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Example: Consider the distribution of x is

x, |1 2 3 4 5 6

p(x;) |1/36 3/36 5/36 7136 9/36 11/36




Find the mean and variance of x.

The solution:
The mean is E(X) = i, = Y=o x; p(x;)

= No=1 % p(x;)

= (5¢) +2(55) +2(3) +4(58) + 5 5) * )

6

() = ) xfp(x)

i=1

= (1)? ( )+ @ <336) B (356) @ (376) HO) <396)
+ (6)? (;) = 21.97

=4.47

The variance of x =var(x)=62= E(xz)—(E(x))Z
= 21.97 — (4.47)% = 1.99
Example: Suppose the continuous distribution function is:

1, 0<x<1
f(x)_{o, 0.w
Find the mean and variance of x.
the solution:
The mean of x = —E(x)—flxdx—x—z|1—1—9—l
) & — Y0 210 2 27 2
2y = (L2 ge=|lo1_0_1
E(x)—fox gx = 3|0_3 3 3
2
The variance of x = 0 = E(x?) — [E(x)]* = % — E] = 1_12

Example: Let the probability mass function of x be given by

X -1 0 1 2

P(x) 1/8 3/8 1/4 1/4




Find the mean and variance of Xx.

The solution:
The mean is E(X) = u, = X1- o x; p(x;)

= YanxXi p(x;)

= (-1)(1/8)+(0)(3/8)+(1)(1/4)+(2)(1/4)
=5/8

n

E(x?) = ) x{p(x)
2,
= (12 (3) + @2 G)r2 (3) + @2 () = 11/8
The variance of x = 62 = E(x?) — [E(x)]?

=11/8-[(5/8) ]%=0.98

Example: Suppose the continuous distribution function
is:

_(1/10, 20<x<30
f(x)—{ 0, 0.w

Find the mean and variance of x.

The solution:

30

1
20]

The meanof x=pu, = E(x) = 2300x*1—10dx = (1—0) * [

x2
2

1 (30)% —(20)2
= — % [ ] —
10 2
30, _ 1 [(30)3—(20)3
3

25

30 1 1
£ () = g 2% o = (35) +

x3
3

20] 10

]=633§

The variance of x = 62 = E(x?) — [E(x)]? = 633§ —[25]% = 8§

Example a¢w: A random variable X has the probability
distribution shown in the table below

X 2 4 6 8




P(x) Tk 5k 3k

a) Calculate the value of the constant k.
b) Find Var(x).

Solution:

a) To find k, the sum of the probability must be 1 so

Tk+5k+3k+k=1

16k=1

~k=1/16

b) The probability table now is

X 2 4 6 8
P(x) 7/16 5/16 3/16 1/16

E(x) = 2%7/16+4*5/16+6%3/16+8%1/16=60/16
E(x2) = 4*7/16+16*5/16+36%*3/16+64*1/16=280/16

280 60,

Example: Let x have the p.d.f.

§@+1L _1<x<1

, 0.W

f(X)={

Show that pe=7, 0y2==

Solution: u, =E(x) = f_llx *%(x + 1) dx

1
1 J 2 4 V4 1 x34_x2 1
=7 @ FRax =G+
-1

=31G+D-G+PI=3-d=3




1 1 1,1 1 x* X231
E(x2)=f_1x2*E(x+1)dx=5f_1(x3+x2)dx=5(x:+x?) 4

1.1 1 1 -1 1.7 -1 1 8 1
=G -Gl 5l = e =3
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The moment generating function (m.g.f) of a random variable X is a function M x (t) defined
as

M x (t) = E[e%*].
Then for discrete distribution M x (t) = E[e®] = Y qu x e p (%)
And for continuous distribution M x (t) = E[e**] = f_:o et f(x)dx

Where t € real numbers



We can obtain all moments of X from its m.g.f:
M x (t) = E (e™)

To find E(X)

aMx () .
= M)

~ E(x) = M (t =0)

To find E (x?)

d*Mx (t) (e
dtz - X( )
= E(x*) = My(t = 0)
To find E (x*)
d*M x (t) .
T My ()

= E(x) = M(t = 0)
Example: If the function of x is:

. x =2,4,816
p(x) = {4

0, 0.wW
1) Find the moment generating function of x.

2) Find the variance of x.

The solution:
1 1 1 1
1) Mx () = E[e™] = Sy v e p(x) = e (3) + e (5) + e (5) + e (5)
_ G) [e2t + et + Bt + ¢161]
2) FEO = My(6) = () [26% + 4% + 8% + 16¢"°]

E(x)=M,’C(t=0)=G)[z+4+8+16]=2=7.5=ux

4

d*Mx (t) _

0 = M) = (7) [4€% + 16€* + 648 + 256¢1°]

L

E(x?) = M, (t = 0)

(3) [4 + 16 + 64 + 256]= 85



The variance of x = 02 = E(x?) — [E(x)]? = 85 — (7.5)? = 28.75

Example ~¢: Find the moment generating function of the random variables
whose probability density is given by

_ (e™, x>0
flx) = { 0, other wise

And use it to find the variance of x.

The solution:

- txy— (P otx p=X Jo — (® o—x(A=t) g, — 1 —x(1=t) |® _ 6 _ _~1
Mx () =E(e™)=J, e e ™ dx =] e dx ek 0=0 e

A Mx (t) =

1
(1-19)

1-90O)-MEH 1
(1-1t)? )

FEGO) =My(t=0)=(1-0)2=(1)2=

d*M x (t)
dt?

CE@?) =My (t=0)=2(1-0)3=2(1)"2=2

The variance of x=02 = E(x?) — [E(x)]* =2 - (1)* =1

aM x (t)
dt

M, (t) = ;=01-07"

=M, (t) = (-2)A=)3 (1) =2(1-1t)3

Some Special Discrete & Continuous Distributions:

1-Discrete Uniform Distribution — ahiicll alatiall a5 53l

1
P(x)=N x=aa+1l,a+2,..,.a+N—-1
1+ S aall - el aall = N s
l+a-a+N-1=N

_N+1 N? -1

— 2:
H=""H ¢ 12

Example: Suppose that we numbered five balls from 1 to 5, and we selected one ball at
random. Let x be the number of the selected ball. Find the Probability mass function of x?

the solution:

x=1,2,3,4,5



N=5-1+1
=~ The probability mass function of x is: p(x) = % x=1,2,3,4,5

2- Continuo Uniform Distribution:  aiuall alaiiall a5 53l
! <x<b
f(x) - b —a ) a X

_a+b

U= Uzzw

2 ’ 12

Example: If x is uniformly distribution over (0,10), calculate the P(3 < x < 8).

The solution: f(x) = 1—10 , 0<x<10

8-3 5

_ 1
2

dx=i|8= = =
1013 10 10

8
1
P(3<x<8)=jﬁ
3
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3-Poisson distribution:
The Poisson distribution is defined as follows:

e~

P(x) = x=0,12,--

x! ’
where 4 > 0 is some constant. This countably infinite distribution.
The mean & variance for Poisson distributionis, u=1 , ¢?2=21

Example: The average number of homes sold in a specific city, is 2 homes per day. What is
the probability that exactly 3 homes will be sold tomorrow?

The solution: A=2, x =3
e—Z X

P(x) = " , x=01.2,--

P(3) = °=2 = 0.180

3!
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4- Bernoulli Distribution:  (Jsi» &5

P(x) =p*(1—p)'™* x=0,1

2 _—

H=Dp 0" =pq



5- Binomial Distribution: () (53 ) 5) daesils g )58
n
Bp) =P =( )p*@—-p)"* ,  x=012-n

p=np o’ =npq

Example: A fair coin is tossed once. Call the outcome a success if a head is rolled. Find the
Probability mass function of x?

The Solution:
Px)=p*1-p)'™* , x=01

P(x) = (l)x (1 - l)l_x . x=01

2 2

1 1-1 1 “ .- .
x=1, P)=0)1-2) "= 50 sosall el dlad plas

0 1-0 1 . .

Jra sl = J g8 0 &Y glas (o n 1ddaadla

Example: A fair coin is tossed 6 times. Call the outcome a success if a head is rolled.
a) Find the Probability mass function of x?
b) Find the probability that exactly two heads occur?

a) B(n,p) = P(x) = (Z)px(l —p)x x=012-,n

6—Xx

N OV T ~
(o)== (0057 . cmorsas

2 6—2
1) _ — (6 (1 ®1 15
b) B(6’5) = RZ{ (2) (2) (1 2) T 64
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Example ~¢<: Suppose 300 misprints are distributed randomly throughout a book of 500
pages. Find the probability that a given page contains exactly 2 misprints?

The solution:
58 et (e daglite 2l @l e 2ae 4l e dadiall Jdelad¥)aae ) ki Cag

p =$= Lo dnica 6 (b3 ) sel Jlain/



n = 300

C sl o il gl g g T Jarioni g 5 piaap) of Cua

A=np =300 * 0.6

500

(0.6)%2e~06
2!

p(x) = ~ 0.1

Example: Suppose 2% of the items made by a factory are defective. Find the probability p
that there are 3 defective items in a sample of 100 items.

The solution: The binomail distribution with n = 100 and p = 0.02. Since p is small, we use
the poisson approximation with A = np = 2.

-2 3
@7 _ 9180

31

p(x) =

khhkkhhkhhkrkkhkhhkhhkhkrhkhkhkihkirhkihkhhkhhkhhhkrhkrhkihkihhkihkhhkhhhkihkihkihkkhikhrhihrhihkihkiiiiikikx

6- Exponential Distribution: =) a5l

f(x) = le™™ , x>0
1 , 1
H=3 . =z

Example: Suppose that the length of a phone call in minutes is an exponential random
variable with parameter A = % If someone arrives immediately ahead of you at a public

telephone booth, find the probability that you will have to wait a) more than 10 minutes. b)
between 10 and 20 minutes.

clalal Lo (add daa s 13) A = 1/10 daleall ao ol il sdic e s GBI duiiledl LSl J sk o 2 sl
Yo sV gmle (@i ) e e ST (1 i) ) sl o Jlais) g Ganld ¢ e caily GliS a5 il

e w

Aig
The Solution:

B e I P 1 I PN | R T
a)p(x>10)—floﬁe 10" dx = —e 10 10~ [e 0 —e 10]— [0—e"']=e"" =
L= =037
e 2.71828
b) p(10 < x < 20) = flzool—loe_%x dx = —e™10% ig =— [e_% — e_%] =—le?—e7] =
[e'—e?=—————_=037-0.14 = 0.23

T 271828  (2.71828)2
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Example: The number of years a radio function is exponentially distribution with parameter
A = 3. Jones buys a used radio, what is the probability that it will be working additional work

after 8 years?

OidLABA;\}ALA‘Mﬁd‘)é%}ﬁ.(kzg(l/gw\ez\ﬁﬁd\)ﬂuhﬂ‘;ﬂy\@jﬂ\Q\}.'u.ud.lc
0 gie A 2ay L) Slae Jaiiy

The solution: p(x > 8) = f8°° le ™ dx = f8°° %e—%x dx = — f8°° %e—ﬁx dx = —e 5" Og _

- [e_% — e‘g] = [e‘g — e_%] =[e*—0]=e"
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Gamma Distribution: LS a8
/'lae—lxxa—l
fx) =——F, 0<x<oo
I
I, =(a—1)!
_a 2 _ 4
au - z ) o~ = ﬁ
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z= % ~N(0,1) 10l 02 Ol P les b sy (rnha @355 s X () gdall i) IS 1A
Standard Normal Distribution wbdll cauhll a5l 7 Je (3l

P(a < x < b) :3agl o glladll IS 13

_ _ b — _ h— _
P(a EITR. ‘“) P( —n_ b ‘”)=P( ‘”)—P(a ”)
a a a a a

-F (51 (!

Example: Let x~N(2,25), Find P(0 < x < 10)

The Solution: P(0 < x < 10) = P (a—# < XTH b—u) _p (o—z <122 10_2) _
o o o 5 5 5

P(—04<z<16)=P(z<16)—P(z<—-04)=P(z<16)—(1-P(z<04)) =
0.9452 — (1 — 0.6554) = 0.6006

Example: Let x~N(3,4), Find P(x < 4)



dl

x—u<4—3

o 2

1
P (Z < E) = 0.6915



