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Bessel’s functions are solutions of one of the most important linear differential equation
called Bessel’s Differential equation. The following is the Bessel’s differential equation of
order ¢, where c 1s positive real number.

2
Ld@ | dye)

122 T (x> =c?)y(x)=0 ¢
or may be written as:
X2y" () +xy' () + (2 —cA)y(x) =0 (2)

The Series solution:

Since any analytic function can be expanded as a power series, one may consider the
following solution:

oo

y() = ) axhT 3)

k=0
Wherea_, =a_, =--.=0
The coefficients a;’s and the arbitrary constant r must be determined.

dgidiall an ALlatll Jusy Aobas (3883 g oM ¢(1) Abealidll Aslaall . & (3) Al Sl (%) O L
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a =
o = 2k + 1)y D
dz

ﬁ =Yk +1r)k+1r—1)a;xk2

Substitute the derivatives into eq. (1)

2 Y (k+r)(k+r =D a7 x ) (k+ e x T+ (7 = c2) ) @ x4 =0
k k k

z(k +1)(k+1—1)a x4+ Z(k + r)a, x*¥T + Z oS P2 CZZ a; @™ = 0
k k k k

Z{[(k + 1)k +7—1) + (k+7) — c?lay 4 + a, <42} = 0

. . _—
~
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[k+7)k+7r—1) +(k+71)—c?lax+ax—, =0
[(k+7r)(k+7r—14+1)—c?la, +a,_, =0
[(k+7r)(k+7)—c?la, +ax_, =0

[k +1)2—=c?la, +a,_, =0 fork=0,1,2, ... ... 4)

This is a recursive relation. It combines the odd coefficients with each other and also
combine the even coefficients with each other.

fk=0—" (2 —-c®a, =0 sincea_, =0
If k=1 — [r+1*—=c?la; =0 sincea_; =0

[(r+ 1% =1%]a; =0

AR Can g hea (5 sy O g @y B e (s sb O Sy Y Am pall Gl Y1 dala Hlaall O e

Assume the solution of r = ¢. Eq. (4) becomes
[(k+c)?>—c?lag +ap_, =0
k%2 + 2kc + c2 — c?lag + ay_, =0
[k? + 2kcla, + ai_, =0
k(k +2c)a, +a_,=0

(2)
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~1
=y, k=2,4,6,...
T f e+ 20) B2 = &

(5)

.

| Only the Even coefficients J

Therefore, the solution y(x) of the Bessel’s diff. eq. 1s:

oo

YE) = ) Qg 27T

m=0

Finding the even coefficients. a,,, from Eqg. (5)

s _ —a(_] — _aO
For k=2 A2 = 3G+20  2(140)
B _ —-a, - =y s g
For k=4 Ay = 4(4+42¢)  22.2(2+4c)  24.2(1+c)(2+¢C)
B . —as —Qy4 - —%o
FOI‘ k_6 aﬁ — 6(6+2C) - 22_3(3+C) - 26_3! (1+C)(2+C)(3+C)
_ _ (=)™ Qg
Fork=2m a,,, = 22 ml (1+0) @+ B+O)(mic) © T 2l
If c = integer —* 1+)2+c)(3+c)..

In general c 1s a real positive 4

i _(-1)™a, TI(c+1)
CEIm T p2m gy m+c+1)

(6)
+c)!
.(m+c) = (mc!
_ (m+c+1)
" T(c+1)
¥

usingT'(x+1) = x!

the only remaining unknown coefficient is a, which can be determined by normalization:

1

Ao = 3¢ T(c+1)

_(-ym 1 T'(c+1)
T 22m 2€T(c+1) T(m+c+1)

< Az2m

G ¥

T 22mAC I T(m+c+1)

(3)
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Therefore, the solution y(x) of Bessel’s diff. eq. for r=c is called First kind Bessel’s
function of order ¢, |.(x)

B ~ . (-1)m 2+

y(x) =Je(x) = Ly mI T(m+c+1) @ (a)

If c=n (integer),
_ = (_1)m X~ 2Mm+c

Ja(x) = mzom (E) (7b)

The other independent solution 1s obtained for r = —c¢
- (=)™ x\ 2m=c
J-e®) = Z m! T(m—c+1) (E) (8)

m=0

The superposition of these two independent solutions gives a new independent solution
called second kind Bessel’s function of order ¢ “Neuman function”, N.(x)

_ cos(cm) §x) — = x)

sin(cm)

Ne(x) 9)

Therefore, the general solution of Bessel’s differential equation is:
y(x)=A].(x) + BN.(x), ifc =integer =
y(x)=A].(x)+BJ]_.(x), ifc=notinteger

(4)
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@/ /o(x) J/l(X) h(x)  Jx(x) \

/ Ni(x)  Nax) N3(x) \
]

(5)




Problem: Prove the following relation which connect the positive and negative order of 1*
kind Bessel’s functions:

Jn(x) = (1) (x) (10)
Solution
. _ = (_1)"1 X\ 2m+n
Jn(2) = mZ:Dm! Im+n+1) (E)
' ~ - (-1)m ¥\ 2m—n
) = nzom! F(m—n+1) (E)
m—-n+1>0 — m>n-1 » m=nn+1n+2 ....0

Therefore, the series must be started fromm =n

~ . (—1)™m x\2m-n
Jonx) = L, T(m—n+1) (E)

Making the following transformation:

letm—n=k » m=k+n

This means that the summation index must be transformed from m to k

B = (_1)k+ﬂ xy 2(k+n)-n
J-n(%) = ;(k +n)! Tk+n—n+1) (E)

2k+2n-n

T SO
== £ (k+m)! Tk +1) (E)

N (=1)* x 2k+n
=" 3 =
\k:(] (k o n)l k! (2) }

= D)
=Ja(x)
( (7b) ADad) casa J

(6)
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The Generating function

Bessel’s generating function 1s:

X -1
g(x,t) = ezt

Bessel’s functions can be determined by using the generating function where J,, (x) are the
coefficients of t" in the expansion of the generating function.

g0 = =3 e

Problem: From the expansion of the generating function, derive the series form of Bessel’s
function (eq. 7b)

r=0
55 t r &5 i s
~g(x,t) = e7 et = rZO (xz) TZ:D (é) = Z]n(x)f"
o K r+s
PR,
r=0s5=0 n

Let r—s=n —» r=s+n Transformation from rton

5 (s+n)+s
ZZ( 1(1 Jr(n))! T =an(x)t”

2s+n

-~ 1)

Equating the coefficients of t" for both sides yields:

. _ i (_1)5 XN 25+n
() = Li(s+m)! s! ( )

(7)
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Recurrence Relations

Lo Je@) = —Jer1 () + 5 Jo(x) (11

Proof:

= (_1)7’?’1 XN Zm+c
Je(x) = Z m T'm+c+1) E)

m=0

Differentiate /, (x) w.rt x

(—1)"

Je(x) = m! I'(m+ ¢ 4+ 1) 22m+c

m=0

=™

C (-nm
2m+c-1 2m+c-1
, mI T(m + ¢ + 1) 227+ (2m) x e Zom! T(m + ¢ + 1) 22mwe (O X
m=

(2m 4+ ¢) xTmret

oa

m=

2m+c

_ (-1)™m (x)zmc-l L6 - (-pm (x)
N 1m! Tm+c+1) \2 X Oml Im+c+1) \2
m=

Cm )

sm=k+1

(—DF (k+1) x

2(k+1)+c—-1

C

AT TS ETESY 5) +2 1
— (_1)k (k + l) xy2k+2+c-1 ¢
__k=u(k+1)k! FMk+1+4+c+1) (E) +;jc(x)
— 3 (-1 x2kHc+)
T LK Tk+(c+D+1) (E) +;]c(X)

NZ 2
= —Jes1(0) + = Je(x)

Notice that, forc =0 —» [ J1(x) = =J5(x) W

(8)
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Je@) =3 Uee1 = Jern) (12)
Proof:

- (-1)™ 1\ 2m+c
Je(x) = Z m I'(m+c+1) (E)

m=0

Differentiate J, (x) w.r.t. x

co

_‘1 m
Je(x) = m! F(mg- c)-l- 1) 22m+c (2m$¢) xR
m=0

: — 3 (_1)m 2m+c m+c—
Jele) = mZ:Om! [(m+ c+ 1) 22m+e-1 ( 2 ) x® '

! e S (_1)m 2m + ¢\ ,x\2mtc—-1
]C(x)_z‘m' Fm+c+1) ( 2 )(E)

1 < _1 m 2m+c—-1

Je(x) =5 ) (2m+c) (;)

2L.m T(m+c+1)
m=0

’ ( 1)m (m + C) xy 2mte-1 = (_1)m m X+ 2m+c-1
Je(x) = I m! l"(m +c+1) 2) £ Lum! T(m+c+1) (E) ]
t’ \\'x‘
I'(x+1)=xT(x) Setm—-1=k
Tm+c+1)=m+c)T(m+0) m=k+1

(=)™ (m +c) (£)2m+c—1 . = (=1 (k + 1) (E)Z(k+1)+c_1]

1 o0
Je(x) = EL_ LK+ DTG+ 1+c+ D)

~ m!(m+c)f(m+ ¢)

B 1 i (=1)® Xy 2Mm+c—1 i -D*** (k+1) Xy 2k+C+1
_Eizom!l“(m+6) P, +kz=0(k+1) KTk+(c+1)+1) ) ]

m=

oo

_ 4 (-1 x- 2k+c+1
- E{]“‘l(x) a Lik! T+ (c+ 1) +1) (E) ]

1
= EUc—l(x) - ]c+1(x)}

(9)
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3.0 Je@) = Jea(®) — < Je (13)
Proof:

Can be derived by subtracting eq. (11) from eq. (12)

4 Je1@®) + Je@ ==, (14)
Proof:

Can be derived by subtracting 2*eq. (11) from eq. (12). Or by using the generating

function as follows:
x -1
cgmy =e =N e
Tn

Differentiate both sides w.r.t. ¢

d X -1
a—‘f = ;(1 +t72) 2 = Z (%) 1"

n

S+t g0 t) = ) np(x) 77!

n

A+ ) @ = D nfy@) e

n

;[an(x) P AC) r] = ) o g

Equating the coefficients of t"* for both sides yields:

S Unes () + Jas (0} = 1 (@)
2n
Ja-1(x) + Jnea(x) = =y Ja(x)

2¢C
Je-1 () +Jera (%) = o Je(x)

(10)
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5. () =xJcy (15)

Proof:

= (-1)™ X 2m+C
° e @F= el T wibd) (E)
m=0
Multiply /. by x
e ™
c — 2m+2c
EE el Z m! T(m + ¢ + 1) 22m+c ~
m=0
Then differentiate w.r.t x
i[xcj ] = D™ @m +2¢) 2m+2c-1
dx & Om! F'(m+ ¢+ 1) 22m#*c
m=
(=)™ 2(m +c) 2m+2c-1

B z m! (m + ¢) I'(m + ¢) 22m+¢

m=0

- xc Z (_1)m x2m+c—1
m! I'(m + ¢) 22mtec-1
m=0

. = (=)™ o\ 2mte-1
- Z m! I'(m + ¢) (E)

m=0

=x Jeo1(X)

Integrating both sides yield the following integral

J x€ J.—1(x) dx = x¢ J .(x) + const. (16)

(11)
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6. () =—2" e (x)

Proof:

-m™ (x)2m+c

* Jelx) = , mi T(m + ¢ +1) 2

=

2

Multiply J. by x~¢

2 m
X (x) = . om
< Om] [(m+ c+ 1) 22m#c

m=

Then differentiate w.r.t x

d . . (-)™ 2m o
dx F el =  m! T(m + ¢ + 1) 22m+¢ X

m=

— € Z D™ m x2m+c-1
ml Tm 4 £4-1) 22mac~d

m=1

(_1)m m (x)2m+c—1

(17)

Setm—1=k

m=k+1

- LimiT(m+c+1) \2
L_— —
_ (_1)k+1 (k i 1) %\ 2k+c+1 L

- L+ D! Tk+1+c+1) (E)
B . s (—1)* (k+1) 2y 2k+c+1
= L+ DI Tk +1+c+1D (E)
L > (1)K s 2kHe+1
- ;k!r(k+c+2) (2)
= —x"c41(x)

Integrating both sides yield the following integral

(12)

CamScanner - L35 &> guaall



J X Joa(x) dx = x7° | (x) + const. (18)
All of the above recurrence relations are still valid for the second kind Bessel’s functions

and also for the third kind. For example, one can show that the recurrence relation, eq. (15)
1s true for Neuman function.

Example: Show that

& s z

E(x NC) =X Nc—l(x) (19)
and

d , _. .

o XN = —x"C Neyy (x) (20)
Solution:

cos(em) J. —J_¢
o N —
c(x) sin(cm)
Multiply N. by x*
cos{en) x€ |.—x°]. XJeoa J =X 41
X°N.(x) = {en) Je J-c //’[ ‘v
sm(cn) e

Differentiate w.r.t x A A

cos(cm) 59— dx [x€ J.] — dx [x€]-c]
sin(cm)

@ fxen. o) =

[

bt
¢ COS(C?T)]C_]_ _]—C+1 cos(cm) =|—_CIDS(C -

sin(cm) sin(cm) = —sin (¢ — 1)z

. —cos(c—Dmjeoq + ] (-1
—sin(c— Dr

=X

o cos(c—Dm]eoy —J-(c-1y
sin(c — D

= x° Nc—l(x)

(13)
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Integral forms of Bessel’s functions

s

1
Ja(x) = ~ J cos(nf — xsinf) dé, for n=10,1,2,.... (21)
0

Proof:

The generating function:

X -1
2= N e

n=-oo J-n= (*l)n]n ]
x -
€2 = 73 ]t 2 4t g + ot + Jpt? 4 Jot3 4 e o
4
/ =Jo+t it =t + A% +t7) + 383 —t73) + 4 (tF + 7)) +
|" Let t=e » (-t ) =2(e!? —e ) =Z2isinfd =ixsinf
‘ 2 2 2

". And t—t1=2isin@, t?2+t%2=2cosf
t¥ —t73=2isin360, t*4+t*=2cos48
\\\‘
etxsind — j 4 2i[J;sin@ + J5sin 36 + -] + 2[J, cos 20 + J, cos 46 + -]

v et ¥sinb — cog(xsinf) + i sin(x sin 6)

Equating real parts for both sides yields:

cos(xsinf) =J, + 2[J,cos 260 + J,cos46 + | =], + 2 Z Jm cosmb (22)

m=even
m#0
Equating imaginary parts for both sides cos(x sin 8) yields:
sin(xsin) = 2[J, sin 6 + J;sin30 + -] = 2 Z ] sinmg (23)

m=odd

(14)
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Using the following orthogonality properties for cosinusoidal functions

n T 0, n#m
f cosnf cosm@ db =f sinn@ sinmf d@ = {7
0 0 EJ n=m:l&0

Multiply Eq. (22) x cosnf and integrate over 0 from 0 to « yields

T

f cosné cos(xsin @) db =]0f cosnf d@ + 2 Z ]mj cosnf cosmf db
0 0

0 m=even
m#0 /

e N

Since the summation 1s over m,
therefore, all these integrals are equal to
zero due to the orthogonality properties
except the integral when m=n which 1s

equal to /2
P

x s
f cosnf cos(xsinf) db = 2],,,5 , ifn=even,n=0,24,..
0

-1 T
Gl E Ef cosnf cos(xsinf) df, n=evenn=0,24,.. (24)
0
And similarly,
1 T
Jn = Ef sinn@sin(xsin@) d6, n=odd,n=135,.. (25)
0

Adding Eq. (24) and Eq. (25) and using cos 6, cos 6, + sin6; sin@, = cos(8, — 0,)
yields:

1 m
9)«?) == f cos(nf — xsin@) dé

0

(15)
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