3. Finite Difference, Interpolation and Extrapolation

Finite Differences

e

Forward difference Backward difference Central difference

1. Forward differences:

f(x) ,

f,

f;
Af,=f,—f, ‘
Af, =f,—f, |

IXo )'(1 XI2
Af =f_ . —f_  "1st Forward difference"

A% = A(AF ) = Af, — AF = (f,—F,)—(f,—,)
=f,-2f +f,

+f "2nd Forward difference"

n+l n

A% =f - of
A, =A(A%F ) =Af - 2AF , +Af,

:(fn+3_fn+2)_2(fn+2 _fn+1)+(fn+1_fn)

SN =f -3 43 —f

n n+3 n

Or A =A%_.,—A*_ "3rd Forward difference"
A=A A
A =AY AT k=1,23,..)

Ex. Construct the forward difference table for the following data;
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X 0 0.5 1 15 2.0
f(x) 1.2 1.8 3.1 4.6 7.6
n Xn f, Af A, Af A,
0 0 1.2 S——» 0.6 W--» 0.7 -0.5 1.8
1 0.5 18 1, 13 7102 1.3 -
2 1.0 31 / 1.5 1.5 - -
3 1.5 4.6 3.0 - - -
4 2.0 7.6 - - - -
2. Backward differences: v
Vi, =f, -
vf, =f —f. , " 1st Backward difference"
Vi =vf —Vf . "2nd Backward difference"
=(fn _fn—l)_(fn—l_fn—z)
=f —2f  +f
V¥ =v*_ —V* . "3rd Backward difference”
V', =V -V
Ex. Construct the backward table for the last data.
n Xn f, Vi, VA Vi, Vi
0 0 1.2 - - - -
)
1 0.5 1.8 /W—* 0.6 - - -
2 1.0 31 /15 1.3 0.7 - -
3 15 4.6 15 0.2 -0.5 -
4 2.0 7.6 3.0 15 1.3 1.8

17




3. Central differences: "o
S5f, = fo=ty
2

Or

of :%(Afn +Vf,) "lstCentral"

1

= (a1 =(F, )]

5fn :%(fnﬂ +fn—1)

5 n = 5(5f n ) = %(51: n+l —of n—l)
5%, =6%(5F,) = %(5% =67, )
51y = (000071, )

H.W. Construct the central difference table for the data in previous example.

Interpolation and Extrapolation

* Linear interpolation
f,—f, -1,
X, =Xy, X=X,
(f _fo)h Z(X _Xo)Afo

N3 4

X —X
f=f,+ - LAf,
_ X =X,
h X
f =f,+rAf, "linear"'
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** Quadratic interpolation

f =f0+rAfO+r(r2_1)A2f0

***Newton Forward interpolation formula

f =fo +rAfo +—r(r2I_1)A2fo + r(r _13)'(r _2)A3f0+ r(r _1)(r4:2)(r _3)A4f + .

***Newton Backward interpolation formula

VA S

r(r+1)(r+2) v+ r(r+1)(r+2)(r+3)

f =fo+er0+r(r—_1)V2fo+
2| 4

Ex. For the same data in last example, find f( - 0.5), f(1.25), f(2.75) using linear and
quadratic and 4-term Newton formula.
X 0 0.5 1 1.5 2.0
f(x) 1.2 1.8 3.1 4.6 7.6

Sol.
f(-0.5)="7 extrapolation

linear : f =f,+rAf, r =

Xo=0 ,h=05 "step" h=Xu1- Xy r=——=-1
f (-0.5)=1.2+(~1)(0.6)=0.6

Quadratic: f =f,+rAf, +@A2fo
f (_o.5)=1.z+(_1)(o.6)+%*o.7=1.3

4-term Newton Forward formula

0

f :f0+rAf0+r(rl_l)AzfoJrr(r_13?I(r_2)A3f

f (-0.5) :1.2+(—1)(0.6)+%(0.7)+ (_1)(_62)(_3)(—0.5) =18
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f(1.25) =7 Letxo=1.0 Note: Assume the X, nearest to the desired value

X=X, 125-1
h 0.5

f (1.25)=f,+rAf,=3.1+0.5%1.5=3.85

linear : r = 0.5

Quadratic :
r(r-1 5*(-0.
f (1.25) =f,+rAf,+ ( > )A2f0 =3.1+ 0.5*1.5+M*1.5 = 3.66
4-term Newton formula Let xo=0.5 *Because X,=1 not found A%f,
X—-X, 125-0.5
r= = =15
h 0.5

f :f0+rAf0+—r(r2l_l)A2fo+r(r_13?I(r_2)A3f0

1.5*%0.5 1.5%0.5*(-0.5)

0.2+ *1.3=3.74

f (1.25)=1.8+15*1.3+

f(2.7)=7 Let X, =2.0 Note: Using Backward Table because containing all terms

. S 2.15-2 _
h 0.5

linear : f (2.75)=f,+rvf,=7.6+15*3.0=12.1

1.5

Quadratic :
1.5*%25

f (2.75)=f,+rVf, +@v2fO —7.6+15%3.0+ *1.5=14.91

4-term Newton formula

£ of, +rve, + T D gor Vi,

r(r+1)(r+2)

* * *
15%25,, . 15 265 35, 3_17 75

f (2.75)=7.6+15%3.0+

Note: Newton interpolation formula can be used only when the point are equally
spaced ( h = constant).

H.W. Write a computer program to interpolate f(x) using Newton forward and
backward formula using n-term.
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Lagrange Interpolation formula

This method has less accuracy them Newton formula, but it has advantage of it
can be used for equally or non-equally spaced data.

where, n: number of terms - 1
Ex.iftaken=2

f ()= 3N, (O, =Ny, +N 00, +N, 00f,

k=0

_ 2 (X_XJ)_ X —X,) X,)
0 o) )
T (x=x;) _(X=X) (x=xy)
T D x) ) ()

Ex. For the last example, find f(1.25) using 3-term Lagrange interpolation formula.

Xo X1 X2
X 0 0.5 1 15 2.0
x =1.25 fx) | 1.2 1.8 3.1 4.6 7.6
n=No.ofterms-1=3-1=2 fo f; fa

fu):iNkaﬁkszm%+Ngmn+Ngmg
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N - (x =%;) (X =x,) :(1.25—1) (1.25—1.5):_0.125

k:8 (Xo_xl).(xo_xz) (0'5_1).(0'5_1'5)
( (x —x,) (1.25-05) (1.25-1.5)

)
N, = . = : =0.75
-1 (X1 =X,) (x;=X;)  (1-05) (1-1.5)
N, = (X =X,) | (x —=x,) _ (1.25—0.5).(1.25—1) _0.375
=2 (X,—X%,) (X,—x;) (1.5-0.5) (1.5-1)
~.f (1.25)=-0.125*1.8+0.75*3.1+0.375*%4.6 = 3.825

N.B. Using Lagrange interpolation up to term.  (Max n=No. of point - 1)
H.W. Write a general computer program to read points (x,, f,) then construct the

difference table up A™f, then estimate y(x) for any x using 4-term Newton and

Lagrange interpolation.

4. Numerical Integration and Differentiation

4.1 Integration: fx) 1 fo
1. Trapezoidal Rule fy E
f2 !
r : |
Jt 0 0o 1! :
n: No. of divisions (strips) | Ali A, iAgi i
b-a R .
AX = n a=Xg X1 XZAXX3 Xn_]_:b X
b n
Total area = [f (x)dx = YA, X1 = Xo + AX
a = =a+ AX
X = X1 + AX
Alz%.Ax ’ AZZ%.AX e An: 2 1
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