
Differential Equations

3-1 Fundamental Definitions

1- Differential Equation

Is an equation involving a function and one or more of its 
derivatives, and they are classified by :

a- Type (Namely, Ordinary or Partial)

1- Ordinary Differential Equation

If the derivatives which appear in a differential equation are total 
derivatives, that is, derivatives of a function of a single variable, is 
called an ordinary differential equation, for example,



A differential equation involving a function of several variables and 
its partial derivatives is called a partial differential equation, for 
instance

That of the highest order derivative that occurs in the equation, 
for example



the exponent of the highest power of the highest order derivative, 
after the equation has been cleared of fractions and radicals in the 
dependent variable and its derivatives, for example:

An equation which is linear, i.e., of the first degree, in the 
dependent variable and its derivatives is called a linear differential 
equation. From this definition it follows that the most general 
ordinary linear differential of order n is of the form :



A differential equation which is not linear, i.e., of the second degree 
and over and cannot be put in the above form, is said to be 
nonlinear.

We call a function y=f(x) a solution of a differential equation if y 
and its derivatives satisfy the equation

A formula that gives all the solutions of a differential equation is 
called the general solution of the equation. To solve a differential 
equation means to find its general solution.



-:EX
Show that for any values of the arbitrary constants C1 and C2 the 
function y=C1 cosx+C2 sinx is a solution of the differential 
equation



A particular solution of a differential equation is any solution that is 
obtained by assigning specific values to the constants in the general 
solution. In practice, particular solutions to a differential equation  
are usually obtained from initial conditions or boundary conditions 
that give the value of the dependent variable or one of its 
derivatives for a particular value of the independent variable

For example, if y(0)=1 and y’(0)=0 in the above example

then the particular solution is



Where M is a continuous function of x alone and N is a continuous 
function of y alone.

The steps are as follows :
1- Express the given equation in the differential form

2- Integrate to obtain the general solution
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Solve the differential equation   
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Use Integration by parts to solve  ysiny

u=y     ;     du=dy ;    dv=sinydy ;    v=-cosy
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With the variables now separated, we can now solve the equation by 
integrating with respect to x and v, we can then return to x and y
substituting v=y/x.

The steps are as follows :

1- Express the given equation in the form

3- integrating with respect to x and v

2- Let

4- return to x and y substituting v=y/x to obtain the general solution



and find its general solution.
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3- Exact First-Order Differential Equations
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is exact and find its general solution.
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Solve the differential equation   
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If the differential equation M(x,y)dx+N(x,y)dy=0 is not exact, it may 
be possible to make it exact by multiplying by an appropriate factor 
u, called an integrating factor for the differential equation.

multiplied by the integrating factor u=x,
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Solve the differential equation   
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use an integrating factor u(x), which converts the left side into the 
derivative of the product u(x)y. That is, we need a factor u(x) such 
that
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the general solution to the Bernoulli equation is

   CdxxuxQn
xu

z )()()1(
)(

1

ndxxPn
yzexu 

 1)()1(
   and   )(   Where

)()1()()1('  xQnzxPnz 

 )(   and   )(  ,  xQxxP

2

44' xxexzz 
224)()1(

   )( xxdxdxxPn
eeexu 





   CdxxuxQn
xu

z )()()1(
)(

1

    Cdxexe
e

z xx
x

22

2
2

2
41  Cee xx   22

22

'3)2)(3( 2 yxyxyyx 

2)2)(3()3( xyxyyx  224
3

1 yxy
x

y 




  ;    ;  2 11   yyzn n 24)(  ;  
3

1)( xxQ
x

xP 






)()1()()1('  xQnzxPnz 
24

3
1' xz

x
z 




3
1   )( )3ln(3

1
)()1(


 



x
eeexu xdx

xdxxPn

   CdxxuxQn
xu

z )()()1(
)(

1















  Cdx

x
x

x 3
4 

3
1

1 2

3  x 2x
x  

xx 32 
x3

3

93  x
9



 



 


  Cdx

x
xx )

3
93 (4)3(

1
2

))3ln(93
2

(4)3( 







 yCxxxx



Method Form of Equation

1- Separable variables M(x)dx+N(y)dy=0

2- Homogeneous M(x,y)dx+N(x,y)dy=0 , where M

and N are nth-degree homogeneous

3- Exact M(x,y)dx+N(x,y)dy=0 where 

4- Integrating factor u(x,y)M(x,y)dx+u(x,y)N(x,y)dy=0

is exact

5- Linear

6- Bernoulli
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characteristic equation of the differential equation



that the characteristic equation can be determined from its Note
differential equation by simple replacing

1- Distinct (not Equal) Real Roots : if m1  ≠ m2 are distinct real 
roots of the characteristic equation, then the general solution is

2- Equal Real Roots : if m1 = m2 are equal real roots of the 
characteristic equation, then the general solution is

3- Complex Roots : if m1 = α+iβ and m2 = α-iβ are complex 
roots of the characteristic equation, then the general solution is



Note :
A complex number we mean a number of the form z=u+iv, where u
and v are real numbers and i is the so-called imaginary unit whose 
existence is postulated such that 1   i.e.    12  ii

The real number u is called the real component or real part of z. The
real number v is called the imaginary component or imaginary part of z.

m1  = m2 =-2
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Find the general solution to the differential equations-:2EX
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general solution of the corresponding homogeneous equation



Solve the differential equation   

For second order   
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Solve the differential equation   

m(m-1)=0   

Substituting the derivatives of       in differential equation gives



4B+2C=0    ;       2B-4C=-1   



Solve the differential equation   



Substituting       and the derivatives of       in differential equation gives



Solve the differential equation   

Substituting       and the derivatives of       in differential equation gives

1,2m





If we substitute these expressions into the left-hand side of 
differential equation and rearrange terms, we obtain :
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Multiplying the first equation by sinx and the second by cosx
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Solve the differential equations-:EX
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For higher-order nonhomogeneous linear differential equations, 
we find the general solution in much the same way as we do for 
second-order equations.

 xFyvyvyv
yvyvyv
yvyvyv





332211

332211

332211

0
0

For third order (n=3)

 























































xFv
v
v

yyy
yyy
yyy

0
0

3

2

1

321

321

321



 033   ;  y Find -1  yyyyh

0133 23  mmm
  01)12)(1( 32  mmmm

roots) equal (three     1321 -mmm 

  xxxx exCxCCyexCxeCeCy   2
321

2
321 or       

Substituting       and the derivatives of       in differential equation gives



  xBxAB  *30*30

  ;     ;  03 xBxAB   3 and  1  AB

xexCxeCeCy

yyy
xxx

ph




 3     

  -3
2

321

0     ;  y Find -1  yyh

i mm  3,21 and 0



 xincos 321
1  sCxCeeCy xxm

h 

 























































xFv
v
v

yyy
yyy
yyy

0
0

3

2

1

321

321

321



1cossin
cos0
sin0

cos1

sincos0
cossin0
sincos1

22  xx
x-
x-
x

x-x-
xx-
xx

D

xxxxx

x-x
x-
x

x-x-x
xx-
xx

D

csccscsincsccos      

coscsc
sin0

cos0

sincoscsc
cossin0
sincos0

22

1





xxx
xx-x

x
x

D cotcsccos
csc0

00
01

sincsc0
cos00
sin01

2 

1cscsin
cos0
sin0

cos1

csccos0
0sin0
0cos1

3  xx
x-
x-
x

xx-
x-
x

D



 , csc
1

csc1
1 xx

D
D

v   cot2
2 x

D
D

v  1   , 3
3 

D
D

v

  xxxdxv cotcsclncsc1

  xxdxv sinlncot2

   xdxv 13

xxxxxxy p sincossinlncotcscln 

xxxxxxxCxCCy

yyy ph

sincossinlncotcsclnsincos

     -3

321 




