝑡) (−𝑠 𝑒−𝑠𝑡 𝑑𝑡)

∞

0

                  

= [0 − 𝑓(0)] + 𝑠∫ 𝑓(𝑡) 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                             

= −𝑓(0) + 𝑠 ℒ{𝑓(𝑡)}                                                  

= 𝑠 ℒ{𝑓(𝑡)} − 𝑓(0)                                                    

 

Example 12: Show that 

 

ℒ{𝑓′′(𝑡)} = 𝑠2 ℒ{𝑓(𝑡)} − 𝑠 𝑓(0) − 𝑓′(0)                        (13) 

 

Provided that 𝑓, 𝑓, 𝑓′′ are continuous for 𝑡 ≥ 0 and their L.T. are exist. 

 

Solution: 

From Eq. (12) 

∵ ℒ{𝑓′(𝑡)} = 𝑠 ℒ{𝑓(𝑡)} − 𝑓(0)                                                        

∴ ℒ{𝑓′′(𝑡)} = 𝑠 ℒ{𝑓′(𝑡)} − 𝑓′(0)                                                        

      =  𝑠 [𝑠 ℒ{𝑓(𝑡)} − 𝑓(0)] − 𝑓′(0) 

      = 𝑠2 ℒ{𝑓(𝑡)} − 𝑠 𝑓(0) − 𝑓′(0) 

 

Similarly, one can show that 
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ℒ{𝑓(3)(𝑡)} = 𝑠3 ℒ{𝑓(𝑡)} − 𝑠2 𝑓(0) − 𝑠 𝑓(1)(0) − 𝑓(2)(0)                        (14) 

 

Generally, 

  

ℒ{𝑓(𝑛)(𝑡)} = 𝑠𝑛ℒ{𝑓(𝑡)} − 𝑠𝑛−1𝑓(0) − 𝑠𝑛−2𝑓(1)(0) − 𝑠𝑛−3𝑓(2)(0) − ⋯− 𝑓(𝑛−1)(0)     (15) 

 

 

Example 13: Find L.T for    𝑓(𝑡) = 𝑡 cos 𝑎𝑡    for 𝑓(0) = 0 

Solution: 

  𝑓(𝑡) = 𝑡 cos 𝑎𝑡 

 𝑓′(𝑡) = cos𝑎𝑡 − 𝑎𝑡 sin 𝑎𝑡 ∴ 𝑓′(0) = 1 

 𝑓′′(𝑡) = −𝑎 sin 𝑎𝑡 − 𝑎 sin 𝑎𝑡 − 𝑎2𝑡 cos 𝑎𝑡 = −2𝑎 sin 𝑎𝑡 − 𝑎2𝑡 cos 𝑎𝑡 

  =−2𝑎 sin 𝑎𝑡 − 𝑎2 𝑓(𝑡) 

Using Eq. (13)  

  ℒ{𝑓′′(𝑡)} = 𝑠2 ℒ{𝑓(𝑡)} − 𝑠 𝑓(0) − 𝑓′(0) 

  ℒ{−2𝑎 sin 𝑎𝑡 − 𝑎2 𝑓(𝑡)} = 𝑠2 ℒ{𝑓(𝑡)} − 𝑠 × 0 − 1 

  −2𝑎 ℒ{sin 𝑎𝑡} − 𝑎2 ℒ{𝑓(𝑡)} = 𝑠2 ℒ{𝑓(𝑡)} − 1 

  −2𝑎 ℒ{sin 𝑎𝑡} + 1 = 𝑠2 ℒ{𝑓(𝑡)} + 𝑎2 ℒ{𝑓(𝑡)} 

  −2𝑎 [
𝑎

𝑠2+𝑎2
] + 1 = [𝑠2 + 𝑎2] ℒ{𝑓(𝑡)} 

  1 −
2𝑎2

𝑠2+𝑎2
= [𝑠2 + 𝑎2] ℒ{𝑓(𝑡)} 

  
𝑠2+𝑎2−2𝑎2

𝑠2+𝑎2
= [𝑠2 + 𝑎2] ℒ{𝑓(𝑡)} 

  
𝑠2−𝑎2

𝑠2+𝑎2
= [𝑠2 + 𝑎2] ℒ{𝑓(𝑡)} 

  
𝑠2−𝑎2

(𝑠2+𝑎2)2
=  ℒ{𝑓(𝑡)} 

∴ ℒ{𝑡 cos 𝑎𝑡} =
𝑠2 − 𝑎2

(𝑠2 + 𝑎2)2
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Let 𝑡 𝑓(𝑡) = 𝑔(𝑡) 

 

4- Theorem: Differentiation of laplace’s transform 

If 𝑓(𝑡) satisfies the condition of the existence theorem and its ℒ{𝑓(𝑡)} = 𝐹(𝑠), 

hence, 

ℒ{𝑡 𝑓(𝑡)} = −
𝑑𝐹(𝑠)

𝑑𝑠
                                                  (16) 

 

Proof: 

∵ 𝐹(𝑠) = ℒ{𝑓(𝑡)} = ∫ 𝑓(𝑡) 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                                   

𝑑𝐹

𝑑𝑠
=
𝑑

𝑑𝑠
∫ 𝑓(𝑡) 𝑒−𝑠𝑡 𝑑𝑡
∞

0

= ∫ 𝑓(𝑡) (−𝑡 𝑒−𝑠𝑡) 𝑑𝑡
∞

0

                       

= −∫ 𝑡 𝑓(𝑡) 𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                                  

= −∫ 𝑔(𝑡)𝑒−𝑠𝑡 𝑑𝑡
∞

0

                                                      

= −ℒ{𝑔(𝑡)} = −ℒ{𝑡 𝑓(𝑡)}                                                

Therefore, one can conclude that 

  

ℒ{𝑡𝑛 𝑓(𝑡)} = (−1)𝑛
𝑑𝑛𝐹(𝑠)

𝑑𝑠𝑛
 , 𝑛 = 0, 1, 2, …                                         (17) 
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Example 14:  

let    𝑔(𝑡) = 𝑡 𝑠𝑖𝑛 𝑡.  

Find ℒ{𝑔(𝑡)}  and ℒ{𝑔′(𝑡)} 

Solution: 

Let  𝑓(𝑡) = sin 𝑡 

∵  ℒ{𝑓(𝑡)} = ℒ{sin 𝑡} = 𝐹(𝑠) =
1

𝑠2 + 1
 

Using Eq. (16) 

ℒ{𝑔(𝑡)} = ℒ{𝑡 𝑓(𝑡)} = ℒ{𝑡 sin 𝑡} = −
𝑑𝐹(𝑠)

𝑑𝑠
 

= −
𝑑

𝑑𝑠
[

1

𝑠2 + 1
]                      

= −
0 − 2𝑠

(𝑠2 + 1)2
=

2𝑠

(𝑠2 + 1)2
 

∴  ℒ{𝑔(𝑡)} = ℒ{𝑡 sin 𝑡} =
2𝑠

(𝑠2 + 1)2
                                                  

 

Using Eq. (12) 

ℒ{𝑔′(𝑡)} = 𝑠 ℒ{𝑔(𝑡)} − 𝑔(0)                                

= 𝑠 
2𝑠

(𝑠2 + 1)2
− 0                 

=
2𝑠2

(𝑠2 + 1)2
                          

 

∴  ℒ{𝑔′(𝑡)} =
2𝑠

(𝑠2 + 1)2
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5- Inverse Laplace Transform 

 

If     ℒ{𝑓(𝑡)} = 𝐹(𝑠) 

Therefore  ℒ−1{𝐹(𝑠)} = 𝑓(𝑡) 

 

 

 

 

 

E.g.,  

If     ℒ{𝑒𝑎𝑡)} =
1

𝑠−𝑎
 

Therefore  ℒ−1 {
1

𝑠−𝑎
} = 𝑒𝑎𝑡 

 

Shifting property of the inverse L.T 

 

∵ ℒ{𝑒𝑎𝑡 𝑓(𝑡))} = 𝐹(𝑠 − 𝑎) 

Therefore,  

∴ ℒ−1{𝐹(𝑠 − 𝑎)} = 𝑒𝑎𝑡 𝑓(𝑡) 

where 𝐹(𝑠) = ℒ{𝑓(𝑡))}  

 

 

 

  

𝑓(𝑡) 𝐹(𝑠) 
ℒ{𝑓(𝑡)} 

ℒ−1{𝐹(𝑠)} 
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6- Ordinary differential equation 

    There are many methods concern with solving linear ordinary differential 

equations (ODE) with initial conditions. These problems are called initial value 

problem (IVP). Laplace transform method is one of the most popular methods 

which characterized by its simplicity. It uses the initial conditions implicitly in the 

solution steps. 

 

The general form of linear second order ODE is 

𝑎 
𝑑2𝑦

𝑑𝑡2
+ 𝑏

𝑑𝑦

𝑑𝑡
+ 𝑐 𝑦(𝑡) = 𝑓(𝑡), 

where a, b and c are constants. 

 

The ODE can be transformed into algebraic equation by using Laplace transform 

ℒ{𝑦(𝑡)} = 𝑌(𝑠), 

where the solution of the ODE, 𝑦(𝑡), can be found by applying the inverse LT, 

i.e.,  

ℒ−1{𝑌(𝑠)} = 𝑦(𝑡) 

 

Example 15:  

Solve the following IVP 

𝑑2𝑦

𝑑𝑡2
− 3

𝑑𝑦

𝑑𝑡
+ 2 𝑦(𝑡) = 2 𝑒−4𝑡 , 

for the following initial values: 

𝑦(0) = 0 

𝑦′(0) = 1 

Solution: 

Taking L.T for the ODE yields 

ℒ{𝑦′′} − 3ℒ{𝑦′} + 2 ℒ{𝑦} = 2 ℒ{𝑒−4𝑡} 

Let ℒ{𝑦(𝑡)} = 𝑌(𝑠) 

 From Eq. (12)    ℒ{𝑦′(𝑡)} = 𝑠 𝑌(𝑠) − 𝑦(0) 

    +        = 𝑠 𝑌(𝑠) 
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From Eq. (13)    ℒ{𝑦′′(𝑡)} = 𝑠2𝑌(𝑠) − 𝑠 𝑦(0) − 𝑦′(0) 

                = 𝑠2 𝑌(𝑠) − 1 

 

Substituting ℒ{𝑦′(𝑡)} and ℒ{𝑦′′(𝑡)} into the ODE 

[𝑠2𝑌(𝑠) − 1] − 3[𝑠 𝑌(𝑠)] + 2 𝑌(𝑠) = 2 [
1

𝑠 + 4
] 

𝑌(𝑠)[𝑠2 − 3 𝑠 + 2] = 1 + 2 [
1

𝑠 + 4
]                     

𝑌(𝑠)[𝑠2 − 3 𝑠 + 2] =
𝑠 + 4 + 2

𝑠 + 4
                           

𝑌(𝑠) =
𝑠 + 6

(𝑠2 − 3 𝑠 + 2)(𝑠 + 4)
                              

∴ 𝑌(𝑠) =
𝑠 + 6

(𝑠 − 1)(𝑠 − 2)(𝑠 + 4)
                   (15.1) 

 

Using partial fractions, in order to apply the linearity property of Laplace’s 

operator: 

𝑠 + 6

(𝑠 − 1)(𝑠 − 2)(𝑠 + 4)
=

𝐴

𝑠 − 1
+

𝐵

𝑠 − 2
+

𝐶

𝑠 + 4
 

𝑠 + 6 = 𝐴(𝑠 − 2)(𝑠 + 4) + 𝐵(𝑠 − 1)(𝑠 + 4) + 𝐶(𝑠 − 1)(𝑠 − 2)                    

𝑠 + 6 = 𝐴(𝑠2 + 2𝑠 − 8) + 𝐵(𝑠2 + 3𝑠 − 4) + 𝐶(𝑠2 − 3𝑠 + 2)                       

𝑠 + 6 = 𝑠2(𝐴 + 𝐵 + 𝐶) + 𝑠(2𝐴 + 3𝐵 − 3𝐶) + (−8𝐴 − 4𝐵 + 2𝐶)               

∴  𝑠2(𝐴 + 𝐵 + 𝐶) + 𝑠(2𝐴 + 3𝐵 − 3𝐶 − 1) + (−8𝐴 − 4𝐵 + 2𝐶 − 6) = 0            

 

Equating the coefficients of 𝑠2 to zero  𝐴 + 𝐵 + 𝐶 = 0  ……...(1) 

Equating the coefficients of 𝑠 to zero   2𝐴 + 3𝐵 − 3𝐶 − 1 = 0 ……...(2) 

Equating the coefficients of 𝑠0 to zero   −8𝐴 − 4𝐵 + 2𝐶 − 6 = 0……..(3) 

 

This is a system of three linear equations, can be solved simultaneously to find 

the coefficients A, B, and C. 

𝐴 = −
7

5
            𝐵 =

4

3
               𝐶 =

1

15
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Another method for calculating the coefficients 

𝑠 + 6

(𝑠 − 1)(𝑠 − 2)(𝑠 + 4)
=

𝐴

𝑠 − 1
+

𝐵

𝑠 − 2
+

𝐶

𝑠 + 4
=
𝐴(𝑠 − 2)(𝑠 + 4) + 𝐵(𝑠 − 1)(𝑠 + 4) + 𝐶(𝑠 − 1)(𝑠 − 2)

(𝑠 − 1)(𝑠 − 2)(𝑠 + 4)
 

 

∵ 𝑠 + 6 = 𝐴(𝑠 − 2)(𝑠 + 4) + 𝐵(𝑠 − 1)(𝑠 + 4) + 𝐶(𝑠 − 1)(𝑠 − 2)                    

Letting 𝑠 = 1 gives   7 = 𝐴 (−1)(5) = −5𝐴   𝐴 = −
7

5
 

Letting 𝑠 = 2 gives   8 = 𝐵 (1)(6) = 6𝐵   𝐵 =
4

3
 

Letting 𝑠 = −4 gives   2 = 𝐶 (−5)(−6) = 15𝐶   𝐶 =
4

3
 

 

Substituting these coefficients into Eq. (15.1) 

𝑌(𝑠) =

−7
5

𝑠 − 1
+

4
3

𝑠 − 2
+

1
15
𝑠 + 4

 

 

Taking the inverse Laplace transform ℒ−1{𝑌(𝑠)} = 𝑦(𝑡) 

 ℒ−1{𝑌(𝑠)} =  ℒ−1 {

−7
5

𝑠 − 1
} + ℒ−1 {

4
3

𝑠 − 2
} + ℒ−1 {

1
15
𝑠 + 4

} 

𝑦(𝑡) =  −
7

5
ℒ−1 {

1

𝑠 − 1
} +

4

3
 ℒ−1 {

1

𝑠 − 2
} +

1

15
 ℒ−1 {

1

𝑠 + 4
} 

 

Using Eq. (4)  ℒ{𝑒𝑎𝑡} =
1

𝑠−𝑎
  

    ℒ−1 {
1

𝑠−𝑎
} = 𝑒𝑎𝑡  

A table of Laplace transforms is useful which can be found online here. 

Therefore, the solution of the IVP is: 

𝑦(𝑡) = −
7

5
 𝑒𝑡 +

4

3
 𝑒2𝑡 +

1

15
 𝑒−4𝑡 

 

  

http://www.sosmath.com/diffeq/laplace/table/table.html
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Example 16:  

Solve the following IVP 

𝑦′′(𝑡) + 𝑦′ − 2 𝑦(𝑡) = 4 , 

with the following initial values: 

𝑦(0) = 2 

𝑦′(0) = 1 

Solution: 

We begin by applying the Laplace transform to both sides. By linearity of the 

Laplace transform, we have 

ℒ{𝑦′′} + ℒ{𝑦′} − 2ℒ{𝑦} = ℒ{4}. 

Therefore, 

(𝑠2ℒ{𝑦} − 2𝑠 − 1) + (𝑠ℒ{𝑦} − 2) − 2ℒ{𝑦} =
4

𝑠
. 

Next, combine like terms to get 

(𝑠2 + 𝑠 − 2) ℒ{𝑦} =
4

𝑠
+ 2𝑠 + 3 

 

(𝑠 − 1)(𝑠 + 2)ℒ{𝑦} =
2𝑠2 + 3𝑠 + 4

𝑠
. 

 

Notice that the coefficient in front of ℒ{𝑦} is the characteristic equation of the 

differential equation. This is not a coincidence. Putting under a common 

denominator, dividing and factoring we get 

ℒ{𝑦} =
2𝑠2 + 3𝑠 + 4

𝑠(𝑠 − 1)(𝑠 + 2)
. 

To find 𝑦(𝑡), we need to take the Inverse Laplace Transform of the right-hand 

side. Unfortunately, finding a function y such that the right-hand side is the 

Laplace transform of y is not an easy task. The technique that just about always 

works is partial fractions. We write 

2𝑠2 + 3𝑠 + 4

𝑠(𝑠 − 1)(𝑠 + 2)
 =

𝐴

𝑠
+

𝐵

𝑠 − 1
+

𝐶

𝑠 + 2
                                                 

https://math.libretexts.org/Bookshelves/Calculus/Supplemental_Modules_(Calculus)/Integral_Calculus/2%3A_Techniques_of_Integration/2.5%3A_Partial_Fractions
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2𝑠2 + 3𝑠 + 4

𝑠(𝑠 − 1)(𝑠 + 2)
 =

𝐴(𝑠 − 1)(𝑠 + 2) + 𝐵 𝑠(𝑠 + 2) + 𝐶 𝑠(𝑠 − 1)

𝑠(𝑠 − 1)(𝑠 + 2)
 

 

which gives 

𝐴(𝑠 − 1)(𝑠 + 2) + 𝐵 𝑠(𝑠 + 2) + 𝐶 𝑠(𝑠 − 1) = 2𝑠2 + 3𝑠 + 4. 

Letting 𝑠 = 0 gives −2A=4  and A=−2 

 Letting 𝑠 = 1  gives    3B=9  and B=3 

Letting 𝑠 = −2  gives    6C=6  and C=1 

 

Now we solve 

ℒ{𝑦} = −
2

𝑠
+

3

𝑠 − 1
+

1

𝑠 + 2
 

or 

𝑦(𝑡) = −2 ℒ−1 {
1

𝑠
} + 3 ℒ−1 {

1

𝑠 − 1
} + ℒ−1 {

1

𝑠 + 2
}. 

Now we can use the table to get 

𝑦(𝑡) = −2 + 3 𝑒𝑡 + 𝑒−2𝑡 . 
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Example 17: Discharging the capacitor 

Find the voltage 𝑣(𝑡) across the capacitor as a function of time. 

 

 

 

  

 

 

10. Applications of Laplace (intmath.com) 

Solution: 

𝑉𝑅 + 𝑣 = 𝑉𝑠                                       

If  𝑉𝑠 = 0 (when the source is removed and the circuit is closed) 

𝐼𝑅 + 𝑣 = 0                                      

𝐼(𝑡) 𝑅 + 𝑣(𝑡)  = 0                           

𝐶
𝑑𝑣

𝑑𝑡
𝑅 + 𝑣(𝑡)  = 0                             

𝑑𝑣

𝑑𝑡
 +

1

𝑅𝐶
𝑣 = 0                              

𝑑𝑣(𝑡)

𝑑𝑡
= −

1

𝑅𝐶
 𝑣(𝑡)                (17.1) 

𝑑𝑣(𝑡)

𝑣
= −

𝑑𝑡

𝑅𝐶
                                         

Integrate both sides    𝑙𝑛(𝑣) = −
𝑡

𝑅𝐶
+ 𝑐𝑜𝑛𝑠𝑡. 

Initial condition: at 𝑡 = 0   𝑣(0) = 𝑉𝑜  𝑙𝑛(𝑉𝑜) = 𝑐𝑜𝑛𝑠𝑡. 

∴ 𝑙𝑛(𝑣) = −
𝑡

𝑅𝐶
+ 𝑙𝑛(𝑉𝑜)                                     

𝑙𝑛(𝑣) − 𝑙𝑛 (𝑉𝑜) = −
𝑡

𝑅𝐶
                                

𝑙𝑛 (
𝑣

𝑉𝑜
) = −

𝑡

𝑅𝐶
                                            

 

𝑣(𝑡) = 𝑉𝑜 𝑒
−
𝑡
𝑅𝐶 

 

https://www.intmath.com/laplace-transformation/10-applications.php
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Solving Eq. (17.1) using Laplace transformation assuming that ℒ{𝑣(𝑡)} = 𝑉(𝑠) 

and ℒ−1{𝑉(𝑠)} = 𝑣(𝑡) 

  𝑣′(𝑡) +
1

𝑅𝐶
 𝑣(𝑡) = 0 

  𝑅𝐶 𝑣′(𝑡) + 𝑣(𝑡) = 0 

  𝑅𝐶 ℒ{𝑣′(𝑡)} + ℒ{𝑣(𝑡)} = 0 

  𝑅𝐶 [𝑠 𝑉(𝑠) − 𝑣(0)] + 𝑉(𝑠) = 0 

 𝑅𝐶 [𝑠 𝑉(𝑠) − 𝑉𝑜] + 𝑉(𝑠) = 0 

𝑉(𝑠)[𝑅𝐶 𝑠 + 1] − 𝑅𝐶 𝑉𝑜 = 0 

𝑉(𝑠)[𝑅𝐶 𝑠 + 1] = 𝑅𝐶 𝑉𝑜 

 

𝑉(𝑠) =
𝑅𝐶𝑉𝑜

𝑅𝐶 𝑠 + 1
= 𝑅𝐶 𝑉𝑜

1

𝑅𝐶 {𝑠 +
1
𝑅𝐶
}
= 𝑉𝑜

1

{𝑠 +
1
𝑅𝐶
}
 

Taking the I.L.T 

ℒ−1{𝑉(𝑠)} = 𝑣(𝑡) = 𝑉𝑜 ℒ
−1 {

1

𝑠 +
1
𝑅𝐶

}                              

𝑣(𝑡) = 𝑉𝑜 𝑒
−𝑡/𝑅𝐶                       

 

Where we use Eq. (5)  ℒ{𝑒−𝑎𝑡} =
1

𝑠+𝑎
  

     ℒ−1 {
1

𝑠+𝑎
} = 𝑒−𝑎𝑡 

 


