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1.1 Principles of probability theory

Definition: (Random experiment) is a process by which we observe something uncertain.
Definition: The set consisting of all possible outcomes of a particular experiment is called the

sample space of that experiment.

Example:

a) Tossing a fair coin a time and observe the sequence of heads/tails. The sample space here may be
defined as

C={H.T}

b) Tossing a fair coin two times and observe the sequence of heads/tails. The sample space here
may be defined as
C={HH.HT.TH.TT}

¢) Tossing a fair coin three times and observe the sequence of heads/tails. The sample space here
may be defined as

d)Tossing a dice , the sample space is C={1.2,3.4,5.6}.

Definition: Any subset of the sample space is called an event.

Example:
A coin is tossed twice and the outcome of each is recorded. Then,

C={HH,HT,TH,TT}
subset

1

2F or EN F. consists
L l)
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EXAMPLE: If E = {(H, H). (H, T)} (Head on first toss) and F = {(T. T). (H. T)} (tail

on the second toss). Then
EF = {(H. T}

¢ is the set consisting of nothing.

DEFINITION: The empty set {} =
DEFINITION: Two sets are mutually cxclusive if BEF = 0. A set of sets. {Er. Ey. ... }ave
mutually exclusive if EE; = 0 Tor all 1 # J.
EXAMPLE: Let S = {(i. j) | . J € {1. ... G}} be the onteome from two rolls of a die. Let
E be those such that i+ j =6 (i.c. E={(1.5). (2. 4). .. 1) and F be those such that i+ j=7
(i.e. F={(1.6), (2. 5). ..}, Then EF = 0

and they are mutnally exclusive,

The definition for the union and intersection of a sequence of events Ey, Ep. ... are similar:

RN
L. U E, is the event consisting of those outcomes that are in at least one Ep. forn =12, ...
n=1
X
2. n E, is the event consisting of those outcomes that are in cach E, for n = 1.2, ..
n=1

DEFINITION: The complement of E. denoted E°, consists of those outeomes that are not in
F Note that S¢ = 0 and that (E°)¢ = E.

DEFINITION: E is a subsctof Fifax € E implies © € F. Notation: EcCF.

DEFINITION: E and F are equal. denoted E=F.if EC Fand F C E.

Important Set Relations

Commmutative laws:

EUF=FuUE, EF=FE

JG, E(FG)=(EF)G

(EUF)H = (EH) U (FH)

B«
& [ E¢

%‘al
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1.3 Permutations and Combinations

Definition: Each separate arrangement of all or part of a set of items is called a permutation. The

number of permutations is the number of different arrangements in which items can be placed.
Notice that if the order of the items is changed, the arrangement is different, so we have a different

permutation. The number of permutations of n items chosen 7 at a time is written nPr.

p_ n!

Cho(n —r)!

Example:

An engineer in technical sales must visit plants in Vancouver, Toronto, and
Winnipeg. How many different sequences or orders of visiting these three plants
are possible?

Answer: The number of different sequences is equal to ,P, = 3! = 6 different
permutations. This can be verified by the following tree diagram:

First Second Third

W
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Example:
In how many different ways can the letters of the word 'LEADING' be arranged such that the
vowels should always come together?

Answer
The word 'LEADING' has 7 letters. It has the vowels 'E'/A"I' in it and these 3 vowels should

always come together. Hence these 3 vowels can be grouped and considered as a single letter. That
is, LDNG(EAI).

Hence we can assume total letters as 5 and all these letters are different.

Number of ways to arrange these letters =5! =5x4x3x2x 1= 120.

In the 3 vowels (EAI), all the vowels are different.

Number of ways to arrange these vowels among themselves =31=3x2x1=6

Hence, required number of ways = 120 x 6= 720.

Example:

How many distinct permutations can be formed from all the letters of each of the following words:

(a) them, (b) unusual?

Example:

How many words can be formed by using all letters of the word 'BIHAR'?

Answer

The word 'BIHAR' has 5 letters and all these 5 letters are different.
Total words formed by using all these 5 letters = 2P, = 5'
§5xx 2x1=120.

hould take the digit 5
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Since the number 3 is placed at unit place, we have now five digits(2.3,6,7.9) remaining.

Any of these 5 digits can be placed at tens place

5 1

Since the digits S is placed at unit place and another one digits is placed at tens place,

we have now four digits remaining. Any of these 4 digits can be placed at hundreds place.

4 | 5 1

Required Number of three digit numbers =4 x 5x 1= 20

Definition: (Combination) a collection of things, in which the order does not matter.

Combinations are similar to permutations, but with the important difference that combinations take
no account of order. Thus, AB and BA are different permutations but the same combination of
letters. Then the number of permutations must be larger than the number of combinations.

In general, the number of combinations of 7 items taken r at a time is
P n!

n=r -

St (=)t

Example:

From a group of 7 persons, three persons are to be selected to form a committee. In how many ways
can it be done?

balls are drawn at random. Find out the
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Example:

There are 8 men and 10 women and you need to form a committee of S men and 6 women. In how

many ways can the committee be formed?

Answer

We need to select 5 men from 8 men and 6 women from 10 women

Number of ways to do this
- 8Cs X 10C6

=8¢y x 1°Cy [Applied the formula"C, ="Cp.1)]

=(8x7x63x2x1)(10x9x8x74x3x2x1)= 56 x 210= 11760

Example:

In a group of 6 boys and 4 girls, four children are to be selected. In how many different ways can

they be selected such that at least one boy should be there?

Answer

In a group of 6 boys and 4 girls, four children are to be selected such that

at least one boy should be there.

Hence we have 4 choices as given below

We can select 4 boys ------ (Option 1).

Number of ways to this = °Cy

We can select 3 boys and 1 gir] ------ (Option 2)

Number of ways to this = 6Cy x *Cy
(Option 3)

We can select 2 boys and 2 girls
Number of ways to this = °C; x ‘C,

the formula "C, = "C, )|

)]4[6x4]= 15 + 80 + 90 + 24=209

 to be selected to form a committee s

ways can it be done?

4
1

to be selected with at least 3 men

o
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We can select 5 men ------ (Option 1)

Number of ways to do this = Cs

We can select 4 men and 1 woman ------ (Option 2)
Number of ways to do this = 'Cs X °C
We can select 3 men and 2 women ---=== (Option 3)

Number of ways to do this = C3x °Cy

Total number of ways

=7+ [[Cax °Ci] + [C3 x °C]

=70, + [1C3 x °C1] + ['C5 x °Ca] [Applied the formula"C, ="Cin-n]

[7x62x 1 [+{(Tx6x53x2X X6+ [(7x6x53x2x 1)X(6x52x )= 21 +210+ 525 =756

1.3 Probabili . - -
ty :_.),\2\ (- CDA\L ij—/\;‘;a”:, o d\bﬂ%\

Definition: Probability is the measure of the likeliness that an event will occur.

Definition: Let A be event in the sample space C, then the probability of the event A is the ratio
between the number of equally probable events of A which define A and the total number of events

of C. If C has n elements and A is made up of m < n elements, then P(A)=m/n

1.3.1 Axiomatic of probability

Let A be event in the sample space C. then

- 0< p(A)<0.

ity measure is given by

bility measure is given by
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Example: A bag contains 6 red balls, 5 yellow balls and 3 green balls. A ball is drawn at random.
What is the probability that the ball is: (a) green, (b) not yellow, (¢) red or yellow?

(3] 6R

|

(a) p(G)=-— or p(G)=—-—% 7 =li4' 5Y
[IJ 3G

0,5

) p(P)=]- = — - - .4
(b) p(¥©)=1=p@)=l=yr=1r 0" p(¥)=1-p¥)=1- [14] =I-uTn
1

1))

6 5 11
Ror V)=—+—=— =t =
(c) p(Ror Y) 14 1 or p(Ror Y) (4j+(14j 1
1 1

X
“Theorem [f A « B.then P(A) < P(D).

Proof: Because A € B. we can write I as

B = AU(AB)

These are mutually exclusive and so

P(B) = P(A)+ P(A°B)

P (EF).
hese are mutually exclusive.
| = P(E) + P(E°F)

ly exclusive) and so

P(EF) + P(EF)
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1.4 Conditional Probability and Independence

Definition: Suppose that A and B are both events in the sample space C, then the conditional

probability of A given B is:

PANB) . By20

p(4|B)= B

The conditional probability of B given 4 is:

p(A)
Example: A box contains 3 white balls and 2 black balls. qu balls are drawn without replacement. What is

is black given that the first is black? Let A be

1d ball is black. We wish to find P(B14). First P(A4) = % given that
x4 =20

p(B| 4)=

the probability that the second ball the event that the first ball is

black and let B be the event that the seco
- I} represents that both balls are black. There are 5

there are 2 black balls out of a total of b. Next A
P(AND) = -2—30 So:

possible ordered pairs of balls drawn. Of these. two correspond to A1 3. Thus

P(:{[.B)

1
P(A) 1

5
=55 =

P(BA) =

We say two events. A and B are independent if the occurrence of one does not affect the occurrence

of the other. That is. if we know that A has occurred, then B still occurs with its usual probability.

Similarly, if B has occurred, then A occurs with its usual probability. In particular:
p(4|B)=p(4) and  p(B|4)= p(B)
This leads to a useful formula which fs also our definition of independence:
p(40B)= p(4) p(B)

Example: Suppose a box contains three white balls and three black balls. The white balls are

. find  P®BA)  p(4]B)..
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Remark: The independence of three events A;, Ay, A3 means that we must have:
P(A; N Ay) = P(A;) - P(Ay)
P(A1 N A3z) = P(A1) - P(A3)
P(Aa N Az) = P(A2) - P(A3)
P(Ay M Ay N Ag) = P(Ay) - P(A) - P(A3)

Theorem If Ay, Ao, ..., Ay, are events such that P(Ay N Ay ... Ay) # 0 (they can
occur sitnultancously, i.e. they are compatible). then

P(AyNAyn..NA,) = P(A;y)- P(Ag|Ay) - P(A3|(A1 N Ag)) ... - P(An|(A1 M. Apy)).

Proof.

P(A)) - P(A3|Ay) - P(A5|(A1 N Ag)) - oo P(AR](Ar 0 Any)) =
P(A1 M Ag)
P(A)
Ay Ay Ag)
P(A, 04y

=P(A))- P(A3l(A1 1 A9)) - oo PLARI(AY M0 Apsy)) =

= P(A1 N A4y) - il W P(AL(AL D N ALy)) =

P(A; N M ApZ) N AR)

= I~ i e M An, .
P(A{ M. .MA,_y) PlAin )

= P(A; (11 Any) -

m

Example 1 4 machine produces parts that are either good (90%), slightly defective (2%), or obviously defective (8%). Pro-
duced parts get passed through an automatic inspection machine. whicl is able to detect oy part that is obviouslv defective
and discard it. What is the qualiry of the parts that make it througir the inspection machine and get shipped?

p.. SD. OD) be the event that a randomly chosen shipped part is good (resp.. slightly defective. obviously
P(G) = .90. P(SD) = 0.02, and (O D) = 0.08.
robability that a part is good given that it passed the inspection machine (i.¢.. it 1s nor obviously

oDy PG 90 90 _ o =
De) _1—[’(()0)_1—.08—9_2_'"?&'"

man watches the show.
woman watches the show.

P(AnB)
P(B)

ouple watch the show
5)(0.7) = 0.35.

how given that her h

’
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Example Two numbers x and y are selected at random between zero
and one. Let events 4. B and C be defined by

1 1 1 1 1|
1 =y o= =lx<c—. p<— S y>—
_4:{})_2_} B—{.\<2} C—{J<2,3<2}u{.\>2,)>2}

-‘.
\

1.‘\ 7 \y | 7 7

W22 7 12

) —> X // — > i % —> X

) b ot o 4! |
Pl4B]= % _ P4)P[B] |
P4 C)= = PLAPC)
PLBAC —l—P[B]P[(] | |

However, A AB~C=¢.so ;

PlANB~Cl=Pl¢]=0=P[ 4]P[B]P[C']——
1.5 Total Probability (=0 L0

Suppose that we want to know the probability that event A happens, but A generally occurs after some
poSsible events. say By. By or B,. Then we can use the average conditional probability to find A.
Theorem Suppose that By. Ba.. .. B, is a partition of Q. Then for any event A,

: P(4) = PAIBOP[) + PAIB) P(By) + -+ + P(AIBo) P(By)

Proof: Note that A= (A7 By)U(ANDBy) U---U(ANDB,) and the sets AN B; are pairwise-disjoint. Thus

-ﬂdj}x P(AﬂBl)+(4ﬂBg)+ +P(ANDB,)

-P(A]B,:

i

‘‘‘‘‘‘

'he first box (A) has 6 red balls,\;S white
all s, 4 white balls and 8 black balls. Ifa b
bl ity that it is a red ball?

52 4

142 14

-

TN Y\

- T = '}'{ B
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1.6 Baye’s Theorem

Suppose that B.B,---.B, isa partition of the sample space Q. Then foe any event A

p4,nB) _ p(Bl4,)p(4,)

P(4,1B)= "
PB) S p(Bl4) p(A)

Example: Suppose that we have three boxes contains balls as
The first box (A1) has 6 red balls, 6 white balls and 8 green balls.
The second box (A2) has 4 red balls, 8 white balls and 8 green balls.
The third box (A3) has 10 red balls. 4 white balls and 6 green balls.
(1) If a box is chosen at random and a ball drawn, if the ball is red, what is the probability that it

was from first box?
(2) If a box is chosen at random and a ball drawn, if the ball is white, what is the probability that

it was from second box?
(3) If a box is chosen at random and a ball drawn, if the ball is green, what is the probability that

it was from third box?

M
p(R) P(R | A p(A)+ p(R | A2) p(A42)+ p(R | 43) p(43)
6 1
- 20 3 _3
61 41 101 10
e
20 203 203
2
o PAOH) POV | 42) p(2)

3 -W\.I"‘Dﬁpw)w(w | 42) p(A2)+ p(¥ | 43) p(43)
3
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p(A3nG) p(G|A43) p(A43)

p(43|G) = -
p(G)  p(G Al p(A)+ p(G | A2) p(A2)+ p(G | 43) p(A3)
Bl
_ 20 3 _3
§ 1 81 61 11
————_—t—r— e — —
203 203 203

are over 6 feet tall and 1% of women are,
divided in the ratio 3:2 in
.om among all those over

Example At a certain university, 4% of men
over G foet tall. The total student population is
favour of women. If a student is selected at random fr
<ix feet tall. what is the probability that the student is a woman’

Solution

Let M={Student is Male}. F={Student is Female}. (
space of students), 7'={Student is over 6 feet tall}. We know
P(TIM) = 4/100 and P(T'F) = 1/100. We require P(F|T). Using

Lote that M and F partition the sample
that P(M) =2/5, P(F) =3/5.

Baves' Theorem we have:

P(TFYP(F)
P(FIT) = ——— —
(FIT) P(TIF)P(F) + P(T'M)P(M)
1.3
l(')O 5 -
Téﬁ"§+?§% 5
B
1l

Example A factory production line is manufacturing bolts using three machines. A. B

and €. Of the total output. machine A is vesponsible for 25%. machine B for
. and machine €' for the rest. It is known from previous experience with the
achines that 5% of the output from machine Ais defective, 4% from machine
B and 2% from machine €. A holt is chosen at random from the production

line and found to be defective. W hat is the probability that it came from

gre
30

{a) machine A (b) machine B (¢) machine €7

machine A}, B={bolt is from machine B}, C={bolt
) = 025, P(B) = 0.35 and P(C) = 0.4
= .02. A statement of Baves” Theorem fo

_ P(DIAYP(A)

)+ P(D|B)P(B) + P(D|C)P(C)
5 x 0,25

4% 0.35 +0.02 x 0.4

0.04% 0.3 i
+0.04 x 035+ 0.02x 0.4
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Exercises

1- A bench can seat 4 people. How many seating arrangements can be made from a group of 10

people?

2- How many distinct permutations can be formed from all the letters of each of the following

words: (a) them, (b) unusual?

@A student is to answer 7 out of 9 questions on a midterm test.

i) How many examination selections has he?

if) How many if the first 3 questions are compulsory?

iii) How many if he must answer at least 4 of the first 5 questions?
, 4- A bag contains 6 red balls. 5 yellow balls and 3 green balls. A ball is drawn at random. What 1s

the probability that the ball is: (a) green, (b) not yellow, (c) red or yellow?
5- A fair six-sided die is tossed twice. What is the probability that a five will occur at least once?

@Three different machines Ml, M2, and M3 are used to produce similar electronic components.
Machines ML M2. and M3 produce 20%. 30% and 50% of the components respectively. It is
known that the probabilities that the machines produce defective components are 1% for M1, 2%

for M2. and 3% for M3. If a component is selected randomly from a large batch. and that

component is defective, find the probability that it was produced: (a) by M2, and (b) by M3.

7- In a group of 72 students, 14 take neither English nor chemistry, 42 take English and 38 take

chemistry. What is the probability that a student chosen at random from this group takes:

a) Both English and chemistry?

b) Chemistry but not English?

8- Two hundred students were sampled in the College of Arts and Science. It was found that: 137
take math. 50 take history, 124 take English, 33 take math and history, 29 take history and English,
92 take math and English, 18 take math, history and English. Find the probability that a student

selected at random out of the 200 takes neither math nor history nor English.

9- Three balls are drawn one after the other from a bag containing 6 red balls, 5 yellow balls and 3
green balls. What is the probability that all three balls are yellow if:
a) The ball is replaced after each draw and the contents are well mixed?

b) The ball is not replaced after each draw?

16
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- o o~ hnndle oin is selected at random
10- A box contains three coins, two of them fair and one two-headed. A coin is selected at ¢

= ST JO TS ; st coin is selected
and tossed. If heads appears the coin is tossed again; if tails appears then another ¢

from the two remaining coins and tossed.

a) Find the probability that heads appears twice.

b) Find the probability that tails appears twice.

3 \ . ( “ =
\ - \ AN = "— A (-
Q ;
\E\> O \= i\
) O\ = A\ C \ w (s -
‘ \ A iRty
, S
R\ T < \ il
= =\ o < 3 \

LS

—_—

\SS

- LD
- '?) Qor\{ 5 %\( > ’%%
@ = ASNVGN

\;—\.w%— oS SUPPoMUSC ok WO e o e RO &% dhesy

-
—

Conko S \cals o S 5, e Shvosk o SRR TS 3 e vals,

iq D S Sccond e AN

o & \D\X\L\b%% 3"& A\ %&\\ o \D?(\RQ\N\ Q\\é\b O\ 5\‘0\\}‘\3\\

) Lorediahe Vs o' N N T N Y
@K 2 ok 15 e ) Sushok Emone Q&Q\D;\\:\\\\- N\
‘W\Wd oS TNown Seosad o ork < | & 4

7._\/\/\/\/\_/\/‘\/\—/\—/\/\/,
il SR = L IR PR - RUWR\ Bay W\ By

D Ve X <A\ QAN

BN AN
- N S
L S
PO B - S el = "SR
= R |
PR = O REBwW e o
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Chapter 2

Random variable and their functions

©

2.1 Random variable
e is a variable that is random. meaning that its value 15 unknown,

Informally, a random variabl
es wit

ved yet, or something of the sort. The probabiliti

ible values are described by a probability model.
nonrandom variables, we adopt widely

letters near the end of the

h which a random

uncertain, not obser

variable takes its various possi
m variables from ordinary,

ndom variables by capital letters, usually
dom variables and certain

In order to distinguish rando
used convention of denoting ra

alphabet, like X, Y, and Z. T
andom variable, we often use the correspo

ariable corres
5. we often say a variable

here is a close connection between ran
nding small letter X as the

ordinary variables. If X is a t

s the same values. Whether a v ponding t0 a real-world

ordinary variable that take

phenomenon is considered random may depend on context. In application

rved and nonrandom after it is observed and its
X before its val

actual value is known.

is random before it is obse

-world phenomenon may be symbolized by ue is observed and by

Thus the same real

x after its value is observed.
ith a very simple example. Let the random experiment pe the toss of a

We begin the discussion Wi
coin and let the sample space associate with the' experiment be C = {c: where ¢ is Tor ¢ isHyand T

y, tails and heads. Let X be a function suc
s a real-valued function defined on the sample space C' whic
{0, 1}. We call X a random variable and, in
n of a

h that X(c) =0 if cis T and let

and H represent, respectivel
X(t) = Iif ¢ is H. Thus Xi h takes us
pace of real numbers 4 =

from the sample space C'toas
ed with X is 4 = {0, 1}. We now formulate the definitio

this example, the space associat

random variable and its space.

. Consider the experiment of flipping a fair coin three times. The number of tails that

d as a discrete random variable :
X= number of tails that appear in 3 flips of a fair coin.

There are 8 possible outcomes of the experiment : namely the sample space consists of

Example
appear is note

Q={HHH .HHT,HTH,HTT.THH,TIT,THT,TTH} where
. X=0,1.1,2,1,3,2,2
are the corresponding values taken by the random variable X.

Definition: Consider a random experiment with a sample space C. A function X, which assigns to

each element ¢ € C one and only one real number X(c) = x. is called a random variable. The space

of X is the set of real numbers 4 = fxx=X()ice G

18
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Rundnn] variable can e discrete, that 1s, "‘k'nﬂ any of a Spec ified finite or countable list of values,
endowed with a probability  mass function, characteristic of a probability  distribution;
or continuous, taking any numerical value in an interval or collection of intervals, via a probability

density function that is characteristic of a probability distribution; or a mixture of both types

-

o ’
“ \'\\ i, \\ . AN (h\ y
2.2 Functions of random variables == 5 - e

: _‘.; N f\"\,\ 5 - > :\
2.2.1 Probability density function (p.d.j)g\“ 1 Q- © A\ S Q)
Definition: Let //x) be a function of the random variable X, such that
M f(x)>0 VxeC
; N
Y f(x)=1 Discrete type e
(2) all x .
[f(x)dx=1 Continuous type Y

.

then f(x) is called the probability density function (p.d.f) of X.

Example: Let

S x=12345
p(x) = show that p(x) is p.d.f

0 elsewhere

(1) P(x)>0 Yx=12345

J_L_ 7

2 3 4 5 15 i

2 _—+— —t—=—=1 /S Fe
T T AR TASTRARTT- i~
.
&

Example: Let

k(x+1) x=123.4
p(x)= .

0 elsewhere

be the p.d.f of the random variable X. Find the constant k.

Since p(x) is a p.d.f. of X, then

S p()=1 = k(A1) +kQ+1)+kG+D)+k@d+1)=1 = 1dk=1 = k=L
14

all ¥

*%\\D\D*\w\;\; ety = %\(\*\ W Q\\‘L Y

DY K=y =2 >0
PO\ = 950

S e ) = -%':3 S \\GX ? \ %‘&

) = oy - TR E L e D - =SenahE

\\-\—’5_.#9?'

Plh=3)= 3 >0

Pl i
\ N\ 3>

I
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X — SNeW ’i\r\s& \‘3’ N = 1}:\;:{“ s R = e NaMd A0 AR
rD ? Ny = cﬁ\‘: — T a 23‘3_'-‘?‘“*‘; = Q\*'—m .\.Q\ﬁ-*\:\ -tR::(_\L—_‘}_"“
?}"‘*‘\\ = \1\1 31'{_") ) LTRLRE 3 = -
TOR=2y X%
- L’.‘: N\ C‘\'K 'i) \ Cg ‘3

=
- %

Example: Let

e’ x>0

f(x)= show that fix) is p.d.f

1 0 elsewhere
(M f(x)>0 ¥x>0
(2) [ f(x)dx=]e " dx :[Jc-"]r =1 (where, e"=1and ¢™=0)
L 0 y
(&)
: s

Example: Let

-3

ke L x>0
f(x) =4
0 elsewhere
be the p.d.f . of the random variable X. Find the constant kand p(10 < x <=). :/0
A1)
. " ,‘.5 -l_j I l
[f(x)dx=1 = [keYdr=] =|-30e"| =— = k=— X2
.‘. . ] 30- - ‘.; :'__-
=1 -1 = - ‘)"

il % % ] ¢
pl0<x<w)=[—e  dx=|-¢ =¢ =5

Ffl3{] it -

2.2.2 Distribution function (d.f)
Definition: The distribution function of a random variable X'is the function given by

ip{s) discrete type

Fix)=

[ f(s)ds continuous rype
Theorem 2 (Distribution Funetion IT1) A distribution funetion F(r) of a vandom variable X
satisfies the followmy propertics,

I, P(X >x)=1-F(x).

2 Plr< X <y)=Fly)= Flx)

8 P(X =r) = Fla) = limype Fly).

20
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Example: Let

x
— x=1234735
15 o

plx) = find d.f. of X.
' 0 elsewhere

X | 2 3 4 5

P(x) 1/15 2/15 3/15 4/15 5/15
12 =
[0 x<l . —_—
l
|3_5 !'_:I‘Cz I' os | ; . )
‘1—5" 25:"‘3 on
;p_(i}i:-.. . 3<x<4 | oa —_——
453’(5 (- ¥] ——
x23 0 = -
(i} ! | 4 3 4 5

t the random variable X of the discrete type have the p.d.f.
3, zero elsewhere. The distribution function of X is

Ax) =0, =iy
=i l=x<2
=3 2<x<3,
TEN

— . al
CamScanner = Wgd d> gl




Example . Let the random variable X of the continuous type ha.we
the p.d.f. fix) = 2/x°, | < x < o, zero elsewhere. The distribution function
of Xis

Rx) = 0dw=0 x<]l,
[~ 2 1
=,, ?dw-l-—?. 1€ x.
F(x) .~ '
!

Example: Let

[k x
I,'}[ xX)l= 1

f<cx<l

elsewhere

be the p.d.fof X

(1) Find the constant k. (2) p(03<x<0.8) (3)Find the d.I of X

J X
[ f(x)de=1 = [kxde=]l = (= = = k=2

|
b K
pl03<x<0.8)= [2xdxe= [z ],‘ = (0.8)"=(0.3)" =0.55

g

| 0 (x<0)
F(x) =1 x° (0< x<1)
| (x>1)

CamScanner - g d>gunall



2.3 Mathematical Expectation

one of the more nseful concepts in the problem involving distributions of random variables
15 that of mathematical expectation.

Definition : Lot X be o random variable having pad.f. f(r) (p(r)). and let u(z) be
a funetion of Xo The expected value of u(e) is defined as

f_’”_t ule) floydr i X is continnons

Elu(r) =
| | 3 ulx).flr) il X is discrete.

allr

Examplel: Lot X has the p.d.f.

2Br+1) U<x<l >
fle)= { . ‘
0 clsewhere,
Then. g _
E(X) = [ia firydr = [ 3r (37 + Ddr =2 [2 + L2} = 2.

E(X?) = JI: 72 f(x)dr =j:.]l %rl (3 + L)dr =% [-%.r‘i + %J':l][l] = -23%
CEQX*+X) = [[(242 + 1) [(2)da = [} 3(20% +2) B + U)o = [} 2(62% + 522 + x)da

; . 211
~Hltrt 30 - B

F X. unple2: Lot X bave the pud.f.

L
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2.3.1 Properties of expected value

1 El¢l =« for a constant c.
_‘ }! ( — } .r.,' tll |1|_"-f_:]}1
3. Elegglry) £ caglrs)] = eiElgln)] £ e2E(g(x2 for the constants ¢y and €

2.4 Variance

Definition_: Lot XD random variable, and let px b E(X). The variance of X

denoted bw a3 ol TAASE LR fined I

2 4.1 Properties of variance

2 varlel = 0 for a constant «
3. war cX] = *val N [or a constant c.

4. varjo + hX| = bvar[ X] for the constants a and b, == Lox(( e Catd
— o x a0

Definition : I } 1s @ random variable. the standard deviation of X denoted by ax
i defined as +/var [ X

Examplel: Let X has the pdf

= (1< < o0
) =
() el sewher W X 2 =iy \_"“

Then. A= B el

BIX 1] = = ( + 1) e7dr = —(e 4 1) e+ [P0 dr = [ (e + 1) — 2] =2
SNy, LA T )T =D =» EL{.-.,;,_ s —\.u\..\\se’f‘* c:_‘i\?\

— TG TR = -\US —O)\= 2

Thus. = k0 A TRA & L)

\'nl‘[.\’ - l = ;"._:f.\' - ]i"’j - ff.-i.\' - 1]12 =5—(2)2 =1.

24
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2.5 Moment-generating function (m.g.f.)

Definition : let X be a random variable with a p.d.f /() The expected value of
e is defined to be the moment-generating function of X if the expected value exists for
every value of ¢ in some interval =h < £ < h: h > (. This fimction, denoted by Mx(t).

can Dyer 11l'|ilil‘ll s

[ e flx) if X iscontinuous

.\I’_\'IH = [‘_‘vlr'\‘j = (1.3)
‘ oC
Y et f(x) tf X s discrete

=0

Where,
—h<t<h:h>A0

2.5.1 Properties of moment-generating function
] ,114"_\"}I = |.
_" _‘\.’,\ 1) = ['_. \

3 _\.'[_"\J:UI - f_\-l

Lovar[X] = \Iv(0) - _U_i-\,ll:-"

Examplel: Let X has the pof.
_L‘J_f )< r < o

l) rlseu f'H N
I'hen.

(1Y = Il X = [ Lolx, 7%"‘; = Lo { _J”“‘_;—ht = - ( —=(3-t) : o
Wyit) = F . 5 8 lr =3 fo b= 3 (ﬁ)[ ) 'J. BT
Where, t # 3

[o find the expectated value and variance using the propertics of ni.g.

=

‘l/J\ = —— = ,\,l';‘.uih:‘_?‘

]_;'.';\’ t) = _T_‘—u__ — _“/::.,wllJ —

[herefore. we liave

var[X] = M¥(0) — (My(0))° =8 = (2)2 = 4.

.
e -
—\%Af 27X\ %

ol
oL/W%
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Example2: Lot X has the pl

() clsewhere

Here, we need to prove that, the moment-generating function of X is

e —e t 0.

My (0) = E["Y] = E[1] = 1.
EXERCISES:

. Find the mean and variance,

if thev exist. of cach of the following distributions

) = f_%(ﬁ' r=0.1.2.3 . zero elscwhere
. ) L ]
h) f(r)=06r(l — 0 . zero elscwhere.
O f(r) == I ! X0, ICYO ¢ [scwhere
9 Let flr) = (1) . r =123, zero elsewhere. be the p.d.f. of the random
variable X, Find the moment-generating function. the mean. and the variance of
A

3. Let the random variable X has mean p. standard deviation o, and moment-generating

function My (t). =h <t < h
. Show that,

a)k [‘\Vr"] = ().

(e

b) E [(%ll] =

a

¢) E{exp [ (33£)]} = ¢ Mx(L),

—ha
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