3. Laplace Transform

F(s)=Z{f (t)}=[e*f (t)dt

f(t)=ZF(s)=

— F
|27

o+iow

o—io

(s)e*ds

""Laplace transform™

Example: Find Laplace transform for the function f(t) = 1

F(s)=Z{f (t)}=Z{1}=[e*.1dt =°

o0

0

Table (1) Elementary Laplace transforms

0

:iﬁo_q:

""Complex Inversion formula*

f(t) F(s) fi(t) F)
a at 1
a " e ——
S s—a
r‘(nn—:;l) n > _1
tn ) S
n! L
el na positive integer
sinat cosat
| 32 +a2 S2 +a2
- a S
sinhat NPT coshat g
t 1 1 0
fl(t)ifz(t) Fl(S)in(S) If (t)dt —F(S)+—If (t)C“
a S S o
e®f (t) F(s—a) t°f (t) (_1)n d dFfs)
S

**See the new Laplace Transform Table
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Laplace Transform of Derivative

Z{f'(t)}= Te‘“. f'(t)dt=ef (t)[: —T f (t)(-s)e *dt

0- f(O)+sT f()edt=sL{f (1)} f(0)

Therefore:

Z{f'(t)}=sF(s)-f(0)

Generally:
Z{f @ (t)}=s"F(s)—s"f (0)—s"f "(0)—s"*f "(0) —------f "(0)

e Laplace Transform for integrals

t ot » _t oSt OO_oo ot
I{if(t)dt}:guf(t)dt)e dt_hf(t)dtL_SﬂO gf(t)(_sjdt

=0

o0 —

:jf(t A —If(t)dt( j+ jf(t)e‘“dt

0
“ L1t @t +1jf (t)e “dt
Sa S0

t a
So far: I{I f(t)dt} 1 (s)—lj f (t)dt
a S S 0
This can be extended to double, triple and higher integration.
t 1
I{jf (t)dt}:—F (s)
0 S
Example: Find the Laplace transform for the functions
f(t) =sin’t
f (t)=sin’t ,f '(t) =2sint cost =sin2t
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2
s°+4

Z{f'()}
but :
LZ{f'(t)} =sF(s)— f(0)
since: f(0)=sin0=0

SI:(S):szi4
F(s):I{f(t)}:ﬁ

Or sin’t= %(1—00520 = f(t)

1 1 s 2
f)l=— -5~
LT} 2s 2s’+4 s(sz+4)

t
Example: Find the Laplace transform for _[COS 4t dt
0

- Licos4t! =
{ j s +16
t
- L4 [cos4tdt _1 ZS = 21
0 s s°+16 s°+16
Or
t . .
fcos4tdtzsm4t IR I{sm4t}:£ 24 _ 21
5 4 4 4 s°+16 s°+16

Shifting in s-domain
If f(t) has the transform F(s) (where s >k), then e*f(t) has the transform F(s - a)

(where s - a >k).

Z{e"f(t)}=F(s-a)
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0

Proof: Z{e"f(1)}= j e | e f(t) dt= Te—“—a’t f(t)dt=F(s—a)
We can show that 0 :

b
(s+a)2 +b?

S+a

Z (e cosbt) = (e sinbt) =

(s+ a)2 +b®
Z(e)-—"

(s+a)

Unit Delta Function (Dirac Function)

-

Unit impulse (delta) function o(t)

1 t=0
S(t) = 1
0 t=0

L(s(t))=1 t

Unit Step Function (Heaviside Function)

Unit step function, u(t) u(t) 4

0 t<0
u(t) =
®) {1 t>0

Step Function (Heaviside function)

[ astyp L
I(u(t))=.(|;1.e dt_S

Notes:

du(t)

D) o) =
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) j:a(t)dt = u(t)

Shifting (Translated) functions

A
1 Oft-a)
1 t=a
o(t—a)=
(t-a) {O t=a
a
L(st-a))= Ié(t —a)e dt=¢""
0
0(t—a) = 0 t<a
1 tza
Z(u(t-a))= j u(t—a)edt = j 0.dt + j 1.e %dt
0 0 a
~1r ¢ -1 ) e
=—|e¥| =—|0-e%|=
Shifting in Time-domain
For example;
2 R A
f(t) 4 t f(t) 4 (t-a) . u(t-a)
L -
a t a t a

If we take the expression:
0 t<a

(t—a)’u(t—a) :{

(t—a)2 t>a
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More generally:

f(t—-a)u(t-a)

Example: What is the equation of the function whose graphs in shown below;

fit) 4
1
Sol. 4
1
a b
'
a b t
f(t)=u(t—a)—-u(t-Db)
Example: f(t) 4
< :
1 o
) -

f(t)=k[u(t—1)—2u(t—4) +u(t—6)]

L{f(t—-a)u(t—a)}=e*F(s) (t-Shifting)

wecanalsowrite: Z{ f ()u(t—a)} =e *L{f (t+a)}
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Or, we can write
f(t-a)ut-a)=2"{eF(s)]

Proof:

I{f (t-a)u(t-a)}:j f(t—a)u(t—a)e *dt =j f (t—a)e™dt
0 a

Now lett—a=7, dt=dr,then

[f()e™Pdr=e*[f(r)e "dr = *F(s)
0 0

Example: Find Z{cos(t —1)u(t—1)}

S S
where f(t) =cost — F(s) =
s®+1 ® (s) s +1

L{cos(t-Du(t-1}=e"*

Example: Find I{Sin(Zt —2)u(t —1)}

F(t)=sin(2t —2)u(t—1) =sin2(t —u(t -1)
. s 2 : 2
L I{F(t)}=e .2 where Z{sin2t}= 72

Example: Find F(t) =cos(t —Du(t—2)

F(t)=cos(t—2+Du(t-2)
=[cos(t — 2) cos1—sin(t — 2)sin1]u(t —2)

'.'I{F(t)}:[sz +1 s?+1

scosl sinl }325
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Example: Write the following using unit step functions and find its transform

-

2 ifO<t<l
f(t):<£t2 ifl<t<£7z
2 2
cost if t>17z
2

Solution: Step (1) In terms of unit step functions
f (0 =2[u(t) -u(t —1>]+§t{“<t ~1)-u(t _%”)}F(Cost)ua -3

Step (2) Find Laplace transform:

Z{2[u®) -ut-1]} :2(1—e‘5)/s
Using the formula: Z{f (t)u(t—a)}= e’aSI{ f(t+ a)}

I{ltzu(t—l)}=eSI{£(t+l)2}=eSz{lt2+t+l}=e5(%+%+ij
2 2 2 2 s° s 25

Similarly;

—7sl2 —7sl2 : —7sl2 1
I{costu(t - %)} = I{cos(t + %)} —e L {-sin(t)}=—e [m)

Finally;

STIFMY ="-Zetve | o S — [re T S _eﬁs/z(

F(&)
2
1 |
0 | I /;\ | \/l\l |
1 T 2m Aqr t
_1 |
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Differentiation of Transforms (t» f(t))
. Sd"F(s
Z(t"f(1)=(-1) (5)

ds"

Proof: F(S)=I(f(t)):Tf(t)e‘Stdt = F'(s) =—T f (t)te 'dt

Consequently:

L(tf(t))=—F'(s) hence ZL*(F'(s))=-tf(t)

: : b?
Example: Find the inverse transform of In (1 + —j

2
2 2 2
Sol. F(s):ln(1+b—2jzln(s +h j
S S

s
F'(s) :%[In(s2 +b2)—lnsz]: 322+Sb2 —?

A B
s? +b?

LHF'(s)}= Il{ %} = 2cosbt — 2 = —tf (t)
f(t) = (1-cosb)

Integration of Transforms

I{?} = ]j F(s)ds  hence  I* {T F (s)ds} - @

S

Proof: T F(s)ds = Tﬁe“ f (t)dt}ds

We may reverse the order of integration, that is,

71



o0

e f (t)ds}dt = j { f (t)TeStds}dt

© —— 8

0

_gf(t){_t} dt_je { t }dt—I{ n }

S 0

S

TF(s)ds :T{

ink
Example: What is I{S t t}?

Sol. - f(t)=sinkt

I{Smkt}:jz{sinkt}ds:j K ds=tan‘lE

t s s? +k? sl
:O—tan‘lkz—tan‘1E
S S
Example: What is f (t) if I{f(t)}z > )2?
s° -1

FO . lT s o T

Ozl 5 sl

t {!(521)2 S} %2(52—1)5}

:f(t):tzl{i(m 1 j}=t21{1( L j}
2 s° -1 4\s-1 s+1

t ¢\ _ tsinht
__(et_et)_ 2
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Partial Fraction Method

Y
F(s) = Y(s) In condition Y(s) has a degree less then Q(s)

Q(s)
Notes:
(1) Z{A} = A5(t)

(2) Z{ks}= dott)

1. Unrepeated or simple root (s - a)

S—ap

A = lim {(s —az)%} = {(5%)81

s—2
s +55+6

F(s) = s-2 S—2 A N B
$°+55+6 (s+2)(s+3) s+2 s+3

Example: Find ™ for F(s) =

S—2 S—2

retm ot st (3]
—im(s 52 =
B_!”3LM(S+2)£S/§/§5} °

o f(t)=—4e +5¢°
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2. Repeated roots (s —a)™:

where m is a positive integer

f(t)=ea{'°\n( tm_11)1+p*“( tm_zz)!+A“2( tm—33)!Jr
Ra(s)—(s—a)m%

A Lm{(s—a)m%}=Ra(8)\sa

Ay = %[m {% R, (s)

Generally:

1. |d*
An =—|lm{@Ra(S)

kls—a

} where k=1, 2,3,---(m-1)

Example: Find Z™*
(s+

F(s) = S+2 _

S+2 }
1) (s-2)
A, A B

+

(s+1)2(s—2)

(s+1)" (s+1) s-2
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3. Unrepeated complex root (S — p)(s — ﬁ)

where p is a complex number p=a+if , p=a—if

As+ B
Q(s)

(s=P)(s-P)

f(t)= E}?[Ca cos St + D, sin fit]

where
C, isimaginary part of R,(s)_,

D, isreal part of R,(s)|_,

""Ra (s)= {(S -a)(s- g)@}

S+2
(s*+2s+5)(s+1)

Example: Find Z ™ {
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s®+2s+5
_2¢m
- 2
s=—1xF12
CS.a=-—1
£ =2




As+B C
_|_

F(s) =
(s) s°+2s+5 s+1

As+ B E

Fs)= (s+1-i2)(s+1+i2) Ter1

Ra(s)=£}%s+/5) : S+2 =s+2
M(s+l) s+1

S+2 1+12 21
S=—1+i2

c -1 p-1
2

E - Iim{i} “R(s)_ =

s>-1( 8% +25+5

MNP

—t
f(t)= e—(—ECOSZt +sin 2tj+ le‘t
2 2 4
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