2. Fourier Series and Transform

» To know Fourier series should be known three points:
I. Defined of Periodic function.
Il. Types of Periodic function.

I1l.  What formula using to calculated constants.

Periodic function: The function, which repeats itself each "T" second, where "T"

Is called period.
(“T” & ey Period aud) goill (e dige 5 JS (sppmall 5 JSEN L) lgusis <5 sy o
f(t+T)=F(t) xk I Periodic function e s

Example: The function sin(x) has period 2rt , since sin(x+ 2 ) = sin(x) .
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Il. Types of Periodic Function

lgesi 2aad (ST all Allall sy 0 any tdege Adasdla
(1)Even Function f (—t)=f (t)
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Y s Jos Alilaia : doagyh A

(2)Odd Function  f (-t)=—f (t)
A A
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a4 . a

Jua¥) A g Alilaia @ Ao, Ay

(3) Neither even nor odd

Ex. Draw the periodic functions whose definition in one period as:

-1 —-1<t <0 1+t 1<t <0
f(t)= f(t)=
1 O<t<l1 1-t O<t <l
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[11.  Fourier Series: Any periodic function f(t) can be rewritten as a sum of sines and

cosines components as follows:-

N\ J N\ J
Y Y

constant part even part odd part
mean, D.C. value

Is Called as Fourier Series or Fourier Expansion

where :-:radian frequency (rad/s) , - : frequency (Hz)

a,,a, & b, :- are constants to be evaluated ( \gbua 2% culsl)

(T) 3as) g)asdma ity DAL | ek :4daaMa

H.W. Proof Fourier theorem utilizing the following:-




For calculated the constants are dependent the type of periodic function as:

Odd function Even function Neither even nor odd
1 d+2p
3 =0 b, = a,== [ f(t)dt
2 d+p p d
=— | f (t)dt d-+2p
a =0 % p J ®) a = & [ f(t)cosw,tdt
I f @)singtdt | a == [ f(t)cosemtdt 1 9+2°
P ; b, == [ f(t)sina,tdt
P g
Fourier sine series Fourier cosine series
Gl qual 4 gaill an 3 482 aey) 1 sl cigha

Ex.(1) Find the Fourier series expansion of the periodic function whose definition in

one period is;

ol

.. Neither even nor odd

—-n<t<0
O<t<rx

.. Should be calculated all Constants

f (t)dt _—jf (t)dt

%r’,,
T
d+

[ f(t)cosatdt ——jf (t)cos(nt )dt

3
= %ﬁiﬂdt I(;z t)dt}
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f (t+27)=f (t)
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:ﬂfﬂmos(m)dt +I(ﬂ—t)cos(nt)dt}

- cos(nt)
Using udv or Tabular Integration T N lsin(nt)
-1 g H
\* .
0 ——cos(nt)
n
. 0 a7
n:l{”sm(nt) {wsin(nt)—%cos(nt) }
r no | n n 1o
1z . 1 7-0) 1
== H{S|n(0)—3|n(—n7z)}+{(O—Fcosnﬂj—((n—)Sm(())—FCOS(O)]H

1] 1 1

8 = 0+{(0—Fcosnﬂj—(O—FJH_m(l—cosnyr)
- Note : —
1 i 22 1 -odd sin(nz)=0
S =—— [l—(—l) J= nz cos(nz)=(-1)"
nz :
0 n:even
1942 17 i
== f f (t)cosetdt == [ f (t)sin(nt )dt
P g T,
:—D zsin(nt )dt +j(7z—t)sin(nt)dt}

Tl 0
Home work
Ans. ..b = (1)

n
wf (t)= +Za cosat +b, sinet

n=1
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AF ) =" iwcos(nt )+ ) sin(nt)

n=1 n 72- n
3

o f (t)_7+7[£cos(t) —sin(t )+%Sin(2t)+3—72[2cos(3t)—%sin(3t)+...

Ex.(2) Find the Fourier expansion of the periodic function whose definition in one

period as: f(t)
A
-1 -1<t <0
ft)= 1 T
1 O<t<1 L L
! ! 1! I >
. Odd function T o
8,=0 &a,=0 L —
T |
p =27 ['t @sinaytdt =2 [t (¢)sinnatet nz
_pd n _10 2T =2, p=1 o,=—=nx
P
1 1
= 2|sinnztdt :Z[M}
0 nz 0
:_2[cosnn_i}
Nz Nz
2 2 n 4/nz n:odd
~b,=—(1-cosnz)=—I|1-(-1) |=
" nn( ) n;z[ (=1) J {0 n:even
)= Z—smnzt , n:odd only
n=1N7T

~f (@) =£sin7zt +isin37zt +isin57zt +isin7yzt 4
T 37 S5t 7
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Ex. (3) Find the Fourier expansion of the periodic function whose definition in one

period is;
—-3<x <0
f (x)=[x| —3<x<3 canberewrittenas f (t)=
X O<x <3
.~. Even function 0

nr nx
T =6 p=3 o=—rt=—2 :
P 0 3 3 3
3 |< T =!
Ay =— (X)dx ==|xdx == —| =3
p J ! 3 2
d+p 3 x/3
an:g j f (x)cosam xdx —ij cos—— xdx toe BCOS(?]Z )
P g 39 1 *n—sm?x
N Vs
\* 9 nz
0 ———C0S—X
nrz

Using udv or Tabular intergration

2[3x . nx 9 nr I
.8, =—| —Sin—X +—5—5C0S—X
3Lnz 3 Nz 3 1

:g[(ismnyw J cosn;;j (0+ J cos(O)ﬂ
3\ nrx n’z? n’z?

2] 9 9 6 6 n
:g[Wcosnﬂ—nzﬂz}:nzﬂz(cosnﬁ—l)z - 2[(—1) —1]

n“r
-12
B 6 n = n :odd
an_ n272'2 |:(_1) _1:|_ n-z
0 n:even
Substitute in Fourier series
f(t):§—22i2cosn—7[ , n:odd only
T =N 3
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2.2 Half Range Expansion

V) Lo e Ll i o o) L) Ll Il e Jalai el iy Al g s ol dany ga gl 1aa
—iopes ) iy ag (D o) i sl ol Al et (leess Adjnal SNy an )l ) oz sy
(i)  Fourier sine expansion

leesi oo haill (i B3 L) e A e Jalal oy

a,=0 & a,=0
2d+p

b, == [ f (t)sina,tdt
P g

(i)  Fourier cosine expansion

est oo R (it A Wl e Al ae Jaladll 2

0
2d+ 2d+p
%= [yt & = [ ft)cosatat
d d

~Y

Given function f(t)

Sine extension (odd function) Cosine extension (even function)
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Ex. Find the Fourier sine and Fourier cosine expansions for the given function as;

ft)=t O<t<~x

(a) For Fourier sine expansions (odd extension) t
Using this relations 8,=0 , a, =0 & —E _[ f (t)sinotdt
P g
B Nz b = 2%, . d
p—ﬂ', (()n—?—n .. n—;J-tS”q(nt) t . Sin(nt)
- —%cos(nt)

, 2]t 1. " ~_

b, :;[Fcos(ntﬁFsm(nt )l . _%sin(m)

2 —

_ _K_”COS(M) +n—1zsin(7zt )j—(0+%sin(0)ﬂ

/ n

bn :_—Zcos(nﬂ)

:Y

| R

77

(b) For Fourier cosine expansions (even extension)

2 d+p d+p
Using this relations &, = — I f ()t , a
P 3

n

Home work

_2 [ ft)cosamtdt
P g

&b =0
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2.3 Complex Fourier Series

f(t) =%+ > a,cosm,t +b, sinet

n=1

0 i ont —iapt iot -t
=ﬁ+2an e'™ +e b, e’ —e
2 2 21

:ﬁ.ki(ﬂjeiwnt +(an +|bn je—ia)nt
2 o 2 2

where: C0=2 , C,=—"—" , C

We can rewritten as:

A
Cn Frequency Domain

—1

Proof:

e whenn=0

d+2p
Cozﬁzi I f (t)dt
2 2p g
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e when n is positive

. d+2p d+2p
c =G 'bnzl{i [ f@)cosatd—i = | f(t)sina)ntdt}
2 2| p 3 P
1 d+2p
== [ f(t)(coset —isinem,t)dt
2p
1 d+2p )
nCo=2— [ f)e ™ dt
2p
e when n is negative
. d+2p d+2p
cn:an“bn:l{i [ f@)cosatdt+i = | f(t)sina)ntdt}
2 2| p 3 P 3
1 d+2p
== [ ft)(cosat +isinat)dt
2p
d

—n

1 94+2 :
— | f (@t)e'*dt
2p J (t)

Ex. Find the complex Fourier series for the following function defined in one

period:
f(t)
alla (1.
F)= 0 T _ 2 =«
A<t < - ‘
T =7, p:z’ a)n:n—ﬂ:zzn
1% 2 p
C, = If(t)e"“’“tdt
17[/2
== j sinte 'idt + = jO*e ent it
72'7[/2
/2 i —i 7/2
_1 I Le t : tjeiwntdt :i_ | (ei(l—zn)t _e—i(l—2n)t)dt
Ty 21 27l
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1 e (l 2n)

[ Li(-2n)t e—i(1+2n)t 7/2
Co=5=|: +- }
27 [ i(1-2n) i(1+2n)

__1 _ei(1—2n)7r/2+e—i(1+2n)7r/2 B 1 N 1
27| (1-2n)  (1+2n) | [(1-2n) (1+2n)

—1{icosn7z —icosnyz_ 2 }

(1-2n) ’ (1+2n) (1-4n?)

—~1[i4ncosnz 2 Note: e
:272- 1_4n2 _1_4n2 el(lZn);;/z _eo 2 —EIE —ing
-1 i4n(_1)n_2 (W +i singar2) )(Cosnﬁ i SIATT7 )
“Cn = 21 1—4n? =icosnz

Nn=o0 i Nn=o0 _1 1 ot
~ft)= X Ce' =3 2%{ 1( 421 } |

For Checkatn=0

1 1 94+
Co=— %o 2 (bt
0= > p! (t)

7/2
lj' |ntdt——[cost]”/2 1
T 7T

1Sy b caypaill A cads Cp, G las (S D8 (1-n?) plidl 8 faat Vs cllia

1 :
C.=—|f (t)e'>'dt
1 2ﬂj (t)

Ex. Find the complex Fourier series for the following function defined in one

period: (0
A
t? O<t<1 / / .
ft)=
© {o 1<t <2 b2 t
— T

T=2p=1 & ="F=nz
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1 o —iapt 1 p 2, —inxt
C, = | e ™dt="[t%e " dt +0
d

0

2p
1
—m;rt —inzat —inzat —inzxt —inzat —inzat
NI PN LS S I FEL I L L
2| —inx (—inyz) (—in;z) —inrx n°z in°z

_L{{le‘”’WZe —2|e 2}—(O+O— Izzzj}
2 Nz n’r n°z

1 i 2cosnz  i12cosnx 12
=———3li1cosnr+ — 5 |t 53
2N N n°r n°r

i . Note:
-.C :i{cosnn(i + 2 - EI )+ ;22} e‘i””:(cosnﬁ—imzo)zcosnﬁ
2N nzx

" n’z?) n’z

= i = 1 .2 2i i 2
W)=Y Cc e =S = lcos|i+—-— +
( ) n_z_oo n Z { ( Nz n27z_2j n 72_2}

ne— 2NTT

For Checkatn=20

1 1

C-— djfamv{tm

H.W. Problems P.200 in ""Wylie"*
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2.4 Fourier transform
Apss o) Jisall padiiny
i Frequency domain ) time domain (e f(t) e 5l o Ay dasad dalee 3be Jon
G(w)
0 (Al 0 e GO S +00 () -0 e 4l
Fourier transform is a tool for signal processing and Laplace transform is mainly
applied to controller design

> Fourier series;

fm=%+z%ww4+mmw4

n=1
Complex Fourier series;

n=o0 . d+2p )
f)=3 C e Mm:gzijfmme
n=—o d
n=o | 1 d+2p _ _
f)y=> {— j f (t)e""n‘dt}e'“’nt e (1)
| 2P §
At T =—0—> f(t)
p — o
d+2p 5>
Aa)n = Wy — W, ' >

7z(n +1)_7zn T
Y P P

r Y
N
A
A

T = 0, p:OO, a)n :n—ﬂ:
* If times & divided eq.(1) in Ao,

d A a)n

0 d+2p ) _
f(t):Z{% | f(t)e""“tdt}e'“’“t A,

0 /p/ d+2p _ )
=Y [ ft)e'™dte' Aw,
2P
P

as : then Aw —>dw &> —>I &aw =w
Aw—0
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f(t)= j { j f (t)e"‘"dt} '““ dw
ft)= _[G (w)e' " dw “Inverse Fourier transform”

G(w) = % I f (t)e ' “dt “Fourier Transform”

f(O) S G(0) o S ) i N andli ) Sy (1/27) N Al

Ex.1. Find Fourier transform for the following function: f (t) —e !

Sol. f(t) 4
1

e' t<0
f@)= et gt
o {et t>0 ’/¥

=00 OCt

ft)= oJ?G(a)).ei‘“tda)

G(a)):%Tf (t).e'“dt

1 | t A-iat T —t A -iat j|
=— | |e e '?dt +|e e “dt .
2 __J;o '([ N_oofe.
B 0 . 0 € :0
B 1 e(l—la))t e—(1+|a))t
21| l-iw| ~(I+iw)|,

N R S - (0—1)}1[ t 1 }
2| 1-1w l+ilw 2r|l-1o l1+low
G (@) = 1 _1+ia)+1—ia)}_ 1

27| 1+0° 7(1+07)

~f )= je(w)e'a*da) j# e'“de

(l+a))
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Ex.2. Find Fourier transform for the following function:

1+t -1<t <0 f(t)
ft)=<0 otherwise
1-t O<t<l1

G(w):ioff (t)e "“dt

1]

—00

: : . \0 - , . 1
1 e—la)t te—la)t e—la)t e—la)t te—lai e—la)t
= L S 2 I e S
2r|\-lo —-lo 170" ), \-lo —-lo -1"0")
1 1 0 1 e'v e'? e'?
= — ||t —+—
2rl\-lo —-1lo o -1 1o o

(eia) e—ia) eiwj ( 1 0 1 j:|
Wt || =t 3
—1lw (N0 w —-1o o o

Zﬁ{ e/ e%e e/ /e‘“’}

a)
2 2cosw 1 Note:
G(w)_ﬂ[__ — }: — (1-cosw) g0 4 i

(cosw+isinw)+(cosw—isinw) = 2cosw

f(t)=[G(o)e"do= j%(l—cosw).ei”‘da)

H.W. Problems P.200 & P. 220 "Wylie"
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