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Q1:Let (X, d) be a metric space and E ⊂ X be a subset of X. 

i. What it means to say that the set E is compact ? 

ii. Identify which of the following subsets of  ℝ2 are compact and which are not. If E 

is not compact find the smallest compact set K (if there is one) such that E ⊂ K. 

a) 𝐴 =  {𝑓(𝑥, 𝑦) ∈ ℝ2 ∶  𝑎 ≤ 𝑥2 + 𝑦2 ≤ 𝑏} for some real numbers 0 < a < b. 

b) 𝐵 = {(
1

𝑛
, 0) ∈ ℝ2 , 𝑛 ∈  ℕ}.  

c) 𝐶 =  {𝑓(𝑥, 𝑦)  ∈ ℝ2 ∶  𝑦 = sin (
1

𝑥
) ;  𝑥 ∈ (0,1)}. 

d) D =  {f(x, y) ∈ ℝ2 ∶  |𝑥𝑦| ≤ 1}.  

  

 

Q2:- The distance between sets A and B in a metric space (X, d) is denoted by 

𝑑𝑖𝑠𝑡(𝐴, 𝐵) = {inf  𝑑(𝑎, 𝑏), 𝑎 ∈  𝐴, 𝑏 ∈ 𝐵   } 

Consider the following sets in ℝ2: 

𝐴 = {(𝑥, 𝑦) ∈ ℝ2| 𝑥 = 0 }, 𝐵 = {(𝑥, 𝑦) ∈ ℝ2| 𝑥𝑦 = 1 }. 

 Prove that 𝑑𝑖𝑠𝑡(𝐴, 𝐵) = 0. 

Hint. You may wish to sketch the sets A and B in order to prove this result. 

 

Q3:- Suppose that (X, d) is a metric space, x ∈ X and (𝑥𝑛)𝑛∈ℕ is a sequence in X 

converging to x. Show that for every  𝑦 ∈ 𝑋 , 𝑑(𝑥𝑛, 𝑦)  ⟶ d(x, y) as 𝑛 ⟶ ∞. 

 

 

Q4:- In ℝ𝑁 we define  

𝑑1(𝑥, 𝑦) = ∑|𝑥𝑖 − 𝑦𝑖|

𝑁

𝑖=1

, 

𝑑2(𝑥, 𝑦) = (∑|𝑥𝑖 − 𝑦𝑖|2

𝑁

𝑖=1

)

1
2

, 

𝑑∞(𝑥, 𝑦) = max
1≤𝑖≤𝑁

|𝑥𝑖 − 𝑦𝑖|. 

Show that  

a) 𝑑∞(𝑥, 𝑦) ≤ 𝑑1(𝑥, 𝑦) ≤ 𝑁𝑑∞(𝑥, 𝑦). 

b) 𝑑∞(𝑥, 𝑦) ≤ 𝑑2(𝑥, 𝑦) ≤ √𝑁 𝑑∞(𝑥, 𝑦). 

 

 

 

 


