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Functions: 

Def :Let each of X and Y  be a non-empty set. The relationship f  from X  to Y  is said to be 

a function from X to Y  if for every 𝒙 ∈ 𝑿 , there is one element  𝒚 ∈ 𝒀 satisfy 𝒚 = 𝒇(𝒙).The 

set x is called a Domain and is denoted by  𝑫𝒇  and the set Y is called  Range and is denoted 

by 𝑹𝒇.   

         X                              Y                                        X                          Y 

                           f                                                                      g                     

 

 

 

 

We note 

 f : X → Y is a function. Every element in X has associated with it exactly one element 

of Y .  

 But g : X → Y is not a function. The element 1 in set X is assigned two elements, 5 

and 6 in set Y . 

 the domain of f is the set X.  

 the range of f is the set of y-values such that y = f(x) for some x in X. 

Arithmetic Operations on functions: 

 Sum:(𝒇 + 𝒈)(𝒙) = 𝒇(𝒙) + 𝒈(𝒙) . 

 Difference :(𝒇 − 𝒈)(𝒙) = 𝒇(𝒙) − 𝒈(𝒙)  . 

 Product:(𝒇 ∗ 𝒈)(𝒙) = 𝒇(𝒙) ∗ 𝒈(𝒙)  . 

 Quotient::(𝒇/𝒈)(𝒙) =
𝒇(𝒙)

𝒈(𝒙)
 ,where 𝒈(𝒙)  ≠ 𝟎 . 
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The Limit of function at point: 

If  the value of a function 𝒇(𝒙)  approach the value L as  x approach  b , we say f  has limit 

L as x approach  b and we write   𝒍𝒊𝒎𝒙→𝒃 𝒇(𝒙) = 𝑳 . 

 

properties of limits 
1.let 𝐟(𝐱) = 𝐜 , 𝐜 is constant then  𝐥𝐢𝐦𝐱→𝐛 𝐟(𝐱) =  𝐥𝐢𝐦𝐱→𝐛 𝐜 = 𝐜 . 
2. 𝐥𝐢𝐦𝐱→𝐛 𝒄. 𝐟(𝐱) =  𝐜. 𝐥𝐢𝐦𝐱→𝐛 𝐟(𝐱). 
3. 𝐥𝐢𝐦𝐱→𝐛 (𝐟(𝐱) ± 𝐠(𝐱)) =  𝐥𝐢𝐦𝐱→𝐛 𝐟(𝐱) ± 𝐥𝐢𝐦𝐱→𝐛 𝐠(𝐱) . 
4. 𝐥𝐢𝐦𝐱→𝐛 (𝐟(𝐱). 𝐠(𝐱)) =  𝐥𝐢𝐦𝐱→𝐛 𝐟(𝐱). 𝐥𝐢𝐦𝐱→𝐛 𝐠(𝐱) .  

5. 𝐥𝐢𝐦𝐱→𝐛 ( 
𝐟(𝐱)

𝐠(𝐱)
) =    

𝐥𝐢𝐦
𝐱→𝐛

𝐟(𝐱)

𝐥𝐢𝐦
𝐱→𝐛

𝐠(𝐱)
 , where 𝐥𝐢𝐦

𝐱→𝐛
𝐠(𝐱) ≠ 𝟎 . 

6. 𝐥𝐢𝐦
𝐱→𝐛

 ( √𝐟(𝐱)
𝒏

 ) = √ 𝐥𝐢𝐦 𝐟(𝐱)
𝐱→𝐛

𝒏  ,where  
𝐱→𝐛

. 

7. 𝐥𝐢𝐦𝐱→𝐛 𝒙 =  𝐛.  
8. 𝐥𝐢𝐦𝐱→𝐛 𝒙𝒏 =  𝐛.𝒏  

 

  Examples 

1.Evaluating the Limit of a Constant Function at a Point: 

Example 1  Let 𝒇(𝒙) = 𝟓 Find 𝒍𝒊𝒎𝒙→𝟏 𝒇(𝒙)? 

 Solution:   𝒍𝒊𝒎𝒙→𝟏 𝟓=𝟓. since there is no  x  in  𝒇(𝒙)  anyway. 

 

2.Evaluating the Limit of a Polynomial Function at a Point: 

Example 2    𝒇(𝒙) = 𝒙𝟐 + 𝒙 − 𝟐.Calculate 𝒍𝒊𝒎𝒙→𝟐 𝒇(𝒙)? 

Solution  𝒍𝒊𝒎𝒙→𝟐 𝒇(𝒙) = 𝟐𝟐 + 𝟐 − 𝟐 = 𝟒. 

3. Evaluating the Limit of a Rational Function at a Point: 

Example 3     𝒇(𝒙) =
𝟑𝒙+𝟐

𝒙−𝟏
.Calculate 𝒍𝒊𝒎𝒙→𝟐  𝒇(𝒙)? 

Note that f is a rational function with implied domain  𝑫𝒐𝒎(𝒇) = {𝒙 ∈ 𝑹, 𝒙 ≠ 𝟏} . 

Solution   𝒍𝒊𝒎𝒙→𝟐 𝒇(𝒙) =
𝟑.𝟐+𝟐

𝟐−𝟏
= 8. 

Example 4 𝒇(𝒙) =
𝒙𝟐−𝟒

𝒙−𝟐
 , Calculate 𝒍𝒊𝒎𝒙→𝟐 𝒇(𝒙)? 

Notice that the function 𝒇(𝒙) =
𝒙𝟐−𝟒

𝒙−𝟐
 is not defined when  x =2,because the denominator is 

zero we use the simplification first and then we substitute the value of x. 

Solution  𝒍𝒊𝒎𝒙→𝟐 𝒇(𝒙) = 𝒍𝒊𝒎
𝒙→𝟐

(𝒙−𝟐)(𝒙+𝟐)

𝒙−𝟐
  =𝒍𝒊𝒎

𝒙→𝟐
(𝒙 + 𝟐) = 𝟒 

𝐥𝐢𝐦 𝐟(𝐱) > 𝟎



Example 5: Let 𝒇(𝒙) =
𝟏

𝒙𝟐
  Find 𝒍𝒊𝒎𝒙→𝟎 𝒇(𝒙) if it exists? 

Solution: The value of  f (x) do not approach 0 number, so 𝒍𝒊𝒎
𝒙→𝟎

𝟏

𝒙𝟐
 does not exist. 

4. Two sided limits: 
Let  𝒇(𝒙) be a function then the right-limit define as 𝒍𝒊𝒎

𝒙→𝒃+
𝒇(𝒙)(the limit of  f (x) as 

approaches a form the right ).And the left-limit define as 𝒍𝒊𝒎
𝒙→𝒃−

𝒇(𝒙)(the limit of  f (x) as 

approaches a form the left ). 

Remark 
𝒍𝒊𝒎𝒙→𝒃 𝒇(𝒙) = 𝑳 if and only if 𝒍𝒊𝒎

𝒙→𝒃+
𝒇(𝒙) = 𝑳 = 𝒍𝒊𝒎

𝒙→𝒃−
𝒇(𝒙). 

Example 6   Let 𝒇(𝒙) = {
𝟐𝒙 − 𝟏    , 𝒙 ≥ −𝟏

𝟑𝒙            , 𝒙 < −𝟏 
        , 

Find the left and the right 𝒍𝒊𝒎𝒙→−𝟏 𝒇(𝒙)?and explain if 𝒍𝒊𝒎𝒙→−𝟏 𝒇(𝒙)if it exists? 

Solution : 

𝒍𝒊𝒎
𝒙→−𝟏+

𝒇(𝒙) = 𝒍𝒊𝒎
𝒙→−𝟏+

   ( 𝟐𝒙 − 𝟏) = −𝟑 = 𝑳𝟏 

𝒍𝒊𝒎
𝒙→−𝟏−

𝒇(𝒙) = 𝒍𝒊𝒎
𝒙→−𝟏−

𝟑𝒙 = −𝟑 = 𝑳𝟐 

∴ 𝑳𝟏 = 𝑳𝟐 → 𝒍𝒊𝒎𝒙→−𝟏 𝒇(𝒙)is exists and equal -3. 

Example 7    Let 𝒇(𝒙) = {
−𝟑𝒙 + 𝟏    ,    𝒙 <  𝟏 

𝒙𝟐 − 𝟐            ,   𝒙 ≥  𝟏
     , Find the left and the right 

𝒍𝒊𝒎𝒙→𝟏 𝒇(𝒙)? and explain if   𝒍𝒊𝒎𝒙→𝟏 𝒇(𝒙) if it exists? 

Solution : 

𝒍𝒊𝒎
𝒙→𝟏+

𝒇(𝒙) = 𝒍𝒊𝒎
𝒙→𝟏+

   ( 𝒙𝟐 − 𝟐) = −𝟏 = 𝑳𝟏 

𝒍𝒊𝒎
𝒙→𝟏−

𝒇(𝒙) = 𝒍𝒊𝒎
𝒙→𝟏−

 (−𝟑𝒙 + 𝟏) = −𝟐 = 𝑳𝟐 

We notice 𝑳𝟏 ≠ 𝑳𝟐 → 𝒍𝒊𝒎𝒙→𝟏 𝒇(𝒙)does not exist. 

 

a)𝒍𝒊𝒎
𝒙→𝒃

(𝒙𝟑 + 𝟒𝒙𝟐 − 𝟑 )  

 b)𝒍𝒊𝒎
𝒙→𝒃

𝒙𝟐+𝟑𝒙+𝟐

𝒙+𝟏
   

 c)𝒍𝒊𝒎
𝒙→𝟐

√𝟐𝒙𝟐 + 𝟏 

Example 8 Calculate the following :



 d) 𝒍𝒊𝒎
𝒙→𝟎

√𝒙𝟐+𝟏𝟎𝟎−𝟏𝟎

𝒙𝟐
 

𝒇) 𝒍𝒊𝒎
𝒙→𝟗

𝟏

√𝒙
−

𝟏

𝟑

𝒙 − 𝟗
 

Solution 

a)𝒍𝒊𝒎
𝒙→𝒃

(𝒙𝟑 + 𝟒𝒙𝟐 − 𝟑 ) = 𝒍𝒊𝒎
𝒙→𝒃

𝒙𝟑 + 𝒍𝒊𝒎
𝒙→𝒃

𝟒𝒙𝟐 − 𝒍𝒊𝒎
𝒙→𝒃

𝟑 

                                         =𝒃𝟑 + 𝟒𝒃𝟐 − 𝟑 

𝒃)𝒍𝒊𝒎
𝒙→𝒃

𝒙𝟐 + 𝟑𝒙 + 𝟐

𝒙 + 𝟏
=  

𝒍𝒊𝒎
𝒙→𝒃

(𝒙𝟐 + 𝟑𝒙 + 𝟐)

𝒍𝒊𝒎
𝒙→𝒃

(𝒙 + 𝟏)
=  

𝒃𝟐 + 𝟑𝒃 + 𝟐

𝒃 + 𝟏
 

 

𝒄)𝒍𝒊𝒎
𝒙→𝟐

√𝟐𝒙𝟐 + 𝟏 = √𝒍𝒊𝒎
𝒙→𝟐

(𝟐𝒙𝟐 + 𝟏) = √𝟐. 𝟐𝟐 + 𝟏 = 𝟑 

 

d) 𝒍𝒊𝒎
𝒙→𝟎

√𝒙𝟐+𝟏𝟎𝟎−𝟏𝟎

𝒙𝟐
 

We can Multiply both numerator and denominator by the conjugate radical expression 

√𝒙𝟐 + 𝟏𝟎𝟎 + 𝟏𝟎 (obtained by changing the sign after the square root). 

√𝒙𝟐 + 𝟏𝟎𝟎 − 𝟏𝟎

𝒙𝟐
=

√𝒙𝟐 + 𝟏𝟎𝟎 − 𝟏𝟎

𝒙𝟐
 .  

√𝒙𝟐 + 𝟏𝟎𝟎 + 𝟏𝟎

√𝒙𝟐 + 𝟏𝟎𝟎 + 𝟏𝟎
 

                     = 
𝒙𝟐+𝟏𝟎𝟎−𝟏𝟎𝟎

𝒙𝟐(√𝒙𝟐+𝟏𝟎𝟎+𝟏𝟎)
=

𝒙𝟐

𝒙𝟐(√𝒙𝟐+𝟏𝟎𝟎+𝟏𝟎)
=

𝟏

 (√𝒙𝟐+𝟏𝟎𝟎+𝟏𝟎)
 

Therefore, 

𝒍𝒊𝒎
𝒙→𝟎

√𝒙𝟐 + 𝟏𝟎𝟎 − 𝟏𝟎

𝒙𝟐
= 𝒍𝒊𝒎  

𝒙→𝟎

𝟏

 (√𝒙𝟐 + 𝟏𝟎𝟎 + 𝟏𝟎)
=

𝟏

𝟐𝟎
 

𝒍𝒊𝒎
𝒙𝟐 − 𝟒

𝒙𝟐 − 𝟓𝒙 + 𝟔
 =  𝒍𝒊𝒎

𝒙→𝟐

(𝒙 − 𝟐)(𝒙 + 𝟐)

(𝒙 − 𝟑)(𝒙 − 𝟐)
=  

𝟒

−𝟏
= −𝟒 

 

𝒙→𝟐Example 9:



𝒇) 𝒍𝒊𝒎
𝒙→𝟗

𝟏

√𝒙
−

𝟏

𝟑

𝒙 − 𝟗
= 𝒍𝒊𝒎

𝒙→𝟗

𝟑−√𝒙

𝟑√𝒙

(√𝒙 − 𝟑)(√𝒙 + 𝟑)
= 𝒍𝒊𝒎

𝒙→𝟗

𝟑 − √𝒙

𝟑√𝒙
∗

𝟏

(√𝒙 − 𝟑)( √𝒙 + 𝟑)
 

 

𝒍𝒊𝒎
𝒙→𝟗

−(√𝒙  − 𝟑)

𝟑√𝒙
∗

𝟏

(√𝒙 − 𝟑)(√𝒙 + 𝟑)
=

−𝟏

𝟓𝟒
 

 
 

 Differentiation: 

Derivative definition :  

The derivative of a  function 𝒇 is the function  𝒇′whose value at x is defined by the 

equation:        𝒇′(𝒙  ) = 𝒍𝒊𝒎𝒉→𝟎
𝒇(𝒙+𝒉 )−𝒇(𝒙  )

𝒉
 

 Notes 

 A function that has derivatives at a point  𝒙  is said to be differentiable at  𝒙 . 

 A function that is differentiable at every point of its’ domain is called differentiable. 

  The differentiation operation is often denoted by 
𝒅𝒇 

𝒅𝒙
  , which read ( the derivative of 

𝒇(𝒙)with respect x. 

Example1: Find the derivative of 𝒇(𝒙) = √𝒙by definition ? 

Sol.  :   𝒇ˊ(𝒙) = 𝒍𝒊𝒎𝒉→𝟎

√𝒙+𝒉−√𝒙

𝒉

 
 

            = 𝒍𝒊𝒎𝒉→𝟎

√𝒙+𝒉−√𝒙

𝒉

 
 * 

√𝒙+𝒉

√𝒙+𝒉 

+ √𝒙        

+ √𝒙         
 

                     =  𝒍𝒊𝒎
𝒉→𝟎

(√𝒙 + 𝒉)
𝟐

− (√𝒙)
𝟐

𝒉 (√𝒙 + 𝒉 + √𝒙)
 

  

                   =  𝒍𝒊𝒎
𝒉→𝟎

𝒙 + 𝒉 − 𝒙

𝒉 (√𝒙 + 𝒉 + √𝒙)
 

 

                  =  𝒍𝒊𝒎
𝒉→𝟎

𝒉

𝒉(√𝒙 + 𝒉 + √𝒙)
 

=
𝟏

𝟐√𝒙
 

Example2: Find the derivative of   𝒇(𝒙) = 𝒙𝟐 + 𝟑𝒙 + 𝟐 

by definition ? 

Sol: 𝒇ˊ(𝒙) = 𝒍𝒊𝒎𝒉→𝟎

(𝒙+𝒉)𝟐+𝟑(𝒙+𝒉)+𝟐−(𝒙𝟐+𝟑𝒙+𝟐

𝒉

 
 

                    = 𝒍𝒊𝒎
𝒉→𝟎

𝒙𝟐 + 𝟐𝒉𝒙 + 𝒉𝟐 + 𝟑𝒙 + 𝟑𝒉 + 𝟐 − 𝒙𝟐 − 𝟑𝒙 − 𝟐

𝒉
 

 

                    = 𝒍𝒊𝒎
𝒉→𝟎

𝟐𝒉𝒙 + 𝒉𝟐 + 𝟑𝒉

𝒉
 

= 𝒍𝒊𝒎
𝒉→𝟎

𝒉(𝟐𝒙 + 𝒉 + 𝟑)

𝒉 
 



                   = 𝟐𝒙 + 𝟎 + 𝟑 = 𝟐𝒙 + 𝟑. 
 

Example3: Find the derivative of  𝒇(𝒙) =
𝟏

𝒙
  by definition ? 

Sol: 𝒇ˊ(𝒙) = 𝒍𝒊𝒎𝒉→𝟎

𝟏

𝒙+𝒉
−

𝟏

𝒙

𝒉

 

 = 𝒍𝒊𝒎𝒉→𝟎

𝟏

𝒉

 
(

𝒙−(𝒙+𝒉)

𝒙(𝒙+𝒉)
) 

          = 𝒍𝒊𝒎𝒉→𝟎

𝟏

𝒉

 
 (

−𝒉

𝒙(𝒙+𝒉)
) = 𝒍𝒊𝒎𝒉→𝟎

−𝟏

𝒙(𝒙+𝒉 )
=

−𝟏

 𝒙𝟐
 . 

Example 4: Find the derivative of  𝒇(𝒙) = 𝒙𝟐 + 𝟑 by definition ? 

Sol:  𝒇ˊ(𝒙) = 𝒍𝒊𝒎𝒉→𝟎

(𝒙+𝒉)𝟐+𝟑−(𝒙𝟐+𝟑)

𝒉

 
 

        = 𝒍𝒊𝒎
𝒉→𝟎

𝒙𝟐 + 𝟐𝒉𝒙 + 𝒉𝟐 + 𝟑 − 𝒙𝟐 − 𝟑

𝒉
 

 

       = 𝒍𝒊𝒎𝒉→𝟎

𝒉(𝟐𝒙+𝒉)

𝒉
= 𝟐𝒙 + 𝟎 = 𝟐𝒙

 
 .  

Slopes and Tangent Lines: 
When the value 𝒇ˊ(𝒙) is exists is called slope of the curve 𝒚 = 𝒇(𝒙) at 𝒙 . The line 

through the point (𝒙, 𝒇(𝒙) ) with slope 𝒇ˊ(𝒙) = 𝒎 is the tangent to the curve at 𝒙. 

Now, steps to find the equation of the tangent :- 

1. Find a contact point (𝒙𝟏, 𝒚𝟏). 

2. Find the slope of the curve  𝒎 =  𝒇ˊ(𝒙) . 

3.Apply following relation 𝒚 -𝒚𝟏 =  𝒎(𝒙 − 𝒙𝟏). 

 

Example1: Find the equation for the tangent to the curve 𝒇(𝒙)= (𝟐 − 𝒙𝟐)𝟐   at    𝒙 = 𝟐? 

Sol.  :- from steps a bove: 

1.Find a contact point  𝒚𝟏 = 𝒇(𝟐) = (𝟐 − 𝟐𝟐)𝟐 = (−𝟐)𝟐 = 4. 

 (𝒙𝟏, 𝒚𝟏)= (2,4)   

2.Find the slope 𝒎 =  𝒇ˊ(𝒙)  

→𝒎 =  𝒇ˊ(𝒙) = 𝟐(𝟐 − 𝒙𝟐) ∗ (−𝟐 𝒙) = −4 𝒙(𝟐 − 𝒙𝟐) 

→ 𝒎 =  𝒇ˊ(𝟐) =  − 𝟒(𝟐)(𝟐 − 𝟐𝟐)=  − 𝟖 ∗ (−𝟐) = 𝟏𝟔 

3.Apply the relation 𝒚 − 𝒚𝟏 =  𝒎 (𝒙 − 𝒙𝟏) 

𝒚 −4 = 16(𝒙 −2) = 16 𝒙 − 32 

      16 𝒙 − 𝒚 − 𝟑𝟐 + 𝟒 = 𝟎  

      16 𝒙 − 𝒚 − 𝟐𝟖 = 𝟎  
       𝒚 = 𝟏𝟔𝒙 − 𝟐𝟖 

→ The equation for tangent is 𝒚 = 𝟏𝟔𝒙 − 𝟐𝟖 

 

    Example 2 :- Find equation for the tangent to the curve   𝒚 = √𝒙  at  𝒙 = 𝟒 

Sol. :    

    1.firstly find (𝒙𝟏, 𝒚𝟏) by 



𝒚𝟏 = √𝒙𝟏 =  √𝟒 = 𝟐 →  (𝒙𝟏, 𝒚𝟏) = (𝟒, 𝟐) 

  2.Then, find slope  m= 𝒇ˊ(𝒙) 

→𝒇ˊ(𝒙)= 
𝟏

𝟐√𝒙
 

→ m= 𝒇ˊ(𝟒) = 
𝟏

𝟐√𝟒
 = 

𝟏

𝟒
 

3.Now, Apply the equation :-  

𝒚 − 𝒚𝟏 = 𝒎 (𝒙 − 𝒙𝟏) 

 𝒚 − 𝟐 =  
𝟏

𝟒
(𝒙 − 𝟒) 

𝒚 =
𝟏

𝟒
𝒙 − 𝟏 + 𝟐 

→ The equation for tangent is  𝒚 =
𝟏

𝟒
𝒙 + 𝟏 

Example 3:- find equation for the tangent to the curve 𝒚 = √𝟑𝒙 + 𝟓
𝟑

  at  𝒙 = 𝟏? 

Sol. :   

1. find (𝒙𝟏, 𝒚𝟏)  by  𝒚𝟏 = 𝒇(𝒙𝟏) = 𝒇(𝟏) = √𝟑(𝟏) + 𝟓 
𝟑

= √𝟖 
𝟑

= 2 

→(𝒙𝟏, 𝒚𝟏) = (𝟏, 𝟐) 

2. find slope  𝒎 = 𝒇ˊ(𝒙)  

→𝒇ˊ(𝒙) =
𝟏

 𝟑
 (𝟑𝒙 + 𝟓)−𝟐 𝟑⁄  ∗ 𝟑 =

𝟏

√(𝟑𝒙+𝟓)𝟐𝟑  

𝒎 = 𝒇ˊ(𝟏) =
𝟏

√(𝟑(𝟏)+𝟓)𝟐𝟑 =
𝟏

√𝟔𝟒
𝟑 =

𝟏

𝟒
 

3. Apply equation  

𝒚 − 𝒚𝟏 =  𝒎(𝒙 − 𝒙𝟏) 

𝒚 − 𝟐 =
𝟏

𝟒
 (𝒙 − 𝟏) →𝟒𝒚 − 𝟖 = 𝒙 − 𝟏 

𝒙 − 𝟒𝒚 + 𝟖 − 𝟏 = 𝟎 

𝒙 − 𝟒𝒚 + 𝟕 = 𝟎 

So, equation of tangent is        𝒚 =
𝟏 

𝟒
 (𝒙 + 𝟕). 

Example 4:  find equation for the tangent to the curve 𝒚 = 𝒙𝟐 𝒂𝒕  𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 (
−𝟏 

𝟐
,

𝟏

𝟒   
) 

Sol. : firstly, find slope of curve: 

𝒇ˊ(𝒙) =2 𝒙 → 𝒎 =  𝒇ˊ(𝒙) = 𝟐 (
−𝟏

𝟐
) = −𝟏  

Apply equation 𝒚 − 𝒚𝟏 = 𝒎(𝒙 − 𝒙𝟏) 

𝒚 −
   𝟏    

𝟒
= − 1 ( 𝒙 − (

−𝟏  

𝟐
) ) 

 𝒚 −
  𝟏   

𝟒
=   − 𝒙 −

  𝟏   

𝟐
 

𝒚 = −𝒙 −
 𝟏  

𝟒
 

→equation of tangent is   𝒚 = −𝒙 −
 𝟏  

𝟒
 

 




