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Lecture One

Functions:

Def :Let each of X and Y be a non-empty set. The relationship f from X toY is said to be
a function from X to Y if for every x € X, there is one element y € Y satisfy y = f(x).The
set x is called a Domain and is denoted by Dy and the set Y is called Range and is denoted

by Ry.

We note

o f: X — Yis a function. Every element in X has associated with it exactly one element
of Y.
® But g : X — Y is not a function. The element 1 in set X is assigned two elements, 5
and6insetY .
¢ the domain of f is the set X.
¢ the range of f is the set of y-values such that y = f(x) for some x in X.
Arithmetic Operations on functions:

e Sumi(f+g9)(x) =f(x)+gx).

e Difference:(f —g)(x) = f(x) —g(x) .

e Product:(fxg)(x) = f(x) * g(x) .

f(x)

o Quotient::(f/g)(x) = E,where gx) 0.




The Limit of function at point:

If the value of a function f(x) approach the value L as x approach b, we say f has limit
L as x approach b and we write lim,_, f(x) =L .

properties of limits
1.let f(x) = c, cis constant then lim,_,, f(x) = lim,_,c = c.
2. lim,_, c.f(x) = c.lim,_,; f(x).

liInx—>b (f(X) + g(x)) = lirnx—>b f(X) + lirnx—>b g(x) .

3.
4.limyp, (f(x). g(x)) = lim,_p, f(x).lim,_, g(x).
5 f(x) limf(x)

- — x_}b -
lim,_,, (—g (X)) gt , Where !{Lngg(x) +0.

6. lim (Y/f(x)) = "/ lim f(x) ,where lim f(x)>0 .
x-b x—b x—b

7. limy_,, x = b.
8. lim,_, x" = b."

Examples

1.Evaluating the Limit of a Constant Function at a Point:

Example 1 Let f(x) =5 Find lim,_,; f(x)?
Solution: lim,_4 5=5.since thereisno x in f(x) anyway.

2.Evaluating the Limit of a Polynomial Function at a Point:
Example 2 f(x) = x% + x — 2.Calculate lim,_,, f(x)?
Solution lim,_, f(x) =22 +2 -2 =4.

3. Evaluating the Limit of a Rational Function at a Point:

3x+2

Example3 f(x) = — .Calculate lim,_,, f(x)?

Note that f is a rational function with implied domain Dom(f) = {x € R,x # 1}.

Solution_ lim,_, f(x) = Z===8.

2_
Example 4 f(x) = ==, Calculate lim,_,, f(x)?

2_
Notice that the function f(x) = % Is not defined when x =2,because the denominator is
zero we use the simplification first and then we substitute the value of x.

Solution_lim,_,, f(x) = lim $=2G+2)
x—2 x—2

=lim(x+2) =4
x—2



Example 5: Let f(x) = x—lz Find lim,_, f(x) if it exists?

Solution: The value of f (x) do not approach 0 number, so liwgzx—lz does not exist.
4. Two sided limits:
Let f(x) be a function then the right-limit define as liwggf(x)(the limit of f(x) as

approaches a form the right ).And the left-limit define as lirlzt_f(x)(the limit of f(x) as

approaches a form the left).
Remark
lim,_;, f(x) = Lifand only if ii%f(x) =L= gggf(x).
2x—1 ,x=>-1
Example 6 Let f(x) = ,
3x ,x< -1
Find the left and the right lim,._,_; f(x)?and explain if lim,_,_; f(x)if it exists?
Solution :
lim f(x)= lim (2x—-1)=-3 =14
x->-1% x—>-1%

lim f(x) = xl_)izrll_Sx =-3=1L,

x—->-1"
~ Ly = L, = lim,_,_4 f(x)is exists and equal -3.

-3x+1 , x<1

Example 7 Let f(x) = , Find the left and the right
x* -2 , x> 1

lim,_ f(x)? and explainif lim,_4 f(x) if it exists?

Solution :
H — 2 _ = -1 =
lpfC0 = lim (=)= -1=1,

limf(x)=lim (-3x+1)=-2=1L,

x—>1~ x—>1~

We notice Ly # L, — lim,_,; f(x)does not exist.
Example 8 Calculate the following :

a)lirzl(x3 +4x* -3)
X—
b)lim x2+3x+2

x->b x+1

C)linzlv 2x2 +1
X




x2+100-10

o) i =

1 1

. Jx 3

f)gcl—n}x—9
Solution

a)lim(x® + 4x* — 3) = limx3 + lim4x?* — lim3
x—b x—b x—-b x—b
=b* + 4b* -3

K2 +3x+2 UmO*+3x+2) p2y3p42
x~b  x+1 Lim(x + 1) ~ b+1
X

c)lirrzu/Zx2 +1= \/linzt(sz +1)=+2.22+1=3
X— X—

. x24100-10
d) lim Y"——=
x—0 X

We can Multiply both numerator and denominator by the conjugate radical expression
vx% + 100 + 10 (obtained by changing the sign after the square root).

VaZ+100-10 VxZ+100-10 VxZ + 100+ 10
x2 x2 Va2 +100 + 10

x%+100-100 2

X 1
X2(Jx24100410)  x2(Jx2+100+10)  (J/x2+100+10)

Therefore,

Va2 +100-10 1 1
lim 5 = lim = —
x>0 x x>0 (vV/x2+100+10) 20

) x* —4 C (x=2)(x+2) 4
lim = lim =

Example 9: x>2 x2 —5x+6 -2 (x—3)(x—2) -1




3-Vx
3yx _ 3—-Vx 1

Pl = iy e = U VT

<||'-*
WlH

-~ —(Vx -3) 1 -1
=3 (Vx—3)(Vx+3) 54
Differentiation:

Derivative definition :

The derivative of a function f is the function f'whose value at x is defined by the

fGx+h)—f(x)
h

equation: f(x)=lim,_,
Notes

+» A function that has derivatives at a point x is said to be differentiable at x .
¢ A function that is differentiable at every point of its’ domain is called differentiable.

+ The differentiation operation is often denoted by % , which read ( the derivative of

f (x)with respect x.

Examplel: Find the derivative of f(x) = +/xby definition ?
Vx+h—/x

Sol. : f'(x) =limy,o R

Vx+h—x

= lim,_,, * *\/@:g
R (R
= W20 h (Vx + h +Vx)
x+h—x
= lim
h>0 h (Vx + h + Vx)
h 1

= I Vxth+vo)  2v%
Example2: Find the derivative of f(x) = x2 + 3x + 2
by definition ?
(x+h)%2+3(x+h)+2—(x%+3x+2
Sol: f7(x) = limy,_g h

x2+2hx+h?>+3x+3h+2—x*—-3x—-2

= lim h
2hx + h? + 3h h(2x + h + 3)
= lim = lim
h—-0 h h—-0 h



=2x+0+3=2x+ 3.

Example3: Find the derivative of f(x) = i by definition ?

1 1
1 1
. pr . xth x . ~ x—(x+h)
Sol: f'(x) =limy_,y h =limy oh( o )
1

= -1 -1

h = li -1
= limy_o " ( ( +h)) lim,_,, 2

Example 4: Find the derivative of f(x) = x% + 3 by definition ?
(x+h)?+3-(x?+3)
S_OI: f,(x) = limh—>0 h

x> +2hx+h?>+3—-x*-3
= lim
h—-0 h
h(2x+h)
= limh_)o h

=2x+0=2x

Slopes and Tangent Lines:

When the value f’(x) is exists is called slope of the curve y = f(x) at x . The line
through the point (x, f(x) ) with slope f’(x) = m is the tangent to the curve at x.
Now, steps to find the equation of the tangent :-

1. Find a contact point (x4, y1).

2. Find the slope of the curve m = f’'(x) .
3.Apply following relation y -y; = m(x — x4).

Examplel: Find the equation for the tangent to the curve f(x)= (2 — x?)? at x = 2?
Sol. :- from steps a bove:
1.Find a contact point y; = f(2) = (2 — 2%)? = (-2)? = 4.
(xl; yl): (2!4)
2.Find the slope m = f'(x)
—m= f'(x) =2(2—x*)*(-2x) = —4x(2 —x?)
S>m= f(2)= —4(2)(2-2%)= —8x(-2) =16
3.Apply the relationy —y; = m (x — x4)
y —4=16(x -2) =16 x — 32
16x—y —32+4=0
16x—y —28=0
y=16x — 28
— The equation for tangentis y = 16x — 28

Example 2 :- Find equation for the tangent to the curve y =+/x at x = 4
Sol. :
1 firstly find (x4, y4) by



Y1 =% = \/7=2 - (x1,y1) = (4.2)
2.Then, find slope m= f’(x)
, 1
—f (x)=57%

, 1 _1
—m=f(4)=7==7
3.Now, Apply the equation :-

y —y1=m(x—xq)
y—2=7(x-4)
= ! 1+2
y = Zx +
— The equation for tangentis y = %x +1

Example 3:- find equation for the tangent to the curve y = ¥Y3x + 5 at x = 1?
Sol. :

1.find (x4, ¥1) by y1 = f(x1) = f(1) = 3,/3(1) +5 = 3\/7=2

—(x1,¥1) = (1,2)
2. find slope m = f"(x)

—f (1) =% Bx+5)2/3 3 =L

Y Bx+5)?

1 1
4

fraN _ 1
m_f(l)_3,/(3(1)+5)2_“°{/@_
3. Apply equation
Yy —y1= m(x —x;)
y-2=;(x-1) >4y —8=x—-1
x—4y+8—-1=0
x—4y+7=0

So, equation of tangent is y = % (x+ 7).

Example 4: find equation for the tangent to the curve y = x? at the point (%41)
Sol. : firstly, find slope of curve:

f(x)=2x>m= f(x)=2 (‘71) = -1

Apply equationy —y; = m(x — x4)

1 -1
y-——=-1(x=(7))
1 1
Y=y T TX T

_ 1
y=—-x 1

. . 1
—equation of tangentis 'y = —X — —





