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Review for Laplace Transform

e Laplace Transform
o Properties of Laplace Transform

e Inverse of Laplace Transform



Laplace Transform

In order to compute the time response of a dynamic system, it is necessary to
solve the differential equations (system mathematical model) for given inputs.
Laplace transform is one of the favored ways by control engineers to do this.
This technique transforms the problem from the time (or t) domain to the
Laplace (or s) domain. The advantage in doing this is that complex time
domain differential equations become relatively simple s domain algebraic
equations. When a suitable solution is arrived at, it is inverse transformed back

to the time domain.

The Laplace transform is an integral transformation of a function f (t) from

the time domain into the complex frequency domain, giving F (s).

Time Domain Frequency Domain
Laplace Transform

f@® F(s)

Given a function f (t), its Laplace transform, denoted by F(s) is defined by
F(s) = f(ne ™ dt

A companion to the direct Laplace transform in the above equation is the

inverse Laplace transform given by

f(©) = LTHF ()]



EX:- Determine the Laplace transform of each of the following functions:
(a) u(f), (b) e “u(t),a = 0, and (c) 8(1).

a- For the unit step function u(t), shown in below figure , the Laplace

transform is
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b- For the exponential function, shown in below figure, the Laplace

transform is
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c- For the unit impulse function, shown in below figure 5(1)
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HW/ Find the Laplace transforms of these functions: r(f) = fu(f), that is, the
ramp function; Ae” “u(f); and Be ™/ u(r).

EX:- Determine the Laplace transform of f(t) = sin wt u(t).
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Properties of the Laplace Transform

The properties of the Laplace transform help us to obtain transform pairs

without directly using the original Eq.
e Linearity

If F;(s)and F,(s) are, respectively, the Laplace transforms of f; (t) and £, (t),
then

;{:lﬂ]f]{” + Hzfz“}l — ﬂlF]{S] + L?EFE{.F]




Ex:- Determine the Laplace transform of f(t) = u(t) + 6(¢t) + t u(t)

Sol/
Llu(®)] = 3
LI6()] =1

Lltu®)] =

1 s2+s+1

F(S) =F1(S)+F2(S)+F3(S) =%-|—1_|_S_2=

s2

e Frequency Shift

If F(s) isthe Laplace transform of f (t), then

Ml =

Lle“f(Hu) = | e “fle " dt
0

s =

= f(he T dt = F(s + a)

or

Lle ™ f(Hu(n)] = F(s + a)




Ex:- Evaluate the Laplace transform of f(t) = e~%t sin wt u(t)

Sol/
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Lle “ sinwtu(t)] = S -
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e Laplace Transforms of Derivatives

If F(s) isthe Laplace transform of f (t), then
LIf®)] = sF(s) = £(0)

L[f®©)] = s2F(s) — s£(0) — £(0)

LIf(®)] = s3F(s) — s2£(0) — sf(0) — f(0)

LIFM(®)] = s"F(s) = s f(0) = s" 72 (0) — - = f"7(0)

Ex:- Use the Laplace transform of the second derivative to derive

L]si t u(t)] =
[sin wt u(t)] T



Sol/

f(t) =sinwt

f(t) = wcos wt

f(t) = —w?sin wt

f® =0

fO=w

By using Laplace Transforms of Derivatives property
LIF(©)] = s*F(s) = s (0) = f(0)

mmm) L[-w?sinwt] = s2L[sinwt] —s* 0 — w
—> —w? * L[sin wt] — s®L[sinwt] = —w
—> w?L[sin wt] + s?L[sin wt] = w

mam) L[sin wt](s? + w?) = w




Properties of the Laplace transform.

Laplace transform pairs.*

Property fit) Fis) flt) Fis)
Linearity a,filt) + a, fo() a Fy(s) + a,F5(s) al1) 1
Scaling flat) l.-'*" 2 u(r) L
a \a g
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dt" — - = f00) - @
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Time integration [ flx)dx —F(s) ;
0 ! coswl —
F tf () d Fis) T
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differentiation s sin(wf + ) S5m0+ cosd
fin “ it
Frequency - Fis)ds scosf — w sind
integration s cos(wt + 6) —
Ti iodicit f)=fit +nT dlC L
ime periodicity (1) = f(r + nT) —— o~ gin ot : ?r —
Ty + w
Initial value 0 lim sF(s) rrarTe
faed o s+a
. ) € T COos wl —_—
Final value fle=) JJI_IE‘I] sFis) (s +a)y +w
Convolution Fill) * fa(t) Fi(s)F5(s)




The Inverse Laplace Transform

The Laplace inverse of F(s) means transform it back to the time domain and obtain the

corresponding f (t).
Suppose F(s) has the general form of

N5

Dis)

F(s) =

Where N(s) is the numerator polynomial and D(s) is the denominator polynomial. The
roots of N(s) = 0 are called the zeros of F(s), while the roots of D(s)=0 are the poles of
F(s). We use partial fraction expansion to break F(s) down into simple terms whose
inverse transform in the table on the previous lecture. Thus, finding the inverse Laplace

transform of F(s) involves two steps.
1. Decompose F(s) into simple terms using partial fraction expansion.
2. Find the inverse of each term by matching entries in Table on the previous lecture.

Let us consider the three possible forms F(s) may take and how to apply the two steps

to each form.

A-Simple Poles (Unrepeated Poles)

A simple pole means a first-order pole. If F(s) hasonly simple poles, then D (s) becomes
a product of factors, so that

Ni(x)

F(s) = - _
|5 - ||'3'|:":_\.' - j']-\._l Rl e jr]rll

Where s = —p;, —p,, ..., —prare the simple poles, andp; # p; forall i # j



Assuming that the degree of N(s) is less than the degree of D(s), we use partial

fraction expansion to decompose F(s)

. ky ky K
F(s) = + + -+
s+p s+ p; § T Py

We can evaluate the coefficient k& from

k= (s + ppFis) |,—

—

Ex:- Find the inverse Laplace transform of

s2 412

Fls) = s(s+2)(s+3)

Sol/ The partial fraction of F(s) is

__s4+12 A4 B ¢
Cs(s+2)(s+3) s s+2 s+3

F(s)

Where A, B, and C are the constants to be determined. We can find it from

s+ 12 12
A=35Fs) o= ———— - =2
=0 T T DG+ 3) ‘Fn (2)(3)
s+ 12 4+ 12
B=(s+2F(s)|__,= = -
{i I::‘I §= < ..1||::..1I + 3] s=—1 {—2]{1}
2+ 12 9+ 12
= (s 3 §) |s=—3 = B TE T
' 5 + }F['!-] |_; : ss + 2} s=—1 1_3}[—1} 7

Evaluate A = 2,B = —8 & C = 7 in the general equation of F(S), we will have

8 N 7
s+2 s+3

2
F(s)=—-

S
Take the inverse of the above equation (evaluate inverse of each term)

fl =2 -8+ Te ul)



B- Repeated Poles
Suppose F(s) has n repeated poles at s = —p . Then we may represent F(s) as

n n—1

k k-
b o n—1 T T 2
(s +p) (s + p) (s +p)

F(s) =

.{'[
s+p

_|_

T FJ[.‘”

Where F; (s) is the remaining part of F(s) that does not have a pole at s = —p .We

determine the expansion coefficient k,, as

jf;_'” = ['1. A Jf)}”F{?} |_*.' P

d B
[(s + p) F(s)] |s=—»

knt =
: ds .
Repeating this gives
1 d°
k, »=——[(s+ p)"F(s)] |,—_,
= 2! .:f.a“[ ! 1, '
The mth term becomes
k : 'ml + p)'F(s)] |
‘n—m — § ? 5 5 1
m! ds™ $ T ' !

Ex:- Calculate v(t) given that

105 + 4
s(s + 1)(s + 2}3

Vis) =



Sol/ The partial fraction is

105 + 4
V(s) = 5
sis+ 1(s + 2)
A B C D

+ S+
s s+1  (s+2) s+ 2

The constant are

2
A =sVI(s) |;—g = 105" ~ 4 3 = 4 s =1
(s + (s +2) [s=0 (1)(2)
B=(S+1]V{s]|_=_l=m52—+4 __ 14
’ sts+ 2% ey (—D(1)
105> + 4 44

C=(s+2°V(©s) |,- o=

- = =22
s(s+ 1) s (=2)(—1)
D = i[{s + 2)*V(s)]
A

B i(lﬂsz + 4)‘
d s=—2 ds 52 + § 5=—2

_ (57 + $)(205) — (10" + 4)(25 + 1)
(52 + 5]2

- = - 13
§=—2 4

Evaluate the values of A4, B, C & D on F(s), we will have

14 13 22
+ + -
s+ 1 §+ 2 (s +2)

1
Vis) = ; —

Taking the inverse transform of each term, we get

v(t) = (1 — 1de "+ 13¢ 2 + 22te Hu(r)



C-Complex Poles

The complex poles mean that there are (sin or cos) at the corresponding time function.
An easier approach to simplify this form is a method known as completing the square. In

this case F(s) may have the general form

.-"Jll.‘; e ;4:
F(s) = — + Fy(s)
s +as+ b

Where F; (s) isthe remaining part of F(s) that does not have this pair of complex poles.

If we complete the square by letting

s> +as+b=s"+2as+a’+ ,8: = (s +a)] + ,8:
and we also let

."1[.5' + A_‘- = ."1[{.5' + cx) + B[JB

Then the general equation becomes

A(s + a) BB
+

F{'Ii'] = ¥ 7 7 ¥
(s+a)y+p° (+a)y+p

+ Fi(s)

By using the table on the previous lecture (taking the Laplace inverse)

f() = (Aye”“ cosBt + Bie “ sinBu(t) + fi(r)

Ex:- Find the inverse transform of the frequency-domain function in below form

20
H(s) = 3
(s + 3)(5° + 85 + 25)




Sol/ In this example, H(s) has a pair of complex poles at s + 85 + 25 = 0
ors = —4 T j3. We let

20 A Bs + C
H(s) = 5 = +—
(s +3)(s"+8 +25) s+3 (s + 8 +25) (D)
20 20
A=(s+ 3)H(5) |- 3= =— =2
( HS) |s=— s+ 8 +25 [(— 3 10
To find B & C we will
1- Put s=0 on Eq1, this will result
0_A,C
75 3 25
or
20 = 25A + 3C
As A=2 EEEE) C=-10
2- Puts =1 on Eql, we will have
20 _£+B+C
(4)(34) 4 34
or
20 = 34A + 4B + 4C
As A=2,C=-10 EEEE) B=-2
SoH(s) is
H B 2 B 25 + 10 B 2 _2(5+4}+2
©) =373 (s> +8+25 s+3 (s+42+09
2 2s+49) 2 3

s+3 (s+424+9 3(+472+9



Taking the inverse of each term, we obtain

2
h(r) = (Ze 3 — 2e ¥ cos 3t — 3¢ ¥ sin 3!‘)&'{!‘}

Laplace Transform Applications

The main use of Laplace transform in linear system studies is to solve the linear system

equations. To solve an equation by Laplace transform, we go through four distinct stages
(a) Rewrite the equation in terms of Laplace transforms.

(b) Insert the given initial conditions.

(c) Rearrange the equation algebraically to give the transform of the solution.

(d) Determine the inverse transform to obtain the solution.

Ex:- Solve the following differential equation using Laplace transform.
x+4x =10e3t  x(0) =6
Sol/

(a) Convert the equation to Laplace transform, i.e.

[sX(s) + x(0)] +4X(s) = Sl__03

(b) Insert the initial condition, x(0) = 6

10
[sX(s) + 6] +4X(s) = p—

10

——6
s—3

X(s)[s+4] =
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-
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6s — 8
s—3

X(s)[s+4] =

(c) Rearrange to obtain

6s —8
XS = 19
X(s) = 6s —8 A B

G-3)s+4) s5-3 s+4a

10
A= (5= 3)X()|s=s = — = 142

A= (S + 4)X(S)|S=_4 = _—7 = 4.57

So X(s) is

1.42 N 4.57
s—3 s+4

X(s) =

(d) Taking inverse Laplace transform to obtain x(t).

x(t) = [1.42e3 + 4.57e*]u(t)

HW!/ Using Laplace transform to solve.

CY Y 4y 0 =2 y(0)=-1
dt at T YW= )=




