3. The Laplace Transform

e Concept of Transforms

An integral of the form
b
_[K (s,t)f (t)dt Is called integral transform of f(t).
a

The function K(s, t) is called kernel of the transform. The parameter (s) belongs to
some domain on the real line or in the complex plane.
Choosing different kernels and different values of a and b, we get different integral
transforms

Ex.: Laplace, Fourier, Hankel and Mellin transforms.

(i) For K(s,t)=e™,a=0, b =0, the improper integral

Ie'Stf (t)dt s called Laplace transform of f(t).
0

(i) If we set K (s,t)=K (m,t)=e"'",a=—-m, b =, then

I e '“f (t)dt is called Fourier transform of f(t).

Applications: Solution of
- Integral and integro-differential equations
- Ordinary and partial differential equations.
LAPLACE TRANSFORM

F(s)=Z{f (t)j=[e™f (t)dt "Laplace transform"
0

ft)=Z'F(s)= = j F(s)e®ds "Complex Inversion formula™

o—io
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Ex. Find Laplace transform for the function f(t) = 1

o L _e—stoo___l B _1
F(s)=Z{f (t)}zI{l}:J;e ldt==— = [0 1]_S

Table (1) Elementary Laplace transforms

f(t) F(s) f(t) F(s)
a . 1
a — e? —
S s—a
F(nnjl—l) 1s 1
t" y oS
n! P
B n apositive integer
sinat a cosat >
s’ +a’ s’ +a’
_ a S
sinhat 742 coshat 752
t 1 19
f.)Ff,(t) F.(s)FF,(s) [ (t)dt gF(s)+gjf (t )i
ef (t) F(s-a) t"f (t) (-1)" d d':n(s)

e Laplace Transform of Derivative

Zif ’(t)}:ofe‘st frt)dt =e'f (t)[: —Tf (t)(=s)e dt

0—f (0)+s]of (t)edt =sZ{f (t)}-f (0)

S L{E(t)}=sF (s)-f (0)

Generally:

Z{f O (t)}=s"F(s)—s" (0) =" '(0Q) =" "(0) —----f "V(0)
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e Laplace Transform for integral

t o [t » _t oSt °°_oo e
I{!f(t)dt}:![af(t)dtje dt_hf(t)dt(_sﬂo !f(t)(

=0
> 0

® e ) 1% -
= [f @)der— —!f(t)dt[:j+g£f(t)e dt

—S

1 17 st
==[f (t)dt +=[f (t)e “dt
Sa SO

240t @t L=LF (5)- 2 ()

t)dt r=—F(s)——|f (t)dt

£ (Ot = F(s)— I (t)

This can be extended to double, triple and higher integration.
! 1

I{jf (t)dt}=—F (s)
0 S

Ex. Find the Laplace transform for the functions

1-f (t) =sin’t
2—f (t)=t%"

=

f (t)=sin’t ,f’(t)=2sint cost =sin2t

~ft)=sin2t,  I{f '(t)}zszz+4

Z{f'(t)} =sF (s)—f (0) ++f (0)=sin0=0

~SF(s)= s(s%df)

714 — ~F(s)=Z{f (t)}=

or  sin’t :%(1—0032t):f t)

1 1 s 2
F)=——> % =
Lif @ 2s 2s2+4 s(sz+4)

2. f(t)=t%?
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I(tz):g S LI )=

t 1 t 2d2 1 2
U IEM) =t > Tite=(-) z(s_zj:

t
Ex. Find the Laplace transform for _[COS4t dt

S
o Zicos4t =
{ j s?+16
jcos4tdt 1.5 1
S s +16 s?2+16
Or jcos4tdt:5m4t IR I{sm4t} 1 4 1
0 4 4 S +16 s?2+16
Ex. Find the inverse Laplace transform for F (s) = +
s(s —4)
1 11 2
S :;z-l{_._. }
{3(32—4)} s 2 s2-4
cosh 2t

_j sinh 2t dt = [ } 1(cosh2t—1)
2 , 4

t t 1 .
Note: if case of (1/s°) using double integral; become _[( IES'nh 2t dtj
0 0

H.W Problems P. 241 " Wylie"

H.W (1) Find Laplace transform for the following function;

1-f (t) =tsinat 4—f (t)=esin4at
21 (t) =t coshat 5—f (t)=sin2t —t% =
3—f (t)=t’cos2t

t
6—jsintdt
2
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(2) Find Inverse Laplace transform for;

1 2
SN Py Ry,
_ _1(s-1
2-FB)=5y ~FE)= (s+1)
B 3
3_F(S)_s(sz+16)

* First shifting theorem, s-shifting
I f(t) has the transform F(s) (where s >k), then e*f(t) has the transform F(s - a)
(where s - a >k).

Z{e*f(t)}=F(s-a)

0

Proof:  L{e*f(t)}= ]oe—st [ (t) fdt = j e ' f (t)dt=F (s—a)
We can show that O O

b
(s+a)2 +b?

I(e‘at cos bt) __ >5+d

, I(e""‘sin bt)z

(s+a)2+b2
n!

I(e—att” ) = (S i a)n+l

*Unit Step Function (Heaviside Function):-
Unit impulse function 3(t) 4

1 t=0 1
o(t) =
® {O t=0

A(t) = AS(t) Dirac delta function t

A t=0
A(t) =
0 t+0

Z(s(t))=1 — Z(A()=A
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Unit step function, u(t)

0 t<0
u(t) =
0, 5,

Step Function (Heaviside function)

65

0 t<0
H(t) = Au(t) =
(t) = Au(t) { A i<t
r: 1 A
I(u(t)):jl.e‘“dtz— SE(H()=—
. S S
Shifting (Translated) functions A
1 t=a 5(t-a)
o(t—a)=
0 t+a
0 t<a
u(t—a):{ a
1 t>a
Z(u(t-a))= j u(t—a)e dt = j 0.dt + j 1.edt
0 0 a
~1r 41 -1 ) e ™
=—|e" | =—|0-e*|=
Lot =~ lo-e )=
Laplace transform of shifting functions
For example;
f(t) 4 t f(t) 4 (t-a)° } u(t-a)
- -
a t a t a
If we take the expression:
( Yu ) 0 t>a
t—a)u(t—a)=
(t—a)2 t>a



More generally , the expression
f(t—a)u(t—a)

Ex. What is the equation of the function whose graphs in shown below;

u(t) 4
1
t
Sol. A Ut
1
a b
a b t
su(t—a)—u(t—h)
= 4
k + :
1 HIC -

k[u(t-1)—2u(t—4)+u(t—6)]

Ex. What is the equation of the function whose graphs in shown below
it 4

ot

f(t)=2(t-1)

/1

The unit step function between 1 and 2 is u(t —1) —u(t — 2)
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.". The function between 1 and 2 ;
~2t-D)[u(t-1) —u(t-2)]

The unit step function between 2 and 4 is u(t —2) —u(t — 4)
.. The function between 2 and 4 ;

L(—t+)[ut-2)—u(t-4)]

The complete representation of the function is therefore;
2t-Dut-1) —u(t—2)]+ (-t +4)[u(t-1) —u(t-2)]
=2(t=Du(t—1) - 3(t = 2)u(t —2) + (t — 4)u(t — 4)

Time Shifting (t-Shifting): Replacing t by t - a in f(t)
it Z{f(t)}=F(s)
I{eat f (t)} =F(s—-a) (s-Shifting) "first shifting theorem**

L{f(t—a)ut—a)}=e *F(s) (t-shifting) "Second shifting theorem"

L{f(tu(t-a)}=e*L{f(t+a)}
Or, we can write

f(t-a)ut-a)=2"{e™F(s)]

Proof:

o0}

Z{f(t—a)u(t—a)}= I f(t—a)u(t—a)e dt :]0 f(t—a)e 'dt

0
Nowlett—a =T, dt=dT,then

o0

[ 1(T)e=dT =e [ f(T)eTdT =& *F(s)
0

0
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Ex. Find Z{cos(t —1)u(t—1)}

S
s?+1

Z{cos(t—1u(t-1)}=e"

Ex. Find Z{sin(2t—2)u(t -1)}
F(t) = sin(2t — 2)u(t — 1) = sin 2(t — 1)u(t — 1)

2 i
F(t)!=e® h 2t =
L{Ft)}=e 72 where Z{sin2t} 72

Ex. Find F (t) = cos(t —)u(t - 2)

F(t)=cos(t—2+1u(t—2)
= [cos(t — 2) cos1-sin(t — 2)sin1]u(t - 1)

T{F ()= [scosl_ szinl }ezs

s2+1 s?+1

Ex. Write the following using unit step functions and find its transform

-

2 IfO0<t<l
f(t):<1t2 ifl<t<ir
2 2
) 1
cost if t>—n
L 2

Sol. Step (1) In terms of unit step functions

F(t) = 2[1—u(t—1)]+%t2[u(t—1) —u(t—%n)}(cost)u(t—%;z)
Step (2) Find inverse Laplace transform

L Z{2[1-ut-D]}=2(1-e )/s
Using the formula Z{ f (t)u(t—a)}= _aSI{f (t+ a)}

I{itzu(t—l)} SI{ (t+1)} ZI{ t+t+1} es(i3+i+i
2 2 S
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Similarly;

2
rfleu- D e 2 Lt
2 2 s° 2s° 8s

I{COStU(t — %)} — QHS/ZI{Cos(t + %j — e—ﬂS/ZI{_Sin (t)} _ _e—ﬂs/Z (

Finally;

2
.-,I{F(t)}zé_ée5_|_eS(%+i2+2i)+ens/2£i+i+”_j_eﬂs/z(

|
1 T

* Differentiation of Transforms (t» f(t))

Proof: F (S) =

d"F(s)
ds"

Z(t"f(t)=(-D"

I(f(t)):Tf(t)e‘S‘dt = F'(s):—Tf(t)te‘“dt

Consequently, then

L(tf(t))=-F

b2
Ex. Find the inverse transform of In (1+—2]

Sol. F(s)=|n[1+b—z]=In[Sz+2b2]

'(s) hence Z(F'(s))=-tf(t)

S

S S

69




, d 25 25
I " 25 2

LH{F'(s)}=Z { > 2——}:Zcosbt—2=—tf(t)
s“+b° s

s f(t)= %(1— cosbt)

* Integration of Transforms.

I{@} = T F(s)ds hence L {T F (s)ds} _f(@)

Proof: T F(s)ds = Tﬁe“ f (t)dt}ds

We may reverse the order of integration, that is,

[F(as=] ﬁ e (t)dS}Clt = T{ f (t)Te“ds}dt
-[ro[ ] e[ Qa0

S 0 t
Ex. What is I{Slrlkt}?

Sol. -+ f(t) =sinkt

}

sinkt

o8] . e} k B k o8}
I{T} ZII{SIH ktds = I—zds =tan"' —

4 s? +k S

S

S
7 K oot
2 S S
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Ex. What is Y if I{y} 2?
o0 _l *
= dsp=t L' ———=
! s’ —1 2(s*-1)

az {Yo S_J} o el

t B tsinht
~gle )=

H.W Problems P. 253 ""Wylie**

*Transforms of periodic functions:-

If f(t) is a piecewise regular function is periodic with period a, that is
F(t+a)=F(t) t>0

Then its direct Laplace transform is given by;
a
j f (t)e dt
L{f(t))=2

1_ e—as
Proof:

Z{f(t)} =T f (t)e “dt

a 2a 3a
= [ f(t)edt+ [ f(t)edt+ [ f(t)edt+-

0
Now, in the 2" integral, let t = T + a; in the 3" integral let t = T +2a, in general

lett=T + na, and dt =dT, then

Z{f()}= j f(T)e™"dT + j f(T +a)e T adT + j f(T +2a)e2dT +...
0 0 0

= [ f(T)eTdT +e [ f(T +a)e"dT +e™* [ f(T +2a)e"dT +---
0

0 0
But f(T+a)=f(T+2a)=---=f(T+na)=---= f(T) forall valuesof T
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Z{f (t)}:j f(T)e"dT +e-aSj f(T)e"dT +e-2%j f(T)e"dT +---
0 0 0

= (Lre ™ +e ™+ )| f(T)eTdT
0

The infinite geometric series (1+e™* +e7* +..)havethesum S=1/(1-r),
where the ratio r is e

T{f()= (1-tas j [ f (ot

Ex. Find the transform of the rectangular wave shown in below fig.

f(t)
Sol. K
The period is 2b
1
1 a
f(t)= f (t)e *'dt b 2b
T{10)=( s )] 100
1 2b T -
= (1_ o205 j _([ f(t)e*dt * >
1 b 2b ]
_ —st —st
_(l—est Hl.e dt+_£—1.e dt
- ( 1 j_l— 2e e (1-e™ )2 o l-e™
1-e2 )| s s(1-e™)(1+e™) s(l+e™)

H.W. Problems in P269 in ""Wylie"

Partial Fraction method:

F(s)= @ In condition Y(s) has less degree then Q(s)

Q(s)

12



1. Unrepeated or simple root (s - a)
o-) Y(s)_ A, A

Q(s) s-a s-a,
f(t)y=Z"{F(s)}= Ae* + Ae* +...

A -im —a)éLS)H@—al)Y—S)L

+ ...

2 (s) Q(s)
imd(s—a ) YO | g gq)Y(s)
A _SILTZ {(S aZ)Q(S)}_|:(S az) (S) n
Ex. Find £ for F(s)= © -:52+6
s-2 S—2 A B

Sol. F(s) = = =
oL F(s) s°+55+6 (s+2)(s+3) 512 543

e ey 2 (]
A=3m{w oY ;47}5

s of(t) =—4e +5¢7%

2. Repeated roots (s - a)™, where m positive integer
Y(s)_ A A, A,

F(S)= 5oy = 7t e
Q(s) (s—a)" (s—a)"" (s-a)"" (s—a)

" tm—l tm—2 tm—3
fl)=e {A“(m_l)!”‘“(m_z)!”‘"2@*"'”\1
A, = LI_Y)T; {(S - a)m %} = Ra(S)L:al
1 fd _(s_ayY(s)
Avi=glim{ S R0 R(9)=(-2)" 5

* For General:
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Ank=%|sig;{%Ra(S)} where k=12, 3,---(m-1
) 4 S+2
T )
_ S+2 A A B
) (s T (s+1) T (s+1) Ts-2

L[ g @l [d(s+2)] [+ -s-2
/\—1dgq{dsR49} {dS(S—Z ll { (s-2° .

. S+2 Y. 4
BZPQ{QV47@+D{Q/6}: @+DJSIZ§

3. Unrepeated complex root (S — a)(s — a_)

where a isa complex number a=a+i1f , a=a—if
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Q(s) (s-a)(s-a)

f(t)= e%[Ca cos St + D, sin St]

F(s):Y(S) As+B

where
C, isimaginary part of R,(s)|_,

a

D, isreal part of R,(s)_,

a

R (8)=| (s-a)s-a) S

S+2 } s? +2s+5

Ex. Find Z™
 Find £ {(SZ+ZS+5)(S+1)

As+B  C S— _14i2
$?+25+5 s+1 ca=—1
As+B C £ =2

Sol. F(s) =

F(s) =

- T
(s+1-i2)(s+1+i2) s+1
Ra(s)‘s:—1+i2:[s+2:| :1—-H2:1_l

s-1 s=—1+i2 12 2

_1

a

C:Iim{zs';z}:Rc(s)\ 1
s>-1{$°+2S+5 =1 4

~.C , D, =1

-t
s f(t)= %(—O.ScosZt +sin2t) + %e‘t
H.W. Find Z™ for the following functions:
s+9 s+1
— 2.F(s)=
2s* +s5-1 ) s°(s-1)

s*+3 s +2s5+3
(s-1)(s+1)° +FE)= (s*+25+6)(s-3)

1.F(s)=

3.F(s) =
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