
3. The Laplace Transform 

 

• Concept of Transforms 

An integral of the form 

( )( , )
b

a

K s t f t dt∫          Is called integral transform of f(t). 

The function K(s, t) is called kernel of the transform. The parameter (s) belongs to 

some domain on the real line or in the complex plane. 

Choosing different kernels and different values of a and b, we get different integral 

transforms 

Ex.: Laplace, Fourier, Hankel and Mellin transforms. 

(i) For ( , ) , 0,stK s t e a b−= = = ∞ , the improper integral 

( )
0

ste f t dt
∞

−∫      is called Laplace transform of f(t). 

(ii) If we set  ( , ) ( , ) , ,i tK s t K t e a bωω −= = = −∞ = ∞ , then 

( )i te f t dtω
∞

−

−∞
∫      is called Fourier transform of f(t). 

Applications: Solution of 

- Integral and integro-differential equations 

- Ordinary and partial differential equations. 

LAPLACE TRANSFORM 

 

( ){ } ( )
0

( ) stF s f t e f t dt
∞

−= = ∫L     "Laplace transform" 

( ) ( )1 1( )
2

i
st

i

f t F s F s e ds
i

σ

σπ

+ ∞
−

− ∞

= = ∫L        "Complex Inversion formula" 
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Ex. Find Laplace transform for the function f(t) = 1 

( ){ } { } [ ]
0 0

1 1( ) 1 .1 0 1
st

st eF s f t e dt
s s s

∞∞ −
− −

= = = = = − =
−∫L L  

Table (1) Elementary Laplace transforms 

f(t) F(s) f(t) F(s) 

a  
a
s

 ate  
1

s a−
 

nt  

( )
1

1

1
1

! n a positive integer

n

n

n
n

s
n

s

+

+

Γ +
> −





  

sinat  2 2

a
s a+

 cosat  2 2

s
s a+

 

sinhat  2 2

a
s a−

 coshat  2 2

s
s a−

 

1 2( ) ( )f t f t  1 2( ) ( )F s F s  ( )
t

a

f t dt∫  

 
01 1( ) ( )
a

F s f t dt
s s

+ ∫
 

( )ate f t  ( )F s a−  ( )nt f t  ( ) ( )1
n

n
n

d F s
ds

−  

• Laplace Transform of Derivative 

( ){ }

( ){ }

( ){ } ( )

0
0 0

0

. ( ) ( ) ( )( )

0 (0) ( ) (0)

(0)

st st st

st

f t e f t dt e f t f t s e dt

f s f t e dt s f t f

f t sF s f

∞ ∞∞− − −

∞
−

′ ′= = − −

− + = −

′∴ = −

∫ ∫

∫

L

L

L

 

Generally: 

( ){ }( ) 1 2 3 ( 1)( ) (0) (0) (0) (0)n n n n n nf t s F s s f s f s f f− − − −′ ′′= − − − −L  
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• Laplace Transform for integral 

0 00

( ) ( ) ( ) ( )

( )

t t t st st
st

a a a

a

e ef t dt f t dt e dt f t dt f t dt
s s

ef t dt
s

∞∞ ∞− −
−

∞ −∞

        
= = −        − −        

 
=  − 

∫ ∫ ∫ ∫ ∫

∫

L

0
0 0

0

0

0

1( ) ( )

1 1( ) ( )

st

a

st

a

ef t dt f t e dt
s s

f t dt f t e dt
s s

=
∞

−

∞
−

 
− + − 

= +

∫ ∫

∫ ∫

 

( )
0

1 1( ) ( )
t a

a

f t dt F s f t dt
s s

 
∴ = − 

 
∫ ∫L

 

This can be extended to double, triple and higher integration. 

( )
0

1( )
t

f t dt F s
s

 
= 

 
∫L

 
Ex. Find the Laplace transform for the functions 

 
2

2 2

1 ( ) sin
2 ( ) t

f t t
f t t e

− =

− =
 

1.  2( ) sin , ( ) 2sin cos sin 2f t t f t t t t′= = =  

 

{ }

{ }

( ) ( ) { } ( )

{ } ( )

2

2 2

2

2 2

2( ) sin 2 , ( )
4

( ) ( ) (0) (0) sin 0 0
2 2( )

4 4

1sin (1 cos2 ) ( )
2

1 1 2( )
2 2 4 4

f t t f t
s

f t sF s f f

sF s F s f t
s s s

Or t t f t

sf t
s s s s

′ ′∴ = =
+

′ = − = =

∴ = → ∴ = =
+ +

= − =

= − =
+ +



L

L

L

L

 

2.  2 2( ) tf t t e=  
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{ }
( )

{ } ( )
( )

2
33

2
22 2 2

32

2! 2!( ) ( )
2

1 1 2( ) 1
2 2 2

t t

t f t
s s

dOr e t e
s ds s s

= → ∴ =
−

 = → = − = − − − 





L   L

L L
 

Ex. Find the Laplace transform for 
0

cos4
t

t dt∫  

 

{ }

{ }

2

2 2
0

2 2
0

cos4
16

1 1cos4
16 16

sin 4 sin 4 1 4 1cos4
4 4 4 16 16

t

t

st
s

st dt
s s s

t tOr t dt
s s

=
+

 ∴ = ⋅ =  + + 

= → = ⋅ =
+ +

∫

∫

 L

  L

L

 

Ex. Find the inverse Laplace transform for 
( )2

1( )
4

F s
s s

=
−

 

( ) { }
( )

1 1
22

0 0

1 1 1 2
2 44

1 1 cosh 2 1sinh 2 cosh 2 1
2 2 2 4

tt

s ss s

tt dt t

− −
   = ⋅ ⋅  −−  

 = = = −  ∫

L L
 

Note: if case of (1/s2) using double integral; become  
0 0

1 sinh 2
2

t t

t dt 
 
 
∫ ∫  

H.W Problems P. 241 " Wylie" 

H.W (1) Find Laplace transform for the following function; 

2

1 ( ) sin
2 ( ) cosh
3 ( ) cos2

f t t t
f t t at
f t t t

ω− =
− =

− =

 

2

2 2

2

4 ( ) sin 4
5 ( ) sin 2

6 sin

t

t

t

f t e t
f t t t e

t dt

−

− =

− = −

− ∫
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(2) Find Inverse Laplace transform for;  

( )

( )

2

2

11 ( )
1

32 ( )
4
33 ( )

16

F s
s s

F s
s

F s
s s

− =
+

− =
+

− =
+

 

( )2

24 ( )
4

1 15 ( )
1

F s
s s

sF s
s s

− =
+

− − = ⋅  + 

 

* First shifting theorem, s-shifting 

If f(t) has the transform F(s) (where s >k), then eatf(t) has the transform F(s - a) 

(where s - a >k). 

 { } ( )( )ate f t F s a= −L  

Proof:  { } ( )( )

0 0

( ) ( ) ( )at st at s a te f t e e f t dt e f t dt F s a
∞ ∞

− − − = = = − ∫ ∫L  

We can show that 

( )
( )

( )
( )

( )
( )

2 22 2

1

cos , sin

!

at at

at n
n

s a be bt e bt
s a b s a b

ne t
s a

− −

−
+

+
= =

+ + + +

=
+

L L

L
 

*Unit Step Function (Heaviside Function):- 

Unit impulse function 
1 0

( )
0 0

t
t

t
δ

=
=  ≠

 

( ) ( )t A tδ∆ =   Dirac delta function 

0
( )

0 0
A t

t
t
=

∆ =  ≠
 

( ) ( )( ) 1 ( )t t Aδ = → ∆ =L L  

t 

δ(t) 

1 
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Unit step function, u(t) 
 

0 0
( )

1 0
t

u t
t
<

=  ≤
 

Step Function (Heaviside function) 
0 0

( ) ( )
0

t
H t Au t

A t
<

= =  ≤
 

( ) ( )
0

1( ) 1. ( )st Au t e dt H t
s s

∞
−= = ∴ =∫L L  

Shifting (Translated) functions 
1

( )
0

t a
t a

t a
δ

=
− =  ≠

 

0
( )

1
t a

u t a
t a
<

− =  ≥
 

( )
0 0

( ) ( ) 0. 1.

1 1 0

a
st st

a
as

st as

a

u t a u t a e dt dt e dt

ee e
s s s

∞ ∞
− −

−
∞− −

− = − = +

− −   = = − =   

∫ ∫ ∫L
 

Laplace transform of shifting functions 

For example; 

 

 

 

 
 

If we take the expression: 

 
( )

2
2

0
( ) ( )

t a
t a u t a

t a t a

>− − = 
− >

 

t 

u(t) 

1 

t 

1 
δ(t-a) 

a 

t 

f(t) 

a 

(t - a)2 

t 

1 u(t-a) 

a t 

f(t) 

a 

t 2 

65 
 



More generally , the expression  

 ( ) ( )f t a u t a− −  

Ex. What is the equation of the function whose graphs in shown below; 

 

Sol.   

 

 

 

 

 ( ) ( )u t a u t b∴ − − −  

Ex. 

 

 

 

 

 

 [ ]( 1) 2 ( 4) ( 6)k u t u t u t− − − + −  

Ex. What is the equation of the function whose graphs in shown below 

 

 

 

 

 

 
The unit step function between 1 and 2 is ( 1) ( 2)u t u t− − −  

t 

1 

a 

u(t) 

b 

t 

1 

a 

u(t) 

b 

t 

k 

1 

u(t) 

4 6 

- k 

t 

f(t) 

1           2           3           4 

2 
 

1 
f(t)=4-t f(t)=2(t-1) 
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∴The function between 1 and 2 ; 

[ ]2( 1) ( 1) ( 2)t u t u t∴ − − − −  

The unit step function between 2 and 4 is ( 2) ( 4)u t u t− − −  
∴The function between 2 and 4 ; 

[ ]( 4) ( 2) ( 4)t u t u t∴ − + − − −  

The complete representation of the function is therefore; 

[ ] [ ]2( 1) ( 1) ( 2) ( 4) ( 1) ( 2)
2( 1) ( 1) 3( 2) ( 2) ( 4) ( 4)

t u t u t t u t u t
t u t t u t t u t

− − − − + − + − − −

= − − − − − + − −
 

 
Time Shifting (t-Shifting): Replacing t by t - a in f(t) 

if { } ( )( )f t F s=L   

{ } ( )( )ate f t F s a= −L                               (s-Shifting) "first shifting theorem" 

{ } ( )( ) ( ) asf t a u t a e F s−− − =L        (t-Shifting) "Second shifting theorem" 

{ } ( ){ }( ) ( ) asf t u t a e f t a−− = +L L  

Or, we can write 

( ){ }1( ) ( ) asf t a u t a e F s− −− − = L  

Proof: 

{ }
0

( ) ( ) ( ) ( ) ( )st st

a

f t a u t a f t a u t a e dt f t a e dt
∞ ∞

− −− − = − − = −∫ ∫L  

Now let ,t a T dt dT− = = , then 

( )

0 0

( ) ( ) ( )s T a as sT asf T e dT e f T e dT e F s
∞ ∞

− + − − −= =∫ ∫  
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Ex. Find { }cos( 1) ( 1)t u t− −L  

{ } 2cos( 1) ( 1)
1

s st u t e
s

−− − =
+

L              where 2( ) cos ( )
1

sf t t F s
s

= → =
+

 

Ex. Find { }sin(2 2) ( 1)t u t− −L  

{ } { }2 2

( ) sin(2 2) ( 1) sin 2( 1) ( 1)
2 2( ) sin 2

4 4
s

F t t u t t u t

F t e where t
s s

−

= − − = − −

∴ = =
+ +

L L
            

Ex. Find ( ) cos( 1) ( 2)F t t u t= − −  

[ ]
( ) cos( 2 1) ( 2)

cos( 2)cos1 sin( 2)sin1 ( 1)
F t t u t

t t u t
= − + −

= − − − −
       

 
{ } 2

2 2

cos1 sin1( )
1 1

ssF t e
s s

− ∴ = − + + 
L

 
Ex. Write the following using unit step functions and find its transform  

2

2 0 1
1 1( ) 1
2 2

1cost
2

if t

f t t if t

if t

π

π


< <

= < <

 >

 

Sol. Step (1) In terms of unit step functions 

[ ] ( )21 1 1( ) 2 1 ( 1) ( 1) ( ) cos ( )
2 2 2

F t u t t u t u t t u tπ π = − − + − − − + −  
 

Step (2) Find inverse Laplace transform 

[ ]{ } ( )2 1 ( 1) 2 1 su t e s−∴ − − = −L  

Using the formula { } ( ){ }( ) ( ) asf t u t a e f t a−− = +L L  

( )22 2 2
3

1 1 1 1 1 1 1( 1) 1
2 2 2 2 2

s st u t e t e t t e
s s s

− − −
2

       ∴ − = + = + + = + +       
       

L L L
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Similarly; 
2

2 /2
3

1 1( )
2 2 2 8

st u t e
s s s

ππ π π−
2

  ∴ − = + +      
L  

( ){ }/2 /2 /2
2

1cos ( ) cos sin
2 2 1

s s stu t e t e t e
s

π π ππ π− − −      − = + = − = −      +      
L L L  

Finally; 

{ }
2

/2 /2
3 3 2

2 2 1 1 1 1 1( )
2 2 8 1

s s s sF t e e e e
s s s s s s s s s

π ππ π− − − −
2 2

    ∴ = − + + + + + + −     +    
L

 
 
 
 
 
 
 
 

 

* Differentiation of Transforms   (tn f(t)) 

( ) ( )( ) ( 1)
n

n n
n

d F st f t
ds

= −L  

Proof:   ( ) ( )
0 0

( ) ( ) '( ) ( )st stF s f t f t e dt F s f t te dt
∞ ∞

− −= = ⇒ = −∫ ∫L  

Consequently, then 

( )( ) '( )tf t F s= −L        hence    ( )1 '( ) ( )F s tf t− = −L  

Ex. Find the inverse transform of  
2

2ln 1 b
s

 
+ 

 
 

Sol.  
2 2 2

2 2( ) ln 1 lnb s bF s
s s

   +
= + =   
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( )

( ) ( )

2 2 2
2 2 2

1 1
2 2

2 2'( ) ln ln

2 2{ '( )} 2cos 2 ( )

2 1 cos

d s sF s s b s
ds s b s

sF s bt tf t
s b s

f t bt
t

− −

 = − − = −  +
 = − = − = − + 

∴ = −

L L  

* Integration of Transforms. 

 1( ) ( )( ) ( )
s s

f t f tF s ds hence F s ds
t t

∞ ∞
−    = =   

   
∫ ∫L L  

Proof: 
0

( ) ( )st

s s

F s ds e f t dt ds
∞ ∞ ∞

− 
=  

 
∫ ∫ ∫  

We may reverse the order of integration, that is, 

0 0

0 0

( ) ( ) ( )

( ) ( )( )

st st

s s s

st
st

s

F s ds e f t ds dt f t e ds dt

e f t f tf t dt e dt
t t t

∞ ∞ ∞ ∞ ∞
− −

∞∞ ∞−
−

   
= =   

   

    = = =     −    

∫ ∫ ∫ ∫ ∫

∫ ∫ L

 

Ex. What is  
sin kt

t
 
 
 

L ? 

Sol.   ( ) sinf t kt=  

{ } 1
2 2

1 1

sin sin tan

tan cot
2

ss s

kt k kkt ds ds
t s k s

k k
s s

π

∞∞ ∞
−

− −

  = = =  + 

= − =

∫ ∫L L
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Ex. What is  { }
( )22

?
1

sy if y
s

=
−

L  

( ) ( )

( )

1 1
2 22

1 1
2

1
2 11

1 1 1 1 10
2 1 4 1 1

sinh
4 2

s s

t t

sy t ds t
ss

t t
s s s

t t te e

∞
∞

− −

− −

−

   −   = =   
−−      

      = + = +      − − +      

= − =

∫L L

L L  

H.W Problems P. 253 "Wylie" 

*Transforms of periodic functions:- 

If f(t) is a piecewise regular function is periodic with period a, that is 
 ( ) ( ) 0F t a F t t+ = >  

Then its direct Laplace transform is given by; 

{ } 0

( )
( )

1

a
st

as

f t e dt
f t

e

−

−=
−

∫
L  

Proof: 

{ }
0

2 3

0 2

( ) ( )

( ) ( ) ( )

st

a a a
st st st

a a

f t f t e dt

f t e dt f t e dt f t e dt

∞
−

− − −

=

= + + +

∫

∫ ∫ ∫ 

L
 

Now, in the 2nd integral, let t = T + a; in the 3rd integral let t = T +2a, in general   

let t = T + na,  and dt = dT, then 

{ } ( ) ( 2 )

0 0 0

2

0 0 0

( ) ( ) ( ) ( 2 )

( ) ( ) ( 2 )

a a a
sT s T a s T a

a a a
sT as sT as sT

f t f T e dT f T a e dT f T a e dT

f T e dT e f T a e dT e f T a e dT

− − + − +

− − − − −

= + + + + +

= + + + + +

∫ ∫ ∫

∫ ∫ ∫





L

But ( ) ( 2 ) ( ) ( )f T a f T a f T na f T+ = + = = + = =   for all values of T 
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{ } 2

0 0 0

2

0

( ) ( ) ( ) ( )

(1 ) ( )

a a a
sT as sT as sT

a
as as sT

f t f T e dT e f T e dT e f T e dT

e e f T e dT

− − − − −

− − −

= + + +

= + + +

∫ ∫ ∫

∫





L
 

The infinite geometric series 2(1 )as ase e− −+ + + have the sum 1 / (1 )S r= − , 
where the ratio r is e-as 

{ }
0

1( ) ( )
1

a
st

asf t f t e dt
e

−
−

 =  −  ∫L  

Ex. Find the transform of the rectangular wave shown in below fig. 
 
Sol. 
The period is 2b 
 
 

{ }

( )
( )( ) ( )

0
2

2
0

2

2
0

2
2

2

1( ) ( )
1

1 ( )
1

1 1. 1.
1

11 1 2 1
1 1 1 1

a
st

as

b
st

bs

b b
st st

bs
b

bsbs bs bs

bs bs bs bs

f t f t e dt
e

f t e dt
e

e dt e dt
e

ee e e
e s s e e s e

−
−

−
−

− −
−

−− − −

− − − −

 =  − 

 =  − 

  = + −  −   

− − + − = = =   − − + +   

∫

∫

∫ ∫

L

 

 
 
H.W. Problems in P269 in "Wylie" 

 
 

 

Partial Fraction method: 

 
( )( )
( )

Y sF s
Q s

=               In condition Y(s) has less degree then Q(s) 

T 

t 

f(t) 

b          2b 

1 

72 
 



1. Unrepeated or simple root (s - a) 
 

( )
( )
{ }

( ) ( )
( ) ( ) ( )

( )

( ) ( )
( ) ( ) ( )

( )

1 2

1
1

2
2

1 2

1 2

1
1 2

1 1 1

2 2 2

( )

( ) ( )

lim

lim

a t a t

s a
s a

s a
s a

Y s A AF s
Q s s a s a

f t F s A e A e

Y s Y s
A s a s a

Q s Q s

Y s Y s
A s a s a

Q s Q s

−

→
=

→
=

= = + +
− −

= = + +

   
= − = −   

   

   
= − = −   

   



L

 

Ex. Find 1
2

2( )
5 6

sfor F s
s s

− −
=

+ +
L  

Sol. 
( )( )2

2 2( )
5 6 2 3 2 3

s s A BF s
s s s s s s

− −
= = = +

+ + + + + +
  

( )
2

lim 2
s

A s
→−

= +
( )

2
2
s

s
−

+ ( )

( )

2

2

2 4
33

lim 3

s

s

s
ss

A s

=−

→−

  −   = = −   ++    

= +
( ) ( )

2
2 3
s

s s
−

+ +
2 3

5

( ) 4 5t tf t e e− −

   = 
  

∴ = − +
 2. Repeated roots (s - a)m, where m positive integer 

( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1 2 1
1 2

1 2 3

1 2 1

( )

( )
1 ! 2 ! 3 !

m m m
m m m

m m m
at

m m m

Y s A A A AF s
Q s s as a s a s a

t t tf t e A A A A
m m m

− −
− −

− − −

− −

= = + + + +
−− − −

 
= + + + + − − − 





 

( ) ( )
( )

{ } ( ) ( ) ( )
( )

1

1

lim ( )

1 lim ( )
1!

m
m a s as a

m
m a as a

Y s
A s a R s

Q s

Y sdA R s R s s a
ds Q s

=→

− →

 
= − = 

 

= ∴ = −

 

* For General: 
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1 lim ( ) 1, 2, 3, ( 1
!

k

m k aks a

dA R s where k m
k ds− →

 
= = − 

 


 

Ex. Find 
( ) ( )

1
2

2
1 2
s

s s
−
 + 
 

+ −  
L  

Sol. 
( ) ( ) ( ) ( )

2 1
2 2

2( )
1 21 2 1

s A A BF s
s ss s s

+
= = + +

+ −+ − +
 

( )2( ) 1aR s s= +
( )2

2

1

s

s

+

+ ( )

{ }

( )

2 1
1

1 21
1 1

2

2
22

2 1lim ( )
2 3

1 2 ( 2) 2 4lim ( )
1! 2 ( 2) 9

lim 2

as
s

as
s s

s

s
ss

sA R s
s

d d s s sA R s
ds ds s s

B s

→−
=−

→−
=− =−

→

+
=

−−

+ − = = = − 

 + + − − −    = = = =      − −      

= −
( )2

2
1 ( 2)
s

s s
+

+ − ( )

( )
( ) ( )

2

1

2

2

2 4
91

1 4 4
3 9 9

1 21

1 4 4( )
3 1! 9 9

s

t t

s
s

F s
s ss

tf t e e

=−

−

   +  = =  
+     

−
∴ = − +

+ −+

− = − + 
 

 

 
 
 
 
 
3. Unrepeated complex root ( )( )s a s a− −  
 where a is a complex number ,a i a iα β α β= + = −  
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( )
( ) ( )( )

[ ]

( ) ( )( ) ( )
( )

( )

( ) cos sin

( )

( )

t

a a

a a s a

a a s a

a

Y s As BF s
Q s s a s a

ef t C t D t

where
C is imaginary part of R s

D is real part of R s

Y s
R s s a s a

Q s

α

β β
β

=

=

+
= =

− −

= +

 
= − − 
 



 

Ex. Find ( )( )
1

2

2
2 5 1

s
s s s

−
 + 
 + + +  

L  

Sol. 2( )
2 5 1

As B CF s
s s s

+
= +

+ + +
 

( )

{ } ( )

( )

1 2
1 2

2 11

( )
( 1 2) 1 2 1

2 1 2( ) 1
1 2 2

1 , 1
2

2 1lim
2 5 4

1( ) 0.5cos2 sin 2
2 4

a s i
s i

a a

c ss

t
t

As B CF s
s i s i s

s i iR s
s i

C D

sC R s
s s
ef t t t e

=− +
=− +

=−→−

−
−

+
= +

+ − + + +

+ + = = = − − 
−

∴ = =

+
= = =

+ +

∴ = − + +

 

H.W. Find 1−L  for the following functions: 

 
( )

( )( ) ( )( )

2 3

2 2

2 2

9 11. ( ) 2. ( )
2 1 1

3 2 33. ( ) 4. ( )
2 6 31 1

s sF s F s
s s s s

s s sF s F s
s s ss s

+ +
= =

+ − −

+ + +
= =

+ + −− +

 

2 2 5

2 4 4*5
2

1 2
1

2

s s

s

s i
α
β

+ +

− −
=

= −
∴ = −

=
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	* Differentiation of Transforms   (tn f(t))
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