4. Numerical Integration and Differentiation

4.1 Numerical Integration:

Numerical Integration constitutes a board family of algorithms for

calculating the numerical value of a definite integral

Tf (x )dx

Why do we need numerical integration?

e To integrate tabulated data

X 0 0.5 1 1.5 2.0

f(x) 1.2 1.8 3.1 4.6 7.6

e Analytical integration may be impossible or infeasible

Va

Such as j%dx

2
2
or jex dx
0 X 0

1. Trapezoidal Rule

. fx) 1
[ (x)dx :
a :
n: No. of divisions (strips) i |
ax =22 RN |
n VAL A2 As L '
0 " R L
Total area = [f (x)dx =D A, =Xy X leA_il(s X=b
a i=1 X
Alzﬂ.Ax ’ Azzm_AX e An:M_AX X1 = Xp + AX
2 2 2 =a+ AX
X2 = X1 + AX

b
If (x)dx = AXx |:f3a+f1+f2+...+fn_l+f?b:|
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2. Simpson Rule

Note: No. of division (strips) should be even f(x)

Alz%(f0+4fl+f2)

A, =%(f2+4f3+f4)

n

AX a=Xo X1 X2 X3 Xa Xp=b

An :?(fn—3+4fn—2 +fn—l) I‘A_X’l
< AX
[ (x)dx =?[f0+4f1+2f2+4f3+2f4+---+2fn_2+4fn_1+fn]

yfo =, X =X +AX , X, =X, +AX -+

2
Ex. Evaluate | = J'e ~*dx using trapezoidal & Simpson methods. take h = 0.25.
0

Sol. No. of division = b-a_2-0 =8
0.25
Trapezoidal Simpson

" x f =™ f =g
0 0 1 1
1 0.25 0.939 0.939
2 0.5 0.779 0.779
3 0.75 0.570 0.570
4 1 0.368 0.368
5 1.25 0.210 0.210
6 1.5 0.105 0.105
7 1.75 0.047 0.047
8 2 0.018 0.018

Sl 1.018 | 3.018 1.018 1.766 1.252
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(1) Trapezoidal I, = AX [%+fl+f2+f3+f4+f5+f6+f7+f58:|

- 0.25[%(1.018) +3.018} ~0.88175

X

(2) Simpson |, = fo+daf, +2f, +4f , +2f , +4f  + 2f . + 4 +f
S 3 0 1 2 3 4 5 6 7 8

= 0'—55[1.018 +4*1.766 +2*1.252] = 0.88216

4.2 Numerical Differentiation:

e First Order Derivative: Forward, Backward, Central Difference Formula
e Second Order Derivative: Forward, Backward, Central Difference Formula
Why numerical Differentiation needed?

e To diff. tabulated data

X 0 05 1 15 2.0
f(x) 1.2 1.8 3.1 4.6 7.6

e Analytical Diff. may be more complex

Such as :—X[Sin(BX ? +e‘3x2)e > } or ;—X[e‘“sin(Zln(X +1))}

+* First Order Derivative

f(x-2h) f(x-h) f(x)  f(x+h) f(x+2h)

x-2h x-h X x+h x+2h
¢ ¢ ¢ ¢ >

h=step size

Previous Current next
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In previous section in finite difference
o For forward difference Af,=f, —f, Ingenerally Af =f_  —f

n n+l n

Ao = A(Af ) =AF, —Af = (F,—F,) - (f, —T,)
=f,—2f +f,

e For Backward difference Vf, =f, —f, Ingenerally  Vf_=f_ —f |

df Af _Af _f(x+h)-f (x)

f' =— =

)= " = h

F/(Xo) = F, :—flgfo

f'(x)= f(x+h)-f (x) is called (2 points forward difference)
h

f '(xl)zﬁwlzfl;fo

f'(x)= f(x)-f (x-h) is called (2 points backward difference)
h

% Using Newton Forward interpolation formula

f (x)=f0+rAfo+%A2fo+ r(r_lgl(r_z)ﬁfﬁ

f,(x):di_ﬂd_r X=X dr 1

dx _ dr dx h  "dx h
ar 1 d—{fo+rAfo+r(r2|_1)A2fo+r(r_lgl(r_z)A?’f +}

dx hdr 0

—_— 2_
ol ’(X)=%[Afo+ 2r2| 1A2f0+3r :Sr +2A3f0+ }

** If Using "Three-point formula™ find f, f,/;and f,.
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f ’(x):%[AfO 2r2 L A% } "Three points formula"

X, —X X —X
0-0 where r = hO

(Atx=X%, =
N YR R VI _Liaf L ar
f'(x,)="f, h{Af Af} h{Afo A(Afo)} h[Afo 2(Af1 Afo)}

fo)-

o |

((1,=F)~(12))
1
2n
1
2n

I\)II—‘

oo =—[-3f, +4f —f,] is called (3 points forward difference)

[_fo +4fx+h _fx+2h]

X

Sl =
2

Xl_XO
h

(iAtx=x, , r= =1

: 1 1
f (x1)=fl=H[Af0+5A2fo}

o f)= T [f —fo] is called (3 points central difference)
, 1
fx zﬁ[fxm _fx—h]
X,—X, 2h
H)Atx=%, r=-2—"-90="—-=2
(i) 2 h h

o1 3
f2 :H|:Af0+§A2f0:|

o f) = %[f0 —4f, +3f,] s called (3 points backward difference)
£ = [y —4F, 43 ]
2h
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Ex. If f (x) e sin(2In(x +1)), then estimate f '(2.0) using 2-points and 3-

points formula. Used the step size, h=0.2 and find the absolute error each of them.

Which is the best approximation?

Sol. f (x)=e™ sin(2In(x +1))

X f (x)=e‘xzsin(2ln(x +1))
1.6 0.07287
1.8 0.03458
2.0 0.01484
2.2 0.00576
2.4 0.00202

1) 2 points forward difference
f (22)-f (2.0)

fr= M=) ) — -0.04541
h 0.2
2) 2 points backward difference
fr(x)=1 (X)_L(X N L f(20)- 208 a9g75

3) 3 points forward difference
1

fx’:E[_‘?’fx +4fx+h_fx+2h]
1
~1'(2.0)= =3f (2.0)+4f (2.2)-f (2.4) |=-0.05877
(20)= 5553 (20)+4f (22)1 (24)]
4) 3 points central difference
-.-f;:i[fx+h ~f,.] = f '(2.o)=f (22)-1 (18) __ 57207
2h 2*0.2
5) 3 points backward difference
, 1
f) :E[fx‘”‘ —4f, , +3f, ]
- ’(2.0):2*—102[f (16)-4f (1.8)+3f (2.0)]=-0.05237
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e To find the absolute error and the best method. We need Exact solution for

the derivative for x=2.0

f (x)=e*%sin(2In(x +1))

df
dx

~.f7(2.0)=-0.06651

X +1

—=f'(x) =e‘“[icos(2m(x +1))

Exact solution

Absolute error, ¢ =|Exactvalue — Numerical value|

}—er‘“sin(ZIn(x +1))

Numerical Exact Absolute
No. Method
value error

1 2 points forward difference -0.04541 -0.06651 | 0.02110
2 2 points backward difference -0.09873 -0.06651 0.03222
3 | 3 points forward difference -0.05877 -0.06651 | 0.00774
4 | 3 points central difference -0.07207 -0.06651 | 0.00556
5 3 points backward difference -0.05237 -0.06651 0.01414

The best approximation method is 3 point central difference since min. error

H.W.find f, f,;and f, using four-point formula.

N.B. if h not constant using Lagrange interpolation to find differentiations.

(x —x;)

o (X, =x;)

f(x)=3 N, (X)F,,

where N, (x)=]]
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