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Chapter 5 

Noninertial Reference System



Example 2
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The inertial observer writes down Newton's 2nd law 

�𝐹𝐹𝑖𝑖 = 𝑚𝑚𝑚𝑚

𝑇𝑇 sin𝜃𝜃 = 𝑚𝑚𝐴𝐴0

𝑻𝑻 𝐬𝐬𝐬𝐬𝐬𝐬𝜽𝜽

𝑻𝑻 𝐜𝐜𝐜𝐜𝐜𝐜𝜽𝜽

𝑇𝑇 sin𝜃𝜃
𝑇𝑇 cos 𝜃𝜃

=
𝑚𝑚𝐴𝐴0
𝑚𝑚𝑚𝑚

𝐴𝐴0 = 𝑔𝑔 tan𝜃𝜃

The pendulum hangs at angle 𝜃𝜃 because the railroad car is accelerating in the 
horizontal direction 

The acceleration of the car is proportional to the tangent of the angle of the defection.  

𝑇𝑇 cos 𝜃𝜃 = 𝑚𝑚𝑚𝑚



𝑻𝑻 𝐬𝐬𝐬𝐬𝐬𝐬𝜽𝜽

𝑻𝑻 𝐜𝐜𝐜𝐜𝐜𝐜𝜽𝜽

The non-inertial observer writes down Newton's 2nd law 

�𝐹𝐹𝑖𝑖′ = 𝑚𝑚𝑎𝑎′

𝐹𝐹𝑥𝑥′ = 𝑇𝑇 sin𝜃𝜃

𝑚𝑚𝑔𝑔 = 𝑇𝑇 cos 𝜃𝜃

𝑇𝑇 sin𝜃𝜃
𝑇𝑇 cos 𝜃𝜃

=
𝐹𝐹𝑥𝑥′

𝑚𝑚𝑚𝑚 𝐹𝐹𝑥𝑥′ = 𝑚𝑚𝑚𝑚 tan𝜃𝜃

All the forces acting on the pendulum are in balance and the pendulum hangs left 
the vertical due to the force (𝐹𝐹𝑥𝑥′ = 𝑚𝑚𝑚𝑚 tan𝜃𝜃= −m𝐴𝐴0)
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2.  Rotating Coordinate Systems

Here we will show that velocity, accelerations, and force transform between an inertial 
frame of references and non-inertial one, that is rotating as well 



The angular velocity 𝝎𝝎

𝝎𝝎 = 𝜔𝜔 𝑛𝑛

𝑟𝑟 = 𝑟𝑟′

(1) Fixed and rotating systems have the same origin 



𝑟𝑟 = 𝑟𝑟′

𝑖𝑖𝑖𝑖 + 𝑗𝑗𝑗𝑗 + 𝑘𝑘𝑘𝑘 = 𝑖𝑖′𝑥𝑥′ + 𝑗𝑗′𝑦𝑦′+𝑘𝑘′𝑧𝑧′

𝑖𝑖 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑗𝑗 𝑑𝑑𝑦𝑦
𝑑𝑑𝑑𝑑

+ 𝑘𝑘 𝑑𝑑𝑧𝑧
𝑑𝑑𝑑𝑑

= 𝑖𝑖′ 𝑑𝑑𝑥𝑥
′

𝑑𝑑𝑑𝑑
+ 𝑗𝑗′ 𝑑𝑑𝑦𝑦

′

𝑑𝑑𝑑𝑑
+𝑘𝑘′ 𝑑𝑑𝑧𝑧

′

𝑑𝑑𝑑𝑑
+ 𝑥𝑥′ 𝑑𝑑𝑖𝑖

′

𝑑𝑑𝑑𝑑
+ 𝑦𝑦′ 𝑑𝑑𝑗𝑗

′

𝑑𝑑𝑑𝑑
+𝑧𝑧′ 𝑑𝑑𝑘𝑘

′

𝑑𝑑𝑑𝑑

Velocity (𝝊𝝊) in the fixed 
system 

Velocity (𝝊𝝊′) in the 
rotating system 

Velocity due to the rotating 
of the primed system.

𝑑𝑑𝑗𝑗′

𝑑𝑑𝑑𝑑
𝑑𝑑𝑖𝑖′

𝑑𝑑𝑑𝑑
𝑑𝑑𝑘𝑘′

𝑑𝑑𝑑𝑑
? ? ?



H.W 𝑑𝑑𝑖𝑖′

𝑑𝑑𝑑𝑑
= 𝜔𝜔 × 𝑖𝑖′

𝑑𝑑𝑗𝑗′

𝑑𝑑𝑑𝑑
= 𝜔𝜔 × 𝑗𝑗′

𝑑𝑑𝑘𝑘′

𝑑𝑑𝑑𝑑
= 𝜔𝜔 × 𝑘𝑘′

𝑥𝑥′ 𝑑𝑑𝑖𝑖
′

𝑑𝑑𝑑𝑑
+ 𝑦𝑦′ 𝑑𝑑𝑗𝑗

′

𝑑𝑑𝑑𝑑
+𝑧𝑧′ 𝑑𝑑𝑘𝑘

′

𝑑𝑑𝑑𝑑
= 𝑥𝑥′ 𝜔𝜔 × 𝑖𝑖′ + 𝑦𝑦′(𝜔𝜔 × 𝑗𝑗′) +𝑧𝑧′ (𝜔𝜔 × 𝑘𝑘′)

= 𝜔𝜔 × (𝑖𝑖′𝑥𝑥′ +𝑗𝑗′𝑦𝑦′ +𝑘𝑘′𝑧𝑧′)

= 𝜔𝜔 × 𝑟𝑟′

𝑖𝑖 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑗𝑗 𝑑𝑑𝑦𝑦
𝑑𝑑𝑑𝑑

+ 𝑘𝑘 𝑑𝑑𝑧𝑧
𝑑𝑑𝑑𝑑

= 𝑖𝑖′ 𝑑𝑑𝑥𝑥
′

𝑑𝑑𝑑𝑑
+ 𝑗𝑗′ 𝑑𝑑𝑦𝑦

′

𝑑𝑑𝑑𝑑
+𝑘𝑘′ 𝑑𝑑𝑧𝑧

′

𝑑𝑑𝑑𝑑
+ 𝑥𝑥′ 𝑑𝑑𝑖𝑖

′

𝑑𝑑𝑑𝑑
+ 𝑦𝑦′ 𝑑𝑑𝑗𝑗

′

𝑑𝑑𝑑𝑑
+𝑧𝑧′ 𝑑𝑑𝑘𝑘

′

𝑑𝑑𝑑𝑑

Velocity (𝝊𝝊) in the fixed 
system 

Velocity (𝝊𝝊′) in the 
rotating system 

Velocity due to the 
rotating of the primed 
system.

𝝎𝝎 × 𝒓𝒓′



𝜐𝜐 = 𝜐𝜐′ + 𝜔𝜔 × 𝑟𝑟′

(
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓= (
𝑑𝑑𝑟𝑟′

𝑑𝑑𝑑𝑑
)𝑟𝑟𝑟𝑟𝑟𝑟+𝜔𝜔 × 𝑟𝑟′

(
𝑑𝑑𝑄𝑄
𝑑𝑑𝑑𝑑

)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓= (
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑟𝑟𝑟𝑟𝑟𝑟+𝜔𝜔 × 𝑄𝑄 General form 

(
𝑑𝑑𝜐𝜐
𝑑𝑑𝑑𝑑

)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓= (
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑟𝑟𝑟𝑟𝑟𝑟+𝜔𝜔 × 𝜐𝜐 Acceleration 

𝑄𝑄 = 𝑟𝑟

𝑄𝑄 = 𝜐𝜐



(
𝑑𝑑𝜐𝜐
𝑑𝑑𝑑𝑑

)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓= (
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑟𝑟𝑟𝑟𝑟𝑟+𝜔𝜔 × 𝜐𝜐

(
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓=
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟

(𝜐𝜐′ + 𝜔𝜔 × 𝑟𝑟′) + 𝜔𝜔 × (𝜐𝜐′ + 𝜔𝜔 × 𝑟𝑟′)

𝜐𝜐 = 𝜐𝜐′ + 𝜔𝜔 × 𝑟𝑟′

(
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓=
𝑑𝑑𝜐𝜐′

𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟
+

𝑑𝑑(𝜔𝜔 × 𝑟𝑟′)
𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟

+ 𝜔𝜔 × 𝜐𝜐′ + 𝜔𝜔 × (𝜔𝜔 × 𝑟𝑟′)

(
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓=
𝑑𝑑𝜐𝜐′

𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟
+

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟

× 𝑟𝑟′ + 𝜔𝜔 ×
𝑑𝑑𝑟𝑟′

𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟
+ 𝜔𝜔 × 𝜐𝜐′ + 𝜔𝜔 × (𝜔𝜔 × 𝑟𝑟′)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟

? ? ?



(
𝑑𝑑𝑄𝑄
𝑑𝑑𝑑𝑑

)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓= (
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑟𝑟𝑟𝑟𝑟𝑟+𝜔𝜔 × 𝑄𝑄 𝑄𝑄 = 𝜔𝜔

(
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓= (
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑟𝑟𝑟𝑟𝑟𝑟+𝜔𝜔 × 𝜔𝜔 𝜔𝜔 × 𝜔𝜔 = 0 (
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓= (
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜔̇𝜔

𝜐𝜐′ =
𝑑𝑑𝑟𝑟′

𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟
𝑎𝑎′ =

𝑑𝑑𝜐𝜐′

𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟

𝑎𝑎
= 𝑎𝑎′ + 𝜔̇𝜔 × 𝑟𝑟′ + 𝜔𝜔 × 𝜐𝜐′ + 𝜔𝜔 × 𝜐𝜐′ + 𝜔𝜔 × (𝜔𝜔 × 𝑟𝑟′)

𝑎𝑎 = (
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

(
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓=
𝑑𝑑𝜐𝜐′

𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟
+

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟

× 𝑟𝑟′ + 𝜔𝜔 ×
𝑑𝑑𝑟𝑟′

𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟
+ 𝜔𝜔 × 𝜐𝜐′ + 𝜔𝜔 × (𝜔𝜔 ×

𝜔̇𝜔



𝑎𝑎 = 𝑎𝑎′ + 𝜔̇𝜔 × 𝑟𝑟′ + 2𝜔𝜔 × 𝜐𝜐′ + 𝜔𝜔 × (𝜔𝜔 × 𝑟𝑟′)

The above equation gives the acceleration in the fixed system in terms of the position, 
velocity, and acceleration of the rotating system 

(2) The general case 
Moving and Rotating system 



𝑎𝑎
= 𝑎𝑎′ + 𝜔̇𝜔 × 𝑟𝑟′ + 2𝜔𝜔 × 𝜐𝜐′ + 𝜔𝜔 × 𝜔𝜔 × 𝑟𝑟′ + 𝐴𝐴0

𝜐𝜐 = 𝜐𝜐′ + 𝜔𝜔 × 𝑟𝑟′ + 𝑉𝑉0

2𝜔𝜔 × 𝜐𝜐′ Coriolis acceleration 

Transverse acceleration 𝜔̇𝜔 × 𝑟𝑟′

𝜔𝜔 × 𝜔𝜔 × 𝑟𝑟′ Centripetal acceleration 
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