7. Numerical Solution of Partial Differential Equation
The PDEs serve as models for elliptic, parabolic, and hyperbolic. For example,

the Laplace equation is a representative example of an elliptic type of PDE, and so
forth.
A PDE is called quasilinear if it is linear in the highest derivatives. Hence a

second-order quasilinear PDE in two independent variables x, y is of the form;

Note:
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u is the unknown function. This equation is said to be of; u. = au
Xy
OX oy
Elliptic type if ac —b?>0 (example: Laplace equation)
Parabolic type if ac —b?=0 (example: heat equation
Hyperbolic type if ac —b?<0 (example: wave equation)

7.1 Solution of 2-D Laplace Equation;

2
Vau=u,, +u, =0

To obtain methods of numerical solution. we replace the partial derivatives by

corresponding difference quotients, as follows. By the Taylor formula,
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Subtract Eq.(2) from Eq.(1), neglect terms in h? h®, ...,

1
U (y) m o i y)—uGc=hy)] = u = (U =)

Similarly
uy(X’y)NE[u(X’y—'_ )—U(X,y— )] = uy‘j’i:E(ui,j+l_ui,j+l)
(x,y+k)
() ®ijt+l
k k
h h h +h — [ h - h ®
(x-hy)e ‘(x,y) ® (x+h,y) oy T g
Kk k
() ®ij-1
(x,y-K)
To obtain second derivative. Adding Eq.(1) and Eq.(2);
1
U, (x,y)zF[u(x +h,y)-2u(x,y)+u(x —h,y)]
1
Uy |i,j :Fl:uiﬂ,j _Zui,j +ui—1,j] (4)
Similarly
1
Uy, (x,y)zF[u(x +k,y)—2u(x,y)+u(x —k,y)]
1
Uy |i,j :F[ui,jﬂ_zui,j +ui,j—1:| (5)

Substitute Egs. (4) &(5) into Laplace Equation, get;
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h_lz[um,j —2U; | +ui—1,j:|+%|:ui,j+1_2ui,j +ui,j—1:|=0

*Ifh=k
Upgj U g U +U 5 —4u =0
, Uy U UG U
..Ui,j - 4
Note:
ei,jtl [ 1 ]
k (Called Stencil, pattern,
., . h 1 -4 1 molecule, or star)
i-1, j® t j °itl,j > .

®ij1

Can be rewritten the Laplace Equation in stencil as;

Ex. The four sides of a square plate of side 12 cm made of homogeneous material are
kept at constant temperature 0 °C and 100 °C as shown figure. Using a grid mesh
4 cm. Find the (steady state) temperature at the mesh point.

yA

0°C
03 1,3 3,2 33

12

0,2 3,2
: 1,2 2,2 :
100°C R 100°C |::>

0.1 11 2T |31

0 100°C 12 X 0,0 10 20 30

Grid and mesh points
Given Problem
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Sol. The equations for 2-D in steady state as;
VA =u, +u, =0
Consider the mesh points;
h=k=4
QUi =Uig FU g +UG g U
* Boundary Condition
U,o =U,,=100C

Uz =U,;=0 °C

Uy, =Ug, =100°C
Uy, =U;, =100 °C
At point (1,1)

4u1,1 =U,; +Ug, +Uy, +U g = 4u1,1 =U,, +1OO+uL2 +100

4u1,1 —Uy; —Uy, = 200 (1)
At point (2,1)
A, =Ug, +Uy +U,, +U, g = AUy, =100+u111 +U,, +100

4u2,1 —Uy; —Uy, = 200 (2)
At point (1,2)
4u1¥2 =Uy, +Ug, +Up 5 +U,, = 4u1¥2 =U,, +100 + 0+u1‘1

4“1,2 —U,, Uy, =100 (3)
At point (2,2)
4u,, =Uz, +U, +U,;+U,;, = 4u,, =1OO+uL2 +O+u2,1

4“2,2 —Uj, —Uy = 100 (4)

Solving Egs. (1), (2), (3), and (4) by Iteration method or Gauss-Jordan method to
finding the interior point u,,,u,,, U,,, and u,,
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Rearrangement above equations

(1) If using Gauss-Jordan elimination method (Practical for small system of equation)

as;
—4u,, + Uy +Up, =-200
u, —4u,, + U,, =—200

—)

Uy, —4u, + u,, =-100

u, + U, —4u,, =-100

1 0 —200
0 1 —200
—4 1 —-100
1 -4 —-100

(2) If using Iteration method (Practical for large system of equation) as;

u, =0.23u,, +0.25u,, +50
u,, =0.25u,, +0.25u,, +50
u, =0.25u,, +0.25u,, + 25
u,, =0.25u,, +0.25,, + 25

Ex. Find the temperature distribution for the following plate.

y A
0°C

12

100°C R 100°C

0 LIS SIS
~uy=0

XV

Given Problem

To find the temperature at isolation side
u,,—u
_ 11 Mo g
2k

U2,1 _uz,o -0
2k

u \ =
Y10

y ‘2,0
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Grid and mesh points
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At point (1,0)
4u1¥0 =U,o+Ugg+Up +U ; = 4U1,o =U,, +100 +Uy; +Uy
4u,,—u,,—2u,, =100 (1)
At point (2,0)
4u2‘0 =Ugo+Upg+Uy, +U, ; = 4u2,0 :100+u1,0 +Uy, +U,

4u,,—Uu,,—2u,, =100 (2)
The other points same the above example

H.W. Complete the other points and solution using Gauss-Seidel Method.

H.W. Write a computer programming to solve 2-D Laplace equation in case of
Dirichlet or Neumann Conditions.

7.2 Solution of Parabolic Equation; (1-D Diffuse equaton)

In this section we explain the numerical solution of the prototype of parabolic
equation, the one dimensional heat equation;

iut =u,, (1)
o

2
X :space 0<x <L ,t:itime t>0 «:thermal diffusivity[m—J
S

The initial condition u(x,0) =f (x ) (given) and boundary condition at x=0 and x =
L forallt >0.Using AXx =h, At=k

u. . . —u. .

1
u | == ) Forward difference (a)
tli,j k

1
Uy |i,j ZFI:ui+1,j -2, +ui—1,j]

(b)
Subs. above Egs. (a) & (b) in Eq.(1);
1 1
a_k[ui,jﬂ_ui,j]:F[qu,j _Zui,J' +ui—1lj}

ak
i,j+1:F

ok 2ak
ui,j+1:F|:ui+1,j +ui—1,j:|+(1_ n? jui,j
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Ui j1 2(1_2r)ui,j +r|:ui+1,j +ui—1,j]

ak
where r = —
h

. 4 :

0,3 J'1,3 132 l3,3 )=3
atx:Oﬁ T2 22 132 ? ul,, .
0.1 1 21 (31 =

k
h
0.0 i=1 \izz i=3 x "
u‘att:O

Initial condition

Figure; Grid and mesh points

i, j+1
k
h
e ®
i-1, j I ] i+1, ]
-1
r (1-2r) r

Figure; stencil for Four Points

N. B. For convergence and stability of explicit method is the condition;

ak 1
h? = 2
time step
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Ex. A bar is initially at 100 °C, it's ends are attached to a constant temperature body

at 0 °C. Find the temperature distribution assuming a = 0.1, Take Ax=h=0.25.

Sol. If h=0.25and o = 0.25

The condition for stability is; o
h? i £

ak 1
h? =~ 2 20
2
< gfg’l >k <03125 | |
' 03¢ ? 243
Take k =0.25 13  [3.2 3.3
029 @, ) © 42
ak 0.1*%0.25 1,2 2,2 3,2
T 0w ! 01
| " L1 121 731 (41
t o

0o S
X ’ 10 20 30 40
ui,j+1=(1_2r)ui,j +r|:ui+1,j +ui—1,j]

* Boundary conditions

Atx=0 Ugy =Ug, =Ugs=...=Uy; =0
i, j+1
Atx=L Uyy =Uy, =Ugy=...=U,; =0 I
* Initial conditions Att=0 i-1,j® i, | .i+1,j
Upg=U,o=Uzo=...=U; =100

Compute the other points using the above formula

Att=0.25 j=1
Uy, = 0.2, +0.4[ Uy, +Uy o | =0.2%100+0.4(100 +0) = 60
Up; =0.2u,, +0.4[ Uy, +U, 5 |=0.2%100+0.4(100+100) =100
Uyy =0.2U5, +0.4[ U, +U,, | =0.2%100+0.4(0+100) = 60

Att=05, j=2
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U, =0.2u;, +0.4] U, +Uy, |=0.2%60+0.4(100+0) =52
U,, =0.2u,, +0.4[ Uy, +u,; |=0.2*100+0.4(60+60) = 68
Us, =0.2u5; +0.4] Uy, +U,, |=0.2%60+0.4(0+100) =52

Att=0.75 j=3
H.W. Complete the other points

continue the procedure for until the steady state condition that is not change the
value of u at increase the time t.

H.W. Write a computer programming to solve 1-D heat equation.

7.3 Solution of Hyperbolic Equation; (1-D Wave equaton)

In this section we explain the numerical solution of the prototype of hyperbolic

equation, the one dimensional wave equation;

C_2utt =Uy, (1)

X :space 0<x <L ,t:time t2>0 c:speed(mj
S

Initial displacement u(x,0) =f (x ) (Given)

Initial velocity u, (x ,0)=v (x ) (Given)

boundary condition u(0,t) =u(L,t)=0
Using AX =h, At =k

1
Uy |i,j :F[uiﬂ,j _Zui,j +ui—1,j:|

()
1
utt|i,j :F[ui,jﬂ_zui,j +ui,j—1] (b)

Subs. above Egs. (a) & (b) in Eq.(1);
1 1
Cz?[“i,jﬂ_zui,j +ui,j—1]:F[Ui+1,j —2U; +ui—1,j:|
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c2k 2

ui,j+127|:ui+1,j —2U; +ui—1,j:|+2ui,j +U; 1

2 2
Ui =20=r"u; ; +r1 (ui+1,j +ui—1,j)_ui,j—1

ck
where f = —
h
i, j+1
r ®
y
7 K
: [ h L 0)
t 4 i-1, j i, j i+1, j
oi, j-1
03¢ 11,3 03,2 13’3 ® j=3
0277 Mz T2z T8z | 172
0,1 & j=1
| S S CR R X ] 1
K
h 2 2 2
t=0—>  &—o—s — r< 2(1-r r
0,0 0 20 B0 x * (1-r°)
¢ ® ; -1

Figure; Grid and mesh points Figure; stencil for five Points
* The condition for convergence and stability of the solution;

(1—r2)20 = r<1 :%31 .°.ksg

At initial velocity v(x) given (Att=0,j=0)

. _ ul ’0 _ul 1_1 . .
v (Xi ) =U, ‘ =— Using Backward difference
i,0 k
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Ex. For the string shown, find the motion using Ax = 0.25, speed ¢ = 1 m/s.

2 0.25<x <075 ) i .
0  otherwise / . . . )/
1 ............ : ........... : f(x) :
! : .
| I I
1
Sol. h = Ax = 0.25 i
h 03— 13 32 133 |
r<li — ..k<—
¢ 02— T2 T2z 1z |
k <025 —take k =0.2 ’ ’
_ck 1702 _ 0.8 T 1 T |
h 0.25 k
h
t=0
r’=0.64 T 007 Mo f20 B0 40
6 o ¢
| Jj+l _2(1 r )U (ui+1,j +ui—1,j )_ui,j—l L 2 31
TR 0. 72u [+ 0. 64( g Uy )_ui,j—l Figure; Grid and mesh points
* Boundary conditions;
Ugo =Ugy =Ugp =Ugz = e =0
Ugo =Uyy =Uyp =Upz = =0
Att=0,j=0
Initial conditions (1.C.)
o=f (ih) Note: Some time the function
(0 25) _05 f(x) given as; f(X)= sin ntx
(0 75)
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u; ; =U; o —kv (ih)
U, , =U;,—kv (0.25)=0.5-0.2*2=0.1
u, , =U,,—kv (0.5)=1-0.2*2=0.6

Uy, =Uy,—kv (0.75)=0.5-0.2*2=0.1

Uy, =0.72u; , +0.64 (U, +Ugo ) —U, _; =0.72%0.5+0.64(1+0)-0.1=0.9

Upy =072, +0.64(Ugq +Uyo ) —U, , =0.72*1+0.64(0.5+0.5)—0.6=0.76
Ugy =0.72u,,+0.64(u,, +U,0)—U; ; =0.72%0.5+0.64(0+1)—-0.1=0.9
Att=0.2,j=2

Uy, =0.72u, +0.64 (U, +Uy; ) —U; o =0.72%0.9+0.64(0.76 + 0) — 0.5=0.6344
U,, =0.72u,, +0.64(uy, +U,, ) —U,, =0.72%0.76 +0.64(0.9+0.9) -1=0.6992
Uy, =0.72u,, +0.64(u,, +U,, ) Uy, =0.72%0.9+0.64(0+0.76) - 0.5=0.6344
Att=04,j=3

Note: Can be calculate half points and using the symmetry to obtained the
others points

H.W. Complete the other points

H.W. Write a computer programming to solution the hyperbolic equation.
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