5. Partial Differential Equations (PDES)

PDE: These equations contains more than one independent variable.

EX.
2 2 2
d -lz- + 2 -IZ- + 2 12- =0 T: dependent variable
ox® oy- oz
X, Y, Z : Independent var.
o o’ o 8
*—= ’ - = Or e D , — = DX
OX Z Ox? P OX ¥ OX
[ Types of Conditions ]
v ! !
Spatial Conditions Temporal (initial) Conditions
(%y.21,0 ) tt.)

[ Boundary Conditions ]

v v v

Dirichlet type Neumann type Mixed type
@ isgivenon C Vo is givenon C Vo & @ isgivenon C

T=0°C
EX.
S T=50°C T=90°C
1. Dirichlet type
TisgiveninC T=100°C
&T
=1l
‘ o
'* /
2. Neumann type AT _y VT,
L . &x : : £x
VTisgiveninC - L At
Foal T _r |g"— 60
Py yrryry. i
3. Mixed type T _y T=70°C

[+]
*
b T . . .

T&VTisgiveninC

T=50°C
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N.B. Classification of PDE is similar to the ODE.
Type of PDEs:

1. Heat diffusion equation |

fin

1
—u,=u
o

heat diffuse equ. in one dimension

XX

ou Al

Where; U, = R u,, = P and o : diffusivity

. U =u,, +u, heat diffuse equ. in two dimension

1 : : : :
—Uu, =Uu, +u, +Uu, heatdiffuse equ. in three dimension
o

2. Wave equation wire

o+ |

?utt = Uy wave equ. in 1D u: displacement
Where; c: speed

1 :

?uﬁ = U, +U,, wave equ. in 2D

Fu“ =U, +U,+U, waveequ.in3D
3. Laplace equation

u,+u, =0 Laplace equ. in 2D

u, +u, +Uu, =0  Laplace equ. in 3D
o° o0 0

=—+—+
ox>  oy* oz’

or Vu=0 , V?
4. Poisson's equation

U, +u, =f(xy) Poisson's equ. in 2D

Uy +Uy, +U, =f(X,y) Or Viu=f(xy) in 3D

Conic Section Classification
Using for 2" order, 2 variable, PDE

A, Y) B, +B(X, V), +C(X, ), = F (X, Y. 8.4,

X, y are any independent variables (Spatial or Temporal)
<0 elliptic eq.

Z=B*-4AC{=0 parabolic eq. Z:discrimination factor
>0 hyperbolic eq.
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Elliptic : Usually steady state problem required spatial B.C. only

Ex. Laplace equ.

P+ 9, =0 ~A=1l B=0, C=1
Z=B*-4AC=0-4*1*1=-4 <0 elliptic eq.
Poisson's equ. ¢, +¢,, = f(X,Y) elliptic eq.

Parabolic & hyperbolic equation represent Unsteady state conditions, therefore
require both spatial and initial B.C.

Ex. Diffusion equ.

szlgbt .A=1 B=0, C=0
a
Z=B*-4AC=0-4*1*0=0 parabolic eQ.
Ex. wave equ. in 1D
1 1
¢XX_F¢tt:0 ~A=1 B=0, C:?

Z=BZ—4AC:O—4*1*( 1j=i>0 hyperbolic  eq.

¢ ) ¢?

Ex. wave equ. 2D

1
?¢tt = ¢xx + ¢yy
elliptic equ. in (x, y) & hyperbolic eq. in (x, t), (y, t) coordinates.
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SOLUTION OF PDEs;

Separation of Variables or Product Method

In order to use the method of separation of variables we must be working with a
linear homogenous partial differential equations with linear homogeneous boundary

conditions.

if take wave equation in 1D.

1
U, =— Uy

XX 2

C
Assume U(X,t) = X(x).T (t)
u — XII X .T t
XX () ”( ) Subs. in the diff. eq.

X"(X).T (t) = Ciz X(x)T(t)  divided by X (x).T (1)

X”(X) B iT”(t)
X(x) ¢* T(t)
The left side is independent of t, but the right side must also be independent of x.

Therefore, being independent of both x and t, each side of equation must be a
constant.

N 1T e positive con.
(X)=—2 (t) = constant< 0 Zero con.
X() ¢ T() 2 |
-4 negative con.

Taking negative constant
X'(x) _
X (x)
(D-i2)(D+il)X =0 = . X(x)=ce™ +c,e™
X (x) =c,(cosAx +isinAx)+c, (cos Ax —isin Ax)

=A . =B .
:M coslx+M sin Ax

- X(X) = Acos AX + Bsin Ax

A7 X))+ AX(X)=0 — (D2+A2)X =0
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iT”(t) B
c® T(t)
(D-iAc)(D+iAc)T=0 = ~T(t)=ce”™ +c,e ™
- T(t) =EcosAct + Fsin Act
or ..T(t)=Ecoskt+Fsinkt where k = Ac

P ST+ AT () =0 — (D2+A%)T =0

In this case the solution

u(x,t) = X (x).T (t) = (Acos Ax + Bsin Ax)( E cos Act + F sin Act)

** To apply the boundary conditions, there are three cases:

(@) (b) ©

A

v
v

Pl » <
< » l

L L L
3 ht R hf N hf
N P b P N P

w(0,0)=0 , w(x,0)=f(x) ||u(0,6)=0 , w(x,0)=f(x)| |u0,0)=0 , w(x,0)= f(x)
u(L,t)=0  , u(x,0)=v(x)||lu(L.)=0 , u(x,0)=v(x)||u(L,))=0 , u(x,0)=v(x)

If apply the case (a)

B.C. u(0,t)=u(L,t)=0

u(x,t) = X (x).T (t) = (Acos Ax + Bsin Ax)( E cos Act + F sin Act)
(1) apply the u(0,t) =0

u(0,t)=0=(A*1+B*0)(EcosAct+ FsinAct)

u(0,t) =0= A(Ecos Act + Fsin Act)

" T (t) # 0 since this will give trivial solution — . A=0

u(x,t) = Bsin Ax(E cosAct + Fsin Act)

su(x,t)=sin Ax(E"cosAct+ F"sinAct)  where E'=B.E, F=B.F
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(2) apply the u(L,t)=0

~.u(l,t) =0=sin Al (E"cos Act + F"sin Act)

"+ T (t) # 0 since this will give trivial solution _

wsinAL=0 — AL=nr —>/1=nT7r :>.‘.in=nT7Z n=12, 3,

“u,(x,t) =sin 4, x(E, cos 4,ct + F,"sin A ct)

. NZTX( — « nzct « . Nxct
=sin—| E, cos——+F, sin——
L L L

u(x,t) = iun(x,t) R isin 2.X(E, cos A.ct+F,"sin A,ct)
n=1 n=1

Apply the initial conditions u(x,0)= f(x) and u.(X,0)=Vv(x)
(3) Apply the u(x,0) = f(x)

nzX
u(x,0) = f(x) = Z(E x1+F, xO)smT

s f(x) = ZE smntx w =%

Apply the four series half-range sine series.

(4) Apply the u,(x,0) =Vv(x)
ut(x,t)=8—u=Zsin% —En*sinnLCt+ Fn*cosnLCt nre
ot o L L L L

u,(x,0) =v(x)= ZsmT( E"x0+F ><1)nfzc

n=1
V(X) = Z(”_fc Fn*jsin—mi X
n=1

Apply the half-range sine series
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L
e F = gJ'v(x)sin@dx >
L LY L

H.W. case (b) and (c) find the solution
H.W. Problems P.309 ""Wylie""

Ex. - im .
N r
c=2 ml/s Y \
0 0<x<% 1 1
1 LX<z
f(x)=412x-05 l<x<: v(x) = f(x) = P X<z
1 0  otherwise
0 S <x<1
/1n=n—7r:n7z
L

2 ¢ nzX v
E, = I! f (x)sianx =2 I (2x—0.5)sinnzxdx

0.25

. 0.5
—xcosnzx sinnzX 0.25cosnzx
=4 + +

nz n’z’ nz 025

0.5
.27 _nzX 1%, 1 [—cosnzx
F =—Iv(x)sm—dx:— 1xsinnzxdx =
nzc s L NIT o nz nz 025
-1 Nz Nz
= ——| C0OS— —COS—
/2 4
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Separation of VVariables for 2D Laplace equation

u,+u, =0
Assume U(X,t) = X (x).Y (y)
u, =X"Y

Subs. in the diff. eq.
u, =XY" \

X"Y+XY"=0 divided by X (X).Y (y)

N v A° positive con.
x((x))z—Y((y))zconstant 0 Zero con.
X
g % negative con.

Note: Select the constant dependent on B.C

1- If the symmetric about x-coordinate should be take negative constant = —A1

2- If the symmetric about y-coordinate should be take positive constant = A?
*If taking negative constant

X _ 2 X"+ 22X (X)=0 — (D?+A%)X =0
X(x)

(D-iA)(D+il)X =0 = .. X(x)=ce™ +c,e ™
X (x) = ¢, (cosAx +isin Ax)+c,(cosAx —isin Ax)

=A i =B .
=w cos/1x+|/(/c(zcjj sin Ax

- X(X) = Acos AX + Bsin Ax

YW gz vy 2 (y) =0 — (DP-AP)Y =0
Y (y)

(D_ﬂ.)(D-l-/l)Y :O = ,',Y(y):cseiy _|_C4e_/1y
Y (y) =c,(cosh Ay +sinh Ay)+c,(cosh Ay —sinh 1y)

= M:E cosh Ay +M:F sinh Ay

=Y (y)=Ecosh Ay +Fsinh 1y

920
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In this case the solution

u(x,t) = X (x).Y (y) = (AcosAx + Bsin Ax)(E cosh 1y + Fsinh 1y)

H.\W. if taking the positive constant = A find the solution.
Answer  u(x,t) =(Acosh Ax + Bsinh Ax)(Ecos iy + Fsin 1y)

50°C 50°C 20°C
T A
0°C 0°C|H 30°C 0°C 0°C 0°C
A\ 4
b 100°C > 50°C 20°C
L
Symmetric about x about y about x or y

Ex. Find the steady state temperature distribution for the following plate shown.

T +T, =0 100°C
o(X,¥y)=T(X,y)—25 satisfy Laplace eq.
25°C H 1 psec
D+ =0
< L g
B.C. v
0°C
D¢0,y)=0 , (2) #(L,y)=0
(3)#(x,0)=-25 , (4) p(x,H)=T75 75°C
Assume @(X,t) = X (X).Y (y)
0°C 0°C
P =X"Y g, =XY"
X"Y+XY"=0 % X.Y
-25°C
X 4 Y 4

vl constant=— A2 because symmetric about x
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X"+ A°X =0 = X(X)= AcosAx+ Bsin Ax
Y"-2% =0 = Y(y)=EcoshAy+FsinhAy

- @(x,t) =(Acos Ax + Bsin Ax)(Ecosh Ay + Fsinh 1y)
Apply the B.C.
B.C (1) #(0,y)=0
0=X(0).Y (y) ~Y(y)#0

~X(0)=0=Acos(0)  +Bsint0) = . A=0

¢(x,t) = Bsin Ax(Ecosh Ay + Fsinh 1y)

o p(x,t) =sin Ax(E"cosh 1y + F"sinh Ay) where E"=BE , F* =BF
B.C.(2) ¢(L,y)=0
0=sinAL(E"cosh Ay + F sinh 1y) »(E"cosh Ay + F sinh 1y) # 0

~SinAL=0 — Al=nx :>;L:”T”

- where n=1, 2, 3, ...

s p(x,t) =Y sin 4 x(E,"cosh 4,y +F,"sinh 4 y)
n=1
B.C. (3) #(x,0) = —25

25- sin;tnx(En* co T Esi :0)

—25= ZE: sinnTﬁx n% @, = . p=L (Fourier series)
=1

L _ cosmx_L
. 2 . Nz 50| L 50
S E.=—1(-25)sin—xdx = =—|cosnz -1
” L!).( N Y| nx oS 1]
I A
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B.C.(4) ¢(Xx,H)=75
75= Z (En* coshA H +F “sinh A H )Sin nTﬂ X Apply Fourier series

n=1
L
o.(E, cosh A4,H +F,"sinh 4, H ) = %j(?S)sinnTﬂxdx
0

_150
V4

Ey
F o 1 150
sinhAH| nz

(1-cosnx)

(1-cosnz) - r‘r:—o[cos nz —1]cosh A,H
T

1

sinhA H

nz ;

T(X, y)=¢(x,y)+25

S p(x,t) =) sin Anxi [—100 cosh Ay + (300+100cosh 4,H )sinh 4, yj
=1
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Ex2. Find the steady state temperature distribution for the following information:-

A thin square plate 0<X<L , 0<y<H has its faces insulated. The edges
X=0, y=H, maintained at zero temperature. The edge Y =0 is insulated and the

edge X =L is kept at a temperature 50°C. (An insulated edge implies that the normal
derivative of temperature is zero there).

Sol. 0°C
T,+T,=0

Assume T (x,t) = X(X).Y (V) 0°C Ho | soec
T,=X"Y , T, =XY" L
X"Y + XY"=0 % XY ANRVLNRARANN

cT A
X” Y” ) ] —
X = —7 = constant=4 because symmetric about y B.C
" 2 . D TOy)=0

X"-A°X=0 = X(x) = Acosh Ax + Bsinh Ax (2) T(L,y) =50

Y"+A%Y =0 = Y(y)=Ecosiy+Fsinly 3T 0 _,

~.T(xt)=(Acosh Ax+Bsinh Ax)(Ecos iy + Fsiniy) @ T(?’/H) o

Apply the B.C.

B.C (1) T(0,y) =0

0=X(0).Y (y) ~Y(y)#0

~X(0)=0=Acosh(0)  +Bsink(0) = ..A=0

T(x,t) =Bsinh Ax(EcosAy + Fsin iy)
S T(X,1) =sinh/1x(E*cosAy+ F*sin/ly) where E"=BE , F" =BF
B.C.(3) T,(x,0)=0

% =sinh ﬁx(—/lE*sin Ay + /IF*COS/ly)

0=sinh /lx(—AE*s/in{Cszo +/1F*9s(cfj:1)

sinhAx =0 S AF =0 A#0 SF
= T(x,t)=E sinh Ax.cos 1y

*

=0
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B.C.(4) T(x,H)=0
0=E"sinh Ax.cos AH

E" %0, sinhAx=0, ..cosAH=0 — AH :%T n:odd
~T(xt)=> E’sinh A x cosi,y n:odd only
n=1

B.C. (2) T(L,y) =50

N Nz nr nrx
50 = E sinhA L) cos— =—=——+ .. p=2H
2 L) cosyyy “=%"an P
Apply Fourier series
X ,Z 2H H
Ensinh/lnL_Z J'(50)cos Jydy Note : jzzj
0 0
H
E:sinhlanﬂjcoslnydy 100 ——(sin4,H -0)= 200, 17
H AH nz 2
E =— L Zoosinn” n:odd
sinhA,L nz 2
=200 . nzsinh A X Vs n
S T(xt) = sin —— COS A, sin—=(-1) n:odd
x1 ng‘n;z 2 sinh A L d 2 (=2)
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Separation of VVariables for 1D Diffuse Equation
1

Uy =—U
a
Assume u(x,t) = X(x).T(t)
u, =X"T

, Subs. in the diff. eq.
u = X.T

X'"T+XT'=0 divided by X.T

N LT A° positive con.
(x) =— (© = constant< 0 zero con.
X(x) aT(t) ) .
-1 negative con.
Taking negative constant
>><< — 2% =X"+22X =0 — (D?+%)X =0

(D-iA)(D+id)X =0 = . X(x)=ce™ +ce™
= X (X) = Acos AxX + Bsin Ax

iTr_

= =—2> ST'+2%T=0 — (D’+aA)T =0 —..T(t)=Ce ™"
a

In this case the solution

U(x,t) = X.T = (Acos Ax+ Bsin Ax)(Ce™")

su(x,t) = (A* CoSAX+ Bsin ﬂ,x)e“”zt
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Ex1. A bar of length L is subjected to the following boundary and initial conditions,

find the unsteady state temperature distribution.

u _ 1 u < L >
XX E t 0°C 0 °C
B.C I.C.
(D u(0,t)=0 L L
50 —< X< —
(2)u(L,t)=0 u(x,0)=f(x)= 4 2
0 otherwise

From the previous section get the analytic solution as;
su(x,t) =(A"cos Ax +Bsin ix)e‘“ﬂ“zt

Apply the B.C.

(1) u(0,t) =0=( A"cos(0) + B"sin(0) )e™" = A'e™*"
e 20 = .~A=0

S U(x,t)=B’sin Ax.e "

(2)u(L,t)=0=B"sinAL.e™' 5B 20 ,e“'%0

.SIﬂﬂ,L:O —> /1L=n72' :>.-./1=nT7Z- —)//annTﬂ. n:l’ 2’...
cu(x,t)=>Y B, sin 2 Xx.e” !

n=1
Apply the I.C.

-.u(x,0) = f(x)=) B, sin, x.e’
n=1
£ (X) =ZBn*sin”T”x.
n=1

2 ¢ nzx
Apply Fourier series B, = EI f (x)sin de
0
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Nz X
. 100%¢ . nzx . -100{“®7 | 100[ nr __nx
B,=—| sin—-dx= =——| C0OS— — COS—
s L L nz/L nz 2
L AL/4
su(x,t) = Z@{cosniZ —cosn—ﬂ}sin A X.e %
o N 4 2
Examples:
B.C. ) L ‘
(1) u,(0,)=0 / 0°C
(2)u(L,t) =0 ¢
B.C
< L R
(@) u,(0,t)=0 ;_‘ T,
(2)u,(L,t)=0 / /
Where U, :8_u

OX
Ex. The temperature u(Xx,t) in a strip of metal of width L is governed by the heat

equation au,, =U, for 0<x<L and t>0. Use separation of variables method to

find the unsteady state temperature distribution in the strip given that the initial

condition is u(x,0)=x and the boundary conditions
u, (0t)=u(L,t)=0 for t>0. The condition u,(0O,t)=0 expresses

mathematically the constraint that no heat flows through the left boundary (insulated

end condition).

-H.W. Problems P.327 ""wylie" Q.5,7,8
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