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Effect of Retarding Force
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𝑭𝑭 = 𝒎𝒎�̈�𝒙

We should emphasize that the force is not necessarily constant, and indeed, it may
consist of several distinct parts.

For example, if a particle falls in a constant gravitational field, the gravitational
force is 𝑭𝑭𝒈𝒈 = 𝒎𝒎𝒈𝒈, where g is the acceleration of gravity. If, in addition, a retarding
force 𝑭𝑭𝒓𝒓 exists that is some function of the instantaneous speed, then the total
force is

F 𝒊𝒊𝒊𝒊 𝒏𝒏𝒏𝒏𝒏𝒏 𝒄𝒄𝒏𝒏𝒏𝒏𝒊𝒊𝒏𝒏𝒄𝒄𝒏𝒏𝒏𝒏

𝑭𝑭 = 𝑭𝑭𝒈𝒈 + 𝑭𝑭𝒓𝒓(𝒗𝒗)

𝑭𝑭 = 𝒎𝒎𝒈𝒈 + 𝑭𝑭𝒓𝒓(𝒗𝒗)

𝑭𝑭𝒓𝒓 ∝ 𝒗𝒗𝒏𝒏 �
𝒗𝒗 𝒄𝒄𝒏𝒏 𝒍𝒍𝒏𝒏𝒍𝒍 𝒊𝒊𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔
𝒗𝒗𝟐𝟐 𝒄𝒄𝒏𝒏 𝒉𝒉𝒊𝒊𝒈𝒈𝒉𝒉 𝒊𝒊𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔



Example 4:
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As the simplest example of the resisted motion of a particle, find the displacement 
and velocity of horizontal motion in a medium in which the retarding force is 
proportional to the velocity. 
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We can obtain the velocity as a function of displacement by writing :

𝒔𝒔𝒗𝒗
𝒔𝒔𝒙𝒙

=
𝒔𝒔𝒗𝒗
𝒔𝒔𝒏𝒏

𝒔𝒔𝒏𝒏
𝒔𝒔𝒙𝒙 [𝑪𝑪𝒉𝒉𝒄𝒄𝒊𝒊𝒏𝒏 𝒓𝒓𝒓𝒓𝒍𝒍𝒔𝒔]

= 𝒔𝒔𝒗𝒗
𝒔𝒔𝒏𝒏

𝟏𝟏
𝒗𝒗

[𝒄𝒄𝒊𝒊
𝒔𝒔𝒙𝒙
𝒔𝒔𝒏𝒏

= 𝒗𝒗𝒔𝒔𝒍𝒍𝒏𝒏𝒄𝒄𝒊𝒊𝒏𝒏𝒗𝒗 ]

𝑺𝑺𝒏𝒏 𝒏𝒏𝒉𝒉𝒄𝒄𝒏𝒏

𝒗𝒗
𝒔𝒔𝒗𝒗
𝒔𝒔𝒙𝒙

=
𝒔𝒔𝒗𝒗
𝒔𝒔𝒏𝒏 𝒗𝒗

𝒔𝒔𝒗𝒗
𝒔𝒔𝒙𝒙

= −𝒌𝒌 𝒗𝒗° 𝒔𝒔−𝒌𝒌𝒏𝒏

𝒗𝒗=𝒗𝒗° 𝒔𝒔−𝒌𝒌𝒏𝒏

𝒗𝒗
𝒔𝒔𝒗𝒗
𝒔𝒔𝒙𝒙

= −𝒌𝒌𝒗𝒗 �
𝒗𝒗°

𝒗𝒗
𝒔𝒔𝒗𝒗 = −𝒌𝒌�

𝟎𝟎

𝒙𝒙
𝒔𝒔𝒙𝒙

𝒗𝒗 = 𝒗𝒗° − 𝒌𝒌𝒙𝒙
Therefore, the velocity decreases linearly with displacement:
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Example 5&Terminal Velocity see
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Consider projectile motion in two dimensions, without considering air
resistance. Let the muzzle velocity of the projectile be v0 and the angle of
elevation be (𝜃𝜃 (Figure 2-7). Calculate the projectile's displacement,
velocity, and range

7

Example 6:

Solution. Using 𝐹𝐹 = 𝑚𝑚𝑚𝑚, the force components become 

x-direction 0 = 𝑚𝑚�̈�𝑥

y-direction −𝑚𝑚𝑚𝑚 = 𝑚𝑚�̈�𝑦
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Neglect the height of the gun, and assume x = y = 0 at t = 0. Then 
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Next, we add the effect of air resistance to the motion of the projectile in
the previous example. Calculate the decrease in range under the
assumption that the force caused by air resistance is directly proportional
to the projectile's velocity.
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Example 7:

Air Resistance
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Similarly , we can find y by letting h=0

H.W
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The range R', which is the range including air resistance, can be found as previously by 
calculating the time T required for the entire trajectory and then substituting this value 
into Equation for x. The time T is found as previously by finding t = T when y = 0. From, 
we find 

This is a transcendental equation, and therefore we cannot obtain an analytic expression 
for T. Nonetheless, we still have powerful methods to use to solve . To solve this 
equation , we need to follow the perturbation method.

𝑒𝑒𝑥𝑥 = 1 + 𝑥𝑥 +
𝑥𝑥2

2! +
𝑥𝑥3

3! + ⋯ = �
0

∞
𝑥𝑥𝑛𝑛

𝑛𝑛!
𝐸𝐸𝑥𝑥𝑥𝑥𝑥𝑥𝑛𝑛𝑥𝑥 𝑡𝑡ℎ𝑒𝑒 𝑒𝑒𝑥𝑥𝑥𝑥𝑒𝑒𝑛𝑛𝑒𝑒𝑡𝑡𝑒𝑒𝑥𝑥𝑒𝑒 𝑡𝑡𝑒𝑒𝑡𝑡𝑚𝑚

𝑥𝑥𝑛𝑛𝑥𝑥 1 ± 𝑥𝑥 −1 = 1 ± 𝑥𝑥 ± 𝑥𝑥2 ± 𝑥𝑥3 + ⋯ 𝑇𝑇𝑥𝑥𝑦𝑦𝑒𝑒𝑥𝑥𝑡𝑡 𝑆𝑆𝑒𝑒𝑡𝑡𝑒𝑒𝑒𝑒𝑆𝑆
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If we keep only terms in the expansion through k3, this equation can be rearranged to yield 

Return to pdf file

We now have the expansion parameter kin the denominator of the first term on the right-
hand side of this equation. We need to expand this term in a power series (Taylor series,

where we have kept only terms through k2
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