Gamma Function
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Gamma function is defined by the integral

I'(x) = f g gty wng (1)
0
Some useful remarks:
Jf)dx = G(x) f: f(x) dx = Constant j;f(y)dy =Q(x)
Jy ettt ldt=T(n), n>0 J, ey tdy =T(n) J, et t*"1dt =T(x)
J, e tt1de=T(0), x T et de =l J3) Ji e de =T 5

fume‘ttxdt=l‘(x+1), Xx+1>0 or x>-1
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Some properties of Gamma function

1. The recursive relation
Mx+1)=x2I'(x), x>0 (2)
a gall x a8 aead LS Al alay) (S 4831 238 (e

Proof:

SinceT'(x +1) = fom t*etdt /

integrate by part \

fudvzuv—jvdu

Letu=1t* dv=e"tdt

du = xt*ldt,v=—e"t
\ o

Therefore, T(x+1) = [t* (e O)IF — [, (—e™t) xt* 1dt

—-—[t% e 5P+ x fom e R

= —[ce™® —0e % + x ['(x) ( e =0
=—[0-0] +x'(x)
=xI'(x)
2. 17{1) =1
Since I'lx+1)= fooo % g bt

Therefore, T'(1) = fom t%e~tdt

= fome'tdt
= lim[—e &

R—oo

S
=— lime‘R—eﬂ] [ ,%l_‘f';e =il }

R—-oo

=—[0-1]=1
(2)
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3. Gamma function is a generalized form for the factorial function.
If x 1s integer (n), gamma function became factorial function
Le.,

I'm+1)=n!, n>0 (3)
Proof:
Using eq.(2) for integer values of x
I'm+1)=nT(n) using’'(n) =(n—1)I'(n-1)
=n(n—-1)T(n—-1) wusingl(n—-1)=m-2)[(n-2)
=n(n—-1)(n—-2)T(n—-2)
=nn—-1)n-2)(n-3)[(n-3)
=nn-1)(n-2)(n—3)....1.TA) wherel'(1) =1
=nn-1)mn-2)(n-3)....1

= nl

4. Eq. (2) can be used to evaluate gamma function for negative values of x.

T(x+1)

[(x)=—22 ,x#0, x+1>0 (4)
or—1<x<0
SIS 5 Al x (g20 Ay 3 LS Al alagy (4) A8l L1 S5 Ky
[(-0.5) = — I'(0.5) where I'(0.5) = V&
= —2J&
[(-2.5) = j I(—1.5)
1 1
1 1 1
= e e W)
&

= (=25) (-1.5) (-0.5)
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r0.8)
(-3.2)(-2.2) (-1.2) (-0.2)

r(-3.2) =

These relations can be generalized as follows:

F(x) =-T(x+1) using [(x +1) = — [ (x + 2)
1 1 ; 1
—;mr(x‘l'Z) usmgl"(x-i—Z)—mF(x+3)
1 1
=% i It d)

X gaengall e all I daad of (32U HL et 1%a

3 I'(x+k) , O R
I'(x) = . e, v 0,#1#2..,0<x+k<1andkis integer
B r(0.8)
r(=3.2) = (-33)(~23) 1.2) (—02)
(s gihae) 90 ga A A glae AL
Example 1: Evaluate [~ t* e 2 dt sol. %

Example 2: show that fol \/lnd(yTy) =

Example 3: show that f:ﬂ(tan3 6 +tan®6) e" 2" 0dg =1/2

(4)
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Problem 13

J— R :
Show that fo x" e dx = 22 (3)

am

3

where n, m, a are real positive constants
Solution:
Since fomy“'l eYdy=T(n),n>0
Y gl el yals elly g o3let iy yaall JalSall 4uii dapa ) (5) 453 o slinall JalSall gy sais o i Sl
Let y =ax™
¥ o x o a0 e (5) Al & JalSll yuaia Ol g Jagal 129

n

1
xm=zﬂx=(2)m M xn=(Z)m

a a a
d
mx™t dx=;y dy =amx™ 1dx
m
=am™— dx
X
€9
=am—5 dx
&
a
g
=am (Z) ™ dx
a
m-—1
=am (Z) ™ dx
a
1-m
p 1-m
a2 (93
ma a
@ 1-m
oo el © Y. — _v dy Y\ m
Therefore eq.(5) becomes [, x"e ™ dx = [ C)me™ E(E)
1 o0 n-m+1 _
=—m [,y e7ady
mam
1 n-m+1
= e T2 4 )
mam
1 n+1
=—m ['()
me
-

(5)
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Example: Show that ['(1/2) = V&
Solution:
2 L) = fooo t* e tdt , x>0
For x=1/2
r@/2) = [ t2etdt
To solve this integration, let
t=y2 — dt=2ydy
r(/2)=/["y e 2ydy
=2 fom e dy
=2 T
Where = fom e ™ dy
E= fome‘yz dy .fnm e dx
= Jroo Jpeg e @+ dx dy
Transform the coordinates from cartesian (x, y) to polar (r, ) coordinates:

dA =dxdy =rdrdf |

xz EE yz — r2 y dA =rdrdo

12 = f::ﬂ f;ije“’z rdr df - R

- R/Z ©o _rz " dr
= [, ,d0 [ _ re T dr f
_m o0 2 0
== J, redr ‘ —
_ I r() \
B B o compare with
n+1

_x T =)
— 3 J'O x?'l e ax dx — T&

ma m

'-FG)=21’=2*7H=\/E n=1, a=1, m=2

(6)
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