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𝐫𝐫 = 𝑟𝑟𝑟𝑟𝑟𝑟

1.9 Velocity and Acceleration in Plane Polar Coordinates:

𝜃𝜃
x

y

𝑗𝑗

𝑖𝑖

∆𝜃𝜃
∆𝜃𝜃

𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏 𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯

𝑟𝑟 & 𝑒𝑒𝑟𝑟𝐀𝐀𝐀𝐀 𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏 𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌 → both are vary with (t)

𝐯𝐯 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑟̇𝑟𝑒𝑒𝑟𝑟 + 𝑟𝑟
𝑑𝑑𝑒𝑒𝑟𝑟
𝑑𝑑𝑑𝑑

It is often convenient to employ polar coordinates r, 𝜃𝜃 to express the position of a particle 
moving in a plane. Vertically, the position of the particle can be written as the product of 
the radial distance r by a unit radial vector er: 
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𝑥𝑥 = 𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦 = 𝑟𝑟 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃

𝜃𝜃
𝑥𝑥

y

𝑦𝑦

𝑥𝑥

𝐯𝐯 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑟̇𝑟𝑒𝑒𝑟𝑟 + 𝑟𝑟
𝑑𝑑𝑒𝑒𝑟𝑟
𝑑𝑑𝑑𝑑

𝑒𝑒𝑦𝑦

𝑒𝑒𝑥𝑥

𝑒𝑒𝑟𝑟 = 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 𝑒𝑒𝑥𝑥 + 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 𝑒𝑒𝑦𝑦
𝑒𝑒𝜃𝜃 = −𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑒𝑒𝑥𝑥 + 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑒𝑒𝑦𝑦

𝑑𝑑𝑒𝑒𝑟𝑟
𝑑𝑑𝑑𝑑

= 𝑑𝑑(𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃)
𝑑𝑑𝑑𝑑

𝑒𝑒𝑥𝑥 + 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 𝑑𝑑𝑑𝑑𝑥𝑥
𝑑𝑑𝑑𝑑

+ 𝑑𝑑(𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃)
𝑑𝑑𝑑𝑑

𝑒𝑒𝑦𝑦 + 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 𝑑𝑑𝑑𝑑𝑦𝑦
𝑑𝑑𝑑𝑑

𝑑𝑑𝑒𝑒𝑟𝑟
𝑑𝑑𝑑𝑑

=
𝑑𝑑(𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃)
𝑑𝑑𝑑𝑑

𝑒𝑒𝑥𝑥 +
𝑑𝑑(𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃)
𝑑𝑑𝑑𝑑

𝑒𝑒𝑦𝑦

𝑑𝑑𝑒𝑒𝑟𝑟
𝑑𝑑𝑑𝑑

= −𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 𝑑𝑑𝜃𝜃
𝑑𝑑𝑑𝑑
𝑒𝑒𝑥𝑥 + 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 𝑑𝑑𝜃𝜃

𝑑𝑑𝑑𝑑
𝑒𝑒𝑦𝑦= 𝑑𝑑𝜃𝜃

𝑑𝑑𝑑𝑑
𝑒𝑒𝜃𝜃

𝑑𝑑𝑒𝑒𝑟𝑟
𝑑𝑑𝑑𝑑

=𝜃̇𝜃𝑒𝑒𝜃𝜃

In similar procedure we can find 𝑑𝑑𝑑𝑑𝜃𝜃
𝑑𝑑𝑑𝑑

=−𝜃̇𝜃𝑒𝑒𝑟𝑟

𝐯𝐯 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑟̇𝑟𝑒𝑒𝑟𝑟 + 𝑟𝑟𝜃̇𝜃𝑒𝑒𝜃𝜃 𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕 𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯
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𝐯𝐯 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑟̇𝑟𝑒𝑒𝑟𝑟 + 𝑟𝑟𝜃̇𝜃𝑒𝑒𝜃𝜃

𝐚𝐚 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝒓̈𝒓𝑒𝑒𝑟𝑟 + 𝑟̇𝑟
𝑑𝑑𝑑𝑑𝑟𝑟
𝑑𝑑𝑑𝑑

+ 𝑟𝑟𝜃̈𝜃 + 𝒓̇𝒓𝜃̇𝜃 𝑒𝑒𝜃𝜃 + 𝑟𝑟𝜃̇𝜃
𝑑𝑑𝑑𝑑𝜃𝜃
𝑑𝑑𝑑𝑑

𝐚𝐚 = (𝒓̈𝒓 − 𝑟𝑟 ̇𝜃𝜃2)𝑒𝑒𝑟𝑟 + 𝑟𝑟𝜃̈𝜃 + 2𝒓̇𝒓𝜃̇𝜃 𝑒𝑒𝜃𝜃

𝑑𝑑𝑑𝑑𝑟𝑟
𝑑𝑑𝑑𝑑

and 𝑑𝑑𝑑𝑑𝜃𝜃
𝑑𝑑𝑑𝑑

are given 

𝐻𝐻.𝑊𝑊

𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀𝐀 𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯

𝐚𝐚𝜃𝜃 = 𝑟𝑟𝜃̈𝜃 + ̇𝟐𝟐𝟐𝟐𝜃̇𝜃𝐚𝐚𝑟𝑟 = 𝒓̈𝒓 − 𝑟𝑟 ̇𝜃𝜃2

𝐯𝐯 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑟̇𝑟𝑒𝑒𝑟𝑟 + 𝑟𝑟𝜃̇𝜃𝑒𝑒𝜃𝜃 𝐯𝐯𝜃𝜃 = 𝑟𝑟𝜃̇𝜃𝑒𝑒𝜃𝜃
𝐯𝐯𝑟𝑟 = 𝑟̇𝑟𝑒𝑒𝑟𝑟

𝑑𝑑𝑒𝑒𝑟𝑟
𝑑𝑑𝑑𝑑

=𝜃̇𝜃𝑒𝑒𝜃𝜃
𝑑𝑑𝑑𝑑𝜃𝜃
𝑑𝑑𝑑𝑑

=−𝜃̇𝜃𝑒𝑒𝑟𝑟
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Example 
A honeybee hones in on its hive in a spiral path in such a way that the radial
distance decreases at constant rate,𝑟𝑟 = 𝑏𝑏 − 𝑐𝑐𝑐𝑐, while the angular speed
increases at constant rate,𝜃̇𝜃 = kt. Find the speed as a function of time

𝐯𝐯 = 𝑟̇𝑟𝑒𝑒𝑟𝑟 + 𝑟𝑟𝜃̇𝜃𝑒𝑒𝜃𝜃

We have 𝑟̇𝑟 = −𝑐𝑐 𝑎𝑎𝑎𝑎𝑎𝑎 𝜃̇𝜃 = 𝑘𝑘𝑘𝑘

𝐯𝐯 = −𝒄𝒄 𝑒𝑒𝑟𝑟 + 𝑏𝑏 − 𝑐𝑐𝑐𝑐 𝑘𝑘𝑘𝑘 𝑒𝑒𝜃𝜃

𝐯𝐯 = 𝒄𝒄𝟐𝟐 + 𝑏𝑏 − 𝑐𝑐𝑐𝑐 2 𝑘𝑘2𝑡𝑡2
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1.10.a Velocity and Acceleration in Cylinder Coordinates:

𝐫𝐫 = 𝑅𝑅 𝑒𝑒𝑅𝑅 + 𝑧𝑧 𝑒𝑒𝑒𝑒 𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏 𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯

𝑒𝑒𝑅𝑅 = 𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙 + 𝑗𝑗 𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙

𝑒𝑒𝜙𝜙 = −𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙 + 𝑗𝑗 𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙

𝑒𝑒𝑧𝑧 = 𝑘𝑘
𝑑𝑑𝑒𝑒𝑅𝑅
𝑑𝑑𝑑𝑑

= 𝑒𝑒𝜙𝜙 𝜙̇𝜙 ,   𝑑𝑑𝑑𝑑𝜙𝜙
𝑑𝑑𝑑𝑑

= 𝑒𝑒𝑒𝑒 𝜙̇𝜙 and  𝑑𝑑𝑑𝑑𝑧𝑧
𝑑𝑑𝑑𝑑

= 0

𝑣𝑣 = 𝑅𝑅
𝑑𝑑𝑒𝑒𝑅𝑅
𝑑𝑑𝑑𝑑

+ 𝑅̇𝑅𝑒𝑒𝑅𝑅 + 𝑧̇𝑧𝑒𝑒𝑧𝑧

𝑣𝑣 = 𝑅̇𝑅𝑒𝑒𝑅𝑅 + 𝑅𝑅 𝜙̇𝜙𝑒𝑒𝜙𝜙 + 𝑧̇𝑧𝑒𝑒𝑧𝑧 𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕𝐕 𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯

𝑎𝑎 = (𝑅̈𝑅 − 𝑅𝑅 𝜙̇𝜙2)𝑒𝑒𝑅𝑅 + (2𝑅̇𝑅 𝜙̇𝜙 + 𝑅𝑅𝜙̈𝜙)𝑒𝑒𝜙𝜙 + 𝑧̈𝑧𝑒𝑒𝑧𝑧

𝑯𝑯.𝑾𝑾.
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1.10.b. Velocity and Acceleration in Spherical Coordinates:

𝐫𝐫 = 𝑟𝑟 𝑒𝑒𝑅𝑅 𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏 𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯
𝑒𝑒𝑟𝑟 = 𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙 + 𝑗𝑗 sin𝜃𝜃 𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙 + 𝑘𝑘 cos𝜃𝜃

𝑒𝑒𝜃𝜃 = 𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙 + 𝑗𝑗 cos𝜃𝜃 𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙 − 𝑘𝑘 sin𝜃𝜃

𝑒𝑒𝜙𝜙 = −𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙 + 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝜙𝜙

𝑑𝑑𝑒𝑒𝑟𝑟
𝑑𝑑𝑑𝑑

= 𝜃̇𝜃𝑒𝑒𝜃𝜃 + 𝜙̇𝜙 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑒𝑒𝜙𝜙

𝑣𝑣 = 𝑟̇𝑟𝑒𝑒𝑟𝑟 + 𝑟𝑟
𝑑𝑑𝑒𝑒𝑟𝑟
𝑑𝑑𝑑𝑑 Velocity is the derivative of 𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏 𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯𝐯

𝑑𝑑𝑒𝑒𝜃𝜃
𝑑𝑑𝑑𝑑

= −𝜃̇𝜃𝑒𝑒𝑟𝑟 + 𝜙𝜙 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑒𝑒𝜙𝜙
𝑑𝑑𝑒𝑒𝜙𝜙
𝑑𝑑𝑑𝑑

= − 𝜙̇𝜙 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑒𝑒𝑟𝑟 − 𝜙̇𝜙 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 𝑒𝑒𝜙𝜙
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𝑣𝑣 = 𝑟̇𝑟𝑒𝑒𝑟𝑟 + 𝑟𝑟
𝑑𝑑𝑒𝑒𝑟𝑟
𝑑𝑑𝑑𝑑

𝑣𝑣 = 𝑟̇𝑟𝑒𝑒𝑅𝑅 + 𝑟𝑟 𝜙̇𝜙 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 𝑒𝑒𝜙𝜙 + 𝑟𝑟𝜃̇𝜃𝑒𝑒𝜃𝜃
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Example: 

𝑟𝑟 = b,𝜃𝜃 = 𝜔𝜔1𝑡𝑡 𝑎𝑎𝑎𝑎𝑎𝑎 𝜙𝜙 = 𝜔𝜔2𝑡𝑡

In general the acceleration can be defined as following :

𝑟̇𝑟 = 0, 𝜃̇𝜃 = 𝜔𝜔1 , 𝜃̈𝜃 = 0 , 𝜙̇𝜙 = 𝜔𝜔2 and 𝜙̈𝜙 = 0
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The point at the top has coordinate 𝜃𝜃 = 0 , so at that point 

𝑟𝑟 = b,𝜃𝜃 = 𝜔𝜔1𝑡𝑡 𝑎𝑎𝑎𝑎𝑎𝑎 𝜙𝜙 = 𝜔𝜔2𝑡𝑡

In general the acceleration can be defined as following :

𝑟̇𝑟 = 0, 𝜃̇𝜃 = 𝜔𝜔1 , 𝜃̈𝜃 = 0 , 𝜙̇𝜙 = 𝜔𝜔2 and 𝜙̈𝜙 = 0

𝑎𝑎 = (𝟎𝟎 − 𝐛𝐛𝝎𝝎𝟐𝟐
𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐𝜽𝜽 − 𝒃𝒃 𝝎𝝎𝟏𝟏

𝟐𝟐 )𝐞𝐞𝐞𝐞 + (𝟎𝟎 + 𝟎𝟎 − 𝐛𝐛𝝎𝝎𝟐𝟐
2 sin 𝜽𝜽cos 𝜃𝜃)𝑒𝑒𝜃𝜃

+(𝟎𝟎 + 𝟎𝟎 + 𝟐𝟐𝟐𝟐 𝝎𝝎𝟏𝟏 𝝎𝝎𝟐𝟐𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽) 𝐞𝐞𝝓𝝓
𝑎𝑎 = (𝐛𝐛𝝎𝝎𝟐𝟐

𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐𝜽𝜽 − 𝒃𝒃 𝝎𝝎𝟏𝟏
𝟐𝟐 )𝐞𝐞𝐞𝐞 − (𝐛𝐛𝝎𝝎𝟐𝟐

2 sin 𝜽𝜽cos 𝜃𝜃)𝑒𝑒𝜃𝜃
+(𝟐𝟐𝟐𝟐 𝝎𝝎𝟏𝟏 𝝎𝝎𝟐𝟐𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽) 𝐞𝐞𝝓𝝓

𝑎𝑎 = −𝑏𝑏 𝜔𝜔1
2 er + 2𝑏𝑏 𝜔𝜔1 𝜔𝜔2 𝑒𝑒𝜙𝜙
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Thanks for your attention
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