BETA Function




Beta function is defined by the integral
1

B(x,y) = fo t*"1(1-¢t)Y"tdt, x,y>0 (1)

Some properties of Beta function

1. B(x,y) 1s symmetric function in x and y variables, 1.e.,

B(x,y):B(ij) [2)
Proof:
Since — B(x) y) — ft1=0 tx—l (—1 _ t)y_l dt
Letl_/' l—f:u_ Ptzl—u —’dtZ—du

/
/

\ Ift=1 ——> u=0

% — [ -1, y-1 :
> Bx,y) = [_,(A-w*tuwt (—du) rearranging
= - flo w™ ! (1—-w)*1du changing integral limit
= [ W™ (1-u)tdu comparing with Eq.(1)

=B(y,x)

(1)
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2. Beta function takes several integral forms as follows:

/2
B(x,y) = ZJ sin**=19 cos¥~10 do (3)
0

Proof:
Since B(x, y) = j?:{] t*" 1 (1-t)Y1dt
X/Lét t =sin* @ 1—-t=1-sin’6 =cos* 8
/ dt = 2sin6f cos6 do
".. Ift=0 »sin?6=0 —> 6=0
Ift=1-— sin?0=1 — 0=mn/2

> 5 Blxy) =f (sin 8)*~! (cos?8)¥~! (2sinfcosf db)
0=0

= 2 IOH/Z sin®*"%26 cos?”726 sinfcosb db

=2 f:”z sin®*"1g cos®~'9 d@

3. By = fyw* T (@—w)?ldu (4)
Proof:

Since B(x,y) = f;o t*"1(1-¢)Y1dt

.

d
Let /t=% —» de=2
/

a a
[ Ift=0 — u=0

\ Ift=1 —» wu=a

\’ ~ B(x,y) = J::O (g)x‘l (1 o g)y_l (%u)

1 a _ _
= 1+1I0 ux 1(a_u)y 1du

am-1+n—

=1 j'oa u* 1 (a—u)tdu

am+n—1

(2)
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o X1
4, Baw=l e )
Proof:
Since B(x,y) = f;o 0 — )Yt
= ¢ u 1+u-u du
f,]’/é = 1+u B e= (1+u)? du = (14u)?
Ift=0 ——» u=0
\ Ift=1 » U=
.\\\ J‘m u x-1 u y—1 du
B P — 1 —
£ x.7) S0 (1 + u) ( 1+ u) (1+u)?
co ux—l
= 0 (1+u)X—1ty-1+2 du’
_ o X1
—Jo (1+u)xty
5. The relation between Beta and Gamma function:
I'(m) '(n)
B =
(m,n) '(m+n) L
Proof:
Since r(n) = fomx“'l e * dx,
and O(m) = ;" x™ 1 e™* dx
/ Hence rm)T(n) = fom it g% i fom vV leVdy
II,’;! = -[f’:o .[::{} um-1 yn-1 e—(u+v) du dv
Let m=x?! oand v=9°
\ du =2xdxand dv =2ydy
N

> T(m)T'(n) = fxoio fyoioxzm‘z y2n=2 o=(*+y%) 2y dyx 2y dy

0 00
s 4f f x2m-1 y2n—1 e—(x2+y2} dx dy
0 0

(3)
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Transform the integration from cartesian to polar coordinates, where
x =rcosf and
y =rsiné
x2 +y% =12
dx dy = rdrdf

rm)T(n) = 4};:? f:o(r cos 0)2™1 (rsin @) e rdr df

7 0
=4 j'nfz cos§2™ 1 sin@2n1t gg [ r2mim-1 oo gy
."Ill 0 ( d \
/ | \
.'I | II“II'
I|II 1'[;2 II‘.
| ¥ B{m,n) =12 f gt gEine™ g do |
| Y |
And | /
| 3
w, k+1 /
|III 00 K —arD F (T) % e
".‘ i - dr = )
0 pap
a
r(m+n)
~ T'(m)T(n) =2 B(m,n) 3
I(m)T'(n)

Therefore, B(m,n) = T omim

(4)
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Example: Show that

e
f sin® 8 dé = , a>-—1
» 2T (a + 2)
2
Solution
With the help of Eq. (3):
) fon/z sin?*~19 cos?Y~10 d6 =% B(x,y)

_ 1T®T{)
T2 T(x+y) ' xy >0

' ) 1 1
' C0n51der2x—1=a—>x=%—h'-°x>0—r%>0-r-'-a>—l

. and 2y—1=0—»y=%

| tpag = [ gmin o = EITE)
Yo [ sin®710 cos?T'0d6 = [ sin" dﬂ—ﬁ

()

2

e —— a>_

T2

Useful relation for the product of gamma function and its complementary:

ORI =~y = Sin”ﬁx 7

Such as I (é) r (g) = sirirnx

(Aasllas) 94 oo (A A glae AL
V(3
1. Evaluate fol \/% sol. :r(%)
4

2 Show that [ ¥4x —x dx = 7%
(5)
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