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Chapter Two

Transient Circuits

2.1 First-Order Circuits

Now that we have considered the three passive elements (resistors, capacitors, and inductors

individually, we are prepared to consider circuits that contain various combinations of two or
three of the passive elements. In this part, we shall examine two types of simple circuits: a circuit
comprising a resistor and capacitor and a circuit comprising a resistor and an inductor. These are
called RC and RL circuits, respectively. Before begin in analysis the mentioned circuits, some

definitions should be discussed :-

1- A first-order circuit is characterized by a first-order differential equation.

2- The natural response of a circuit refers to the behavior (in terms of voltages and currents)
of the circuit itself, with no external sources of excitation.

3- A source-free circuit occurs when its dc source is suddenly disconnected.

4- A capacitor consists of two conducting plates separated by an insulator (or dielectric). Fig
2.1 shows different types of capacitors.

5- Capacitance is the ratio of the charge on one plate of a capacitor to the voltage difference
between the two plates, measured in farads (F).

: : : . d
6- The relationship between capacitor current & voltage is:- i = C d—: :

7- An inductor consists of a coil of conducting wire as shown in Fig 2.2.
8- Inductance is the property whereby an inductor exhibits opposition to the change of
current flowing through it, measured in henrys (H).

: : - : di
9- The relationship between indicator current & voltage is:- v = L d—i_ :
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Fig 2.1 Several different types of Fig 2.2 Several different types of
commercially available capacitors. commercially available inductors.



2.2 The Source Free - RC Circuit

A source-free RC circuit occurs when its dc source is suddenly disconnected. The energy already

stored in the capacitor is released to the resistors. Consider a series combination of a resistor and
an initially charged capacitor, as shown in Fig. 2.3. (The resistor and capacitor may be the
equivalent resistance and equivalent capacitance of combinations of resistors and capacitors.) Our
objective is to determine the circuit response, which, for pedagogic reasons, we assume to be v(t)
the voltage across the capacitor. Since the capacitor is initially charged, we can assume that at

time t = 0 the initial voltage is

v(0) =1, .. (2.1)

[ b
with the corresponding value of the energy stored as

C = v = R
w(0) = > CV2 .. (2.2) -

. o _ L
Applying KCL at the top node of the circuit in Fig. 2.3 yields =
ip+ic=0 .. (2.3) Fig 2.3 A source-free RC

circuit.

. . . dv . v
By definition i, = CE’ and ip = = Thus,

dv %4 dv v
CE + E_O ...(2.4), or E + E_O ...(2.5)

This is a first-order differential equation, since only the first derivative of v is involved. To solve

it, we rearrange the terms as

Lo Lt ... (2.6) Ingrate it Inv=——=+InA
v RC RC

where is the integration constant. Thus,

t
]nZ - — — Taking powers of e produces v(t) — Ae RC .. (2.7)
A RC

But from the initial conditions v(0) = A =V, , so the circuit response is

v(t) = Voe_% ... (2.8)




Eq. (2.8) shows that the voltage response of the RC circuit is an exponential decay of the initial
voltage. Since the response is due to the initial energy stored and the physical characteristics of
the circuit and not due to some external voltage or current source, it is called the natural response

of the circuit.

The natural response is illustrated graphically in — Vo

Fig. 2.4. Note that at we have the correct initial

condition t = 0 as in Eq. (2.1). As t increases, the 0.368V, |---->

voltage decreases toward zero. The rapidity with

-

. . : 0
which the voltage decreases is expressed in terms !

of the time constant, denoted by T = RC, so Eq. Fig 2.4 The voltage response of
the RC circuit.
(2.8) will be :-
_t
v(t) =V,e = .. (2.9)
This implies that at t = 7, so v(t) will be equal to
v(t) = 0.368V,

So the time constant 7 of a circuit is the time required for the response to decay to a factor of

1/e or 36.8 percent of its initial value.

With the voltage in Eqg. (2.9), we can find the current iy as :-

=20 _Yo, ... (2.10)

The power dissipated in the resistor is

Lr_} .

» 2
RE

p(t) = vip = which is w(0)
the same as the
] . ) energy initially
The energy absorbed by the resistor up to time £ is stored in the

capacitor.

we(t) = | p(AdA = | = 274\
‘0 ‘D
L ﬂfl:i' —2A/T ? _ l(‘l-’:fl _ o /T Ast—» Wi = lCVO2
= R £ = 2 "ol £ ), )

0



Example 2.1 :- In Fig. 2.5, let v.(0) = 15 Find v, v, and i, fort = 0

80

_\__\-_i- + I._.:r +
5Q = 0.1 F == v, 12Q % o

Fiag 2.5 For Example 2.1.



Example 2.2:- The switch in the circuit in Fig. 2.6 has been closed for a long time, and it is opened

att = 0. Find v(t) fort = 0 Calculate the initial energy stored in the capacitor.
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Fig 2.6 For Example 2.2.
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2.3 The Source Free - RL Circuit —

Consider the series connection of a resistor and an _ |+
inductor, as shown in Fig. 2.7. Our goal is to L E:’l R j_"f?
determine the circuit response, which we will assume
to be the current through the inductor. Jr—
Fig 2.7 A source-free RL
At t = 0 we assume that the inductor has an initial current I, or circuit.
i0) = I, .. (2.12)
with the corresponding energy stored in the inductor as
.. (2.12)

1,
w(0) = =L I

Applying KVL around the loop in Fig.2.7 .
Uy, + Up = 0 (213)
But v; = Ldi/dt and vp = iR. Thus,
di
L—+Ri=10
dt
or

i  R._ .. (2.14)

Rearranging terms and integrating gives

i) gs -t
1 R
i = — | —dt
~|x.. : ‘l[)
i) Rr I Rr
In i = —— = Init) —Inl,=——+10
L L
Iy 0
or
i(t Rt
In ) _ ... (2.15)
Io L

Taking the powers of e, we have

i(t) = Ie R/L ...(2.16)




This shows that the natural response of the RL circuit
IS an exponential decay of the initial current. The
current response is shown in Fig. 2.8. It is evident
from Eqg. (2.16) that the time constant for the RL

circuit is
L
T=7 ... (2.17)
Thus, Eq. (2.16) may be written as
_t
i(t) =1,e = ... (2.18)

i) A

Tangent at =10

03681, | --27%

Fig 2.8 The current response of
the RL circuit.

With the current in Eq. (2.18), we can find the voltage across the resistor as

I
!'.u' T

E.-"R{f_:l = IR = JF”Rf’
The power dissipated in the resistor is

p=uvgi =IgRe =’

The energy absorbed by the resistor is

=i

‘0 “0

ar

1,
we(t) = ;L Ig(l —e =7

we(f) = | p(A)dA = [2e M7 d)\ = —‘; [2Re 27|
0

... (2.19)

... (2.20)

As t—» WR =—ng

-

-

which is the same as the initial
energy stored in the inductor as in
Eq. (2.12).

y




Example 2.3 :- In Fig. 2.9, let i(0) = 10 Find i(t), i,, and i,.(t) .

Fig 2.9 For Example 2.3.



Example 2.4:- The switch in the circuit in Fig. 2.6 has been closed for a long time, and it is opened

att = 0. Find i(t) fort = 0 Calculate the initial energy stored in the capacitor.
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Fig 2.10 For Example 2.4.



2.4 The Unit-Step Function

The unit step function u(t) is 0 for negative values of t and 1 for positive values of t. The

mathematical representation of unit-step function can be written in three ways according to the

shift status, these status are :-

1- General form ( There is not any shifting ) as shown in Fig. (2.11):-

i) A

0 i

Fig 2.11 The unit step function
without shifting

2- Unit step function delayed by t, shown in Fig. (2.12):-

ult — fp) 4

{(} I In I -
u(t — fo) = ] —

=Y

0 Iy
Fig 2.12 The unit step delayed
by to.

3- Unit step function advanced by t, shown in Fig. (2.13):-

H{F -+ I[]} r 1

0, t << —t
H”+f||}:{] . Ir‘I] —]
. — T 0

i

—lIp 0

Fig 2.13 The unit step advanced
by to.



We use the step function to represent an abrupt change in voltage or current, like the changes that

occur in the circuits of control systems and digital computers. For example, the voltage

0, <ty
v(f) = v ... (2.22)
':..I" —

may be expressed in terms of the unit step function as

v(r) = Voult — ty) ... (2.22)

If we let t, = 0 then v(t) is simply the step voltage V,u(t) .A voltage source of is shown in Fig.
2.14(a); its equivalent circuit is shown in Fig. 2.14(b). Similarly, a current source Iyu(t) of is

shown in Fig. 2.15(a), while its equivalent circuit is in Fig. 2.15(b).

rooren
I [ 1
Vou(t) (Z

A
=
=
LAl
i+
-y

{a) (b)

Fig 2.14 (a) Voltage source of Vyu(t), (b) its equivalent circuit.

O a O o a

Tpu(t) {j? — Iy I.M_tz':

L o b o b

{a) (b)

Fig 2.15 (a) Current source of I u(t), (b) its equivalent circuit.



Example 2.5:- Express the voltage pulse in Fig. 2.16 in terms of the unit step.
v(t) A

10

| | |
0 1 2 3 - 5

-

Fig 2.16 For Example 2.5.
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2.5 Step Response of an RC circuit

When the dc source of an RC circuit is suddenly applied, the
voltageor current source can be modeled as a step function,

and the response is known as a step response.

So, the step response of a circuit is its behavior when the
excitation is the step function, which may be a voltage or a

current source.

Consider the RC circuit in Fig. 2.17(a) which can be
replaced by the circuit in Fig. 2.17(b), where V; is a
constant dc voltage source. Again, we select the capacitor
voltage as the circuit response to be determined. We
assume V,, an initial voltage on the capacitor, although this
Is not necessary for the step response. Since the voltage of

a capacitor cannot change instantaneously,

v )Y =v(07) =V,

where v(0 ) is the voltage across the capacitor just before switching and
v(0™) is its voltage immediately after switching. Applying KCL, we have

dv v — Vul(n) B

dt R
or
dv v Vs
— + — = u(r)
dt  RC RC

where v is the voltage across the capacitor. Fort > 0, Eq. (2.24) becomes

E 1 v 1ﬂ
dt  RC RC
Rearranging terms gives
dv L v = .li';.x'
dt RC
or
dv dr

v—V a RC

¥

R =0

+

e A

W *\:—F_,;' C T
(a)
R

| +

Vi) () C ==
(b)

Fig 2.17 An RC circuit with voltage
step input.

... (2.23)

... (2.24)

... (2.25)

... (2.26)



Integrating both sides and introducing the initial conditions,

() L
In(v — V;) = ——
Vv, RC 0
f
Infvin) — V) —In(Vy — V) = —+ 0
n(v(t) s) n( s) RC
or
v — V, t
n————% = —(——— ... (2.27)
Vo — V, RC
Taking the exponential of both sides
v— Ve —_RC
—V[J —v =g i r =
U — 1:’}_ — .l’]rr’” — 1;’.1_} e tfr
or _
vty =V, + (Vo— Ve ",  t>0 ... (2.28)
Thus,
Vo, t =0
v(t) =4 ° o A ... (2.29)
Vi + (Vo — Vye : t =0

This is known as the complete response (or total response) of the RC circuit to a sudden
application of a dc voltage source, assuming the capacitor is initially charged. Assuming that V, >

Vo , av(t) plot of is shown in Fig. 2.18.

vli) A
If we assume that the capacitor is uncharged initially, we
. LJ' ___________________
set V, = 0 in Eq. (2.29) so that !
0, r<<0
u(r) = o i
Vil —e 7). r =0
- IIr"r[ll
which can be written alternatively as .
0 f
v(f) = V(1 — e "Mu(t) ... (2.30) Fig 2.18 Response of an RC circuit

with initially charged capacitor.



Eqg. (2.30) is the complete step response of the RC circuit
when the capacitor is initially uncharged. The current

through the capacitor is obtained from Eq. (2.30) using
. dv
i(t) = CEWe get

Vs t/r (2.31)
- I ”_Ir]. e .
H £

i =

Figure 2.19 shows the plots of capacitor voltage v(t) and

capacitor current i(t).

From Eqg. (2.28), it is evident that has two components.
Classically there are two ways of decomposing this into
two components. The first is to break it into a “natural
response and a forced response’’ and the second is to break
it into a “transient response and a steady-state response.’’

.Table 2.1 shows these responses.

(1) &

A

bl

(a)

i) A

==

bl |

(b)

Fig 2.19 Step response of an RC circuit
with initially uncharged capacitor: (a)
voltage response, (b) current response.

Table 2.1 Time steps response components of an RC circuit

Natural response and Forced response Transient response and Steady-state
response
Complete response = natural response + forced response Complete response = transient response + steady-state response
stored energy independent source
or
or
o= 1 v =u;+ L
where where
v, = V,e " =(V, — V.)e
and and
v =Vl — e 7) vy = V,
Where v, & v, are natural response and forced | Where v, & v,, are transient response and
response respectively. steady state response respectively.




Thus, the transient response is the circuit’s temporary response that will die out with time while
the steady-state response is the behavior of the circuit a long time after an external excitation is

applied. Whichever way we look at it, the complete response in Eq. (2.28) may be written as

v(f) = v(®) + [v(0) — v(=)]e V7 .. (2.32)

where v(0) is the initial voltage at t = 0*and v(o0) is the final or steady state value.

Note that if the switch changes position at time t = t, instead of at ¢ = 0 there is a time delay

in the response so that Eq. (2.32) becomes
v(t) = () + [0(f) — v(=)le W/ - (2.33)

where v(t,) is the initial voltage at t = t, and v(o0) is the final or steady state value.



Example 2.6:- The switch in Fig. 2.20 has been in position A for a long time. At t = t, the

switch moves to B. Determine v(t) for t > 0 and calculate its valueat=1sand 4 s .

3kQ A B 4KQ
AN "‘.,."'-\. ™ e Ty

AN A
LR

24V (*)  s5ka3 v == 05mF (*)30V

Fig 2.20 For Example 2.6.



Example 2.7:- In Fig. 2.21, the switch has been closed for a long time and is opened at t = 0.

Find i and v for all time.

: t=0
wa ' X
S + —_
30utn) V (%) 005  v=4F (£)10v

Fig 2.21 For Example 2.7.



2.6 Step Response of an RL circuit

R
Consider the RL circuit in Fig. 2.22(a), which may be i’-
replaced by the circuit in Fig. 2.22(b). Again, our goal is PN =0 L+
V. (+) L = ()
to find the inductor current i as the circuit response. Rather s\ -
than apply Kirchhoff’s laws, we will use the technique of
two components as in the last section . Let the response be (a)
the sum of the transient response and the steady-state R
response, o if
'~.+
P—iai ..(2.34) Viult) .\;:'. L T-E vit)
As i, =Ae "7, & .= R , S0 the above equation will be
(b)
LV
i=Ae "7 + N ++(2:39) Fig 2.22 An RL circuit with voltage

step input.

We now determine the constant A from the initial value of i. Let be I, the initial current through
the inductor, which may come from a source other than 1 .Since the current through the inductor

cannot change instantaneously,

i) A
i0") = i(07) = I, .--(2.36) I
Thus, at = 0, Eq. (2.35) becomes
Vel T
V, R
Ih=A+—
From this, we obtain A as 0 f
A= — Vi Fig 2.23 Total response of the RL
- fo ? circuit with initial inductor

currentl,.

Substituting for A in Eq. (2.35), we get

i(r = L " (f - 1';-*')&, /= | Or can be written > (1) = i(>) + [i(0) — i.ix}]f"_r'h
R " R,

This is the complete response of the RL circuit. It is illustrated in Fig. 2.23.




Again, if the switching takes place at time t = ¢t instead of at t = 0, the last equation becomes

i(1) = i) + [i(ty) — i(=)]e " to)/ T ...(2.37)
If I, =0 then
0 t <0
i(f)y =41V,
' (1 —¢e "7, t>0 ...(2.38)
R~
Or
Vs .
(1) = —(1 = "Mt .(239)

This is the step response of the RL circuit with no initial inductor current. The voltage across

the inductor is obtained from Eq. (2.39) using v = L Z—i .We get

=12 v Lo L >0
W) =L—=V,—e ", T
v =50 T RS R
Or
v(t) = Ve "7u(r) ...(2.40)

Figure 2.24 shows the step responses in Egs. (2.39) and (2.40).

i) A o(£) A
A I .
R !
0 ¢ 0 >
(a) (b)

Fig 2.24 Step responses of an RL circuit with no initial inductor current:
(a) current response, (b) voltage response.



Example 2.8:- Find i(t) in the circuit of Fig. 2.25 for t > 0 .Assume that the switch has been

closed for a long time.

Fig 2.25 For Example 2.8.



Example 2.9:- At t = 0, switch 1in Fig. 2.26 is closed, and switch 2 is closed 4 s later. Find
i(t) fort > 0. Calculatei fort =2sandt =5s.

.5, t=0 .
X p be
L ﬁ Sgr G l:
t=4
40V (F) 202 < 5H
-~ ] =

e
v (*)
T
L

Fig 2.26 For Example 2.9.



