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Q1:-   Define a metric 𝑑1 on  𝐶([𝑎, 𝑏]) by 

𝑑1(𝑓, 𝑔) = ∫ |𝑓(𝑥) − 𝑔(𝑥)|𝑑𝑥
𝑏

𝑎

, 𝑓, 𝑔 ∈ 𝐶([𝑎, 𝑏]).  

(i) Show that  𝑑1 is indeed metric on 𝐶([𝑎, 𝑏]). 

(ii)  Dose the function ‖𝑓‖1 = ∫ |𝑓(𝑥)|𝑑𝑥
𝑏

𝑎
 defines a norm on 𝐶([𝑎, 𝑏]). 

Q2:-   Consider linear vector space 

𝐶1 ([𝑎, 𝑏]) =  {𝑓 ∶  [𝑎, 𝑏]  →  ℝ  | 𝑓 𝑎𝑛𝑑 𝑓 ́  𝑎𝑟𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑜𝑢𝑠 𝑜𝑛 [𝑎, 𝑏] } 

a) Verify that  

‖𝑓‖∞,1: =  max
𝑥∈[𝑎,𝑏]

|𝑓(𝑥)|  +  max
𝑥∈[𝑎,𝑏]

|𝑓́(𝑥)|  

defines a norm on 𝐶1 ([𝑎, 𝑏]). 

b) Let f(x)  =  sin(πx). Find ‖f‖∞,1  in C 1([0,1]). 

 

Q3:- Let  (𝑋1, 𝑑1) and (𝑋2, 𝑑2) be metric spaces. Show that 𝑋1 × 𝑋2 can be made into a 

metric space by the following definition of a metric d: 

𝑑((𝑥1, 𝑥2), (𝑦1, 𝑦2) ) = 𝑑1(𝑥1, 𝑦1) + 𝑑2(𝑥2, 𝑦2). 

Q4:- In a set 𝑋 is given a function 𝑑′: 𝑋 × 𝑋 → ℝ that satisfies 

𝑑′(𝑥, 𝑦) = 0 ⟺  𝑥 = 𝑦   ∀ 𝑥, 𝑦 ∈  𝑋, 

𝑑′(𝑥, 𝑦) ≤ 𝑑′(𝑧, 𝑥) + 𝑑′(𝑧, 𝑦)   ∀ 𝑥, 𝑦, 𝑧 ∈  𝑋. 

Show that (𝑋, 𝑑′) is a metric space. 

Q5:- Let (𝑋, 𝑑) be a metric space. The diameter of a non-empty subset M of X is defined as  

𝛿(𝑀) = 𝑠𝑢𝑝
𝑥,𝑦∈𝑀

𝑑(𝑥, 𝑦)               (≤ ∞). 

Show that 𝛿(𝑀) = 0 if and only if M contains only one point. 

 


