Chapter Two
Vectors

Reference : Thomas G.B., Weir, Hass, Giordano. Thomas's calculus

Part one : Vectors Calculus , (chapter twelve)
Quantities

Scalars Vectors
Length, Density, Mass,...ect. Forces, velocity, Moment,...ect.

Vectors are often represented bya , b ... or by being (initial) point and end
(terminal) point such as 4B ,AC, .....

B



1-1 Definitions

1- Length of a Vector

The magnitude or length of a vector a is called the absolute value of the vector and 1s
usually denoted by |a, which may be read "the magnitude of a".

2- Equal Vectors (Equivalent Vectors)

We say that two vectors are equal if they have the same direction and the same length
(magnitude), (a =b).

3- Opposite Vector (Negative of Vector)

We say that two vectors are negative of the other if they have the same length but are

oppositely directed, and represented by (-a).

4- Addition

a-ifa an b are drawn from the same point, or origin, then the sum of two vectors a
and b is defined by the familiar parallelogram law; i.e.



F+E=dir AC=AD A

b- if @ and b two vectors, and b starting from the terminal point of a, then the sum of

two vectors (a and b) is the vector from the starting point of a to the terminal point of

b C
+ B =dB+ BC = AC A
El_|_b/f b
/
/ g B
/ a
S- Subtraction A

a- if 2 an b are drawn from the same point, or origin, then the difference of
two vectors a and b is defined by draw the vector from the tip of b to the tip of
a (triangular law).



G—bh=AB— AC = CB

b- if a and b two vectors, and b starting from the terminal pomt of a, then the
difference of two vectors (a and b) is define by find first the opposite vector of b (-:b)

and then use triangular law. C

G—b = AB— BC = AD

6- Multiplication by Scalars A

If a 1s vector and k 1s scalar, then ka define as follow :-



1- If k>0 then ka 1s a vector has same direction of a and its length equal to k time of

length of a.

2- If k<0 then ka 1s a vector has opposite direction of a and its length equal to absolute

value of k time of length of .
Notes :

l-a+b=b+a

2-a+(b+¢)=(a+b)+c

3-k(a+b)y=ka+ kb :wherek: any number
2-2 Unit Vector

Unite Vector 1s vector has unit length

It 1s often convenient to be able to refer vector expressions to a Cartesian frame of
reference. To provide for this we define i, j and k to be vectors of unit length directed,
respectively, along the positive x , y and z axes of a right-handed rectangular coordinate

system.



Two Dimension

A(Xl :YI) > B(XZ :'YZ)

AB=a=aji+a,j

=(X2 _xl)i+(yz _y])j

Three Dimension

A(T’il:}h, El) . B(K:z,}’:z :Zz)

AB=a=aji+a,j+ak

=(x2 _xl)H'(yz _yl)j*'(:z _:l)k

p N

>y



Notes :

if a:ﬂ1f+ﬂ3_j+ﬂ3k and E:f;.‘Hb,,_jJrf;;k any vectors :
1- a=bh if and only it a;=b; , a,=b, and a;=b;
2- atb=(a,xb)i+(a, £b,)j+(a. bk

3- CE=€ali+cazj+mSk (c:any number)
=\/af +a; +a;

5- for any vector ¢ =0 there 1s a unit vector has same direction and find it by relation

d

4- vector length

6- The vector # is parallel to vector v if there is some scalar ¢#0 such that u=cv



EX1:- Find the unit vector 1n direction of the vector

H a+a.,\/—5

P

a=3i—-4j

2

a

EX2:- Find unit vectors tangent and normal to the curve y=x" at the point (2.4), in the

5 J

E

concavity direction of the curve.

Solution :
The slope of the line tangent to the curve at the point (2.4) 1s
d d
A PN 4 =2x2=4=m,
dx dx =2
b 4
slope=m =—=— »X
da | A
then the vectoris v=i+4; [|oJ® 142 |
JooM=NU 4 =17yl L s
v_ 1. 4

Y

_ ai
= i+ J (the unit vector of the tangent to the curve at (2,4)
7T



i 1
slope of thenormal m, =——=— R=nitn,j
4 n, nyj -

n=ni+n,j=-4i+j i

4 A
I+ —

iz 17

EX3 : Prove that the line joming the midpoints of two sides of a triangle 1s parallel to the

then the unit vector of the normalis —

third side and has half its length. C

N N . D
AC+CB= 4B /A\E
A B

Let DE be the line jomimg the midpoints of sides AC

and EB; . Then

DE=DC+CE=+~u0+Lcp=1
2 2 2

(Aé+(?é)=%Zé



EX4: Let u be represented by the directed line segment from (0,0) to (3,2), and let v be

represented by the directed line segment from (1.2) to (4.4). Show that u=v.
v=3=0)i+(2—-0)j=3i+2]
u=A-0i+(4-2)j=3i+2j

then w=v

al= P 2% =13 . [pl=y3® 527 =413
B v

y

3

2

— . slo eof v=
3y p

slope of U=

P

(0.0) > X



2-3 Dot or Scalar Product

The dot or scalar product of two vectors a and b denoted bya - b (read: a
dot b) is defined as the product of the magnitudes of a and b and the cosine
of the angle between them. In symbols,

a * b =lallbl cose

[~

Note that a * b is a scalar and not a vector. k|

Notes ( *\

: _ - _ -— >y
1.a - b=b- a /jj
2.a* (b+c)=a * b+a * ¢ ‘

C 4

3.m(d * b)=(ma) - b=a - (mb)=(a * b)m, where mis a scalar
4, 1-1 '3 = k'k = 1,
1] = 3°k = ki 0 (Orthogonal)

[

5. if a=aji+a,j+a,k and 5:3’1”5’9;" +b,k any vectors :
thena - b=ab,+ ayh, + asb;
a-*a= alz + (122 + a32= Io.:ll2
6.1fa * b= 0__ also a and b are not null vectors,
then a and b are perpendicular



EX1 :- Prove that the line connected between points A(1,2) and B(-2.-4) 1s orthogonal

(normal) on the line connected between points C(6,4) and D(12.1).

AB=(-2-1)i+(-4-2)j=-3i—6
CD=(12-6)i+(1-4)j =6i-3j
AB.CD = (—3x6)+(—6x(-3))=-18+18 =0



EX2 :- For w=3i—j+2k , v=—4i+2k , w=i—j—2kand z=2i—k. find the angle
between (a)uand v, (b)uand w.(¢c) vand Z .

°.y 3x(=4)+(-1)x0+2x2

(a) uy=[[7|cost =cost = [y } 3+ (1P +22 (-4 +2°
-8

V14420

—68=11856° or @&=2.069radians
uw 3+1-4

W iads

Since .w = 0, u and w are orthogonal vectors,

(b) UwW = |ﬁ||v_v| cosf = cosH 0

and furthermore .0 =7 5 radians

v.Z —8+0—2_ —10

Mz~ V2045 V100

consequently , @ = 7 radians

=—1

(c) v.z = |§||E| cos = cosf =



2-4 Cross or Vector Product

The cross or vector product of a and b is a vector ¢ =2a x b (read: a cross

b) and is defined as the product of the magnitudes of a and b and the sine of
the angle between them. In symbols,

ax b = lallbl a sine 5?3
where u is a unit vector indicating the direction of a x b.

The direction of the vector ¢ = a x b is perpendicular to the
plane of aand b

PJotes_ _
l.axb=-bxa

2.5x(_b+E)=5xl_J+5 X C

3.m(axb)=(ma) x b=d x (mb)=(a x b)jm, where mis a scalar

4, ixi=jxij=kxk=10,
ixj=k, jxk=1, kxi=j}

é\

%
/gl/jj

jri=-k,kxj=-i, ixk =-j




5. 1f ;I:Hlf+ﬂzj+f13k and B:blierngrbgk any vectors ;

i j k
axb = a, d, d
b b, b,
6. |a x_b| = the area of a parallelogram with sides a and b.
area= |alh
. h - . b/ !
snf =— = h= ‘b‘sm v, :11
b fo -
da

‘5 X E‘ — ‘1}”{_1”3‘ sin @ = ‘{_IHE‘ sin &

7.1f a x b = 0 and neither a nor b is a null vector, then a and b are parallel.



2-5 Triple Products

Dot and cross multiplication of three vectors, 3, To_and C may produce
meaningful products of the form (3 * b)c,a * (bxc), and a x (b x c).

Notes
1.(a * b)c #a(b * ¢)

2.a* (bxc)=b * (cxa)=c * (axb) = volume of a parallelepiped
having a, b and c as edges. (scalar triple product)

axb
Cll a ) a 3 A
a(b X E) — bl b2 b3 ’.r' ..
A _ £ = ’ y
Cl Cz C3 11 7 ,a_ __________ F J{,-"_ ?‘;’
_ ; - ,;ff::”f”
3.(ax b)xc #zax(bxc) a

4.(a x b)xc=(a.cb-(b.c)a
ax(bxc) =(a.c)b-(a.b)c



EX1 - Find axh if a=4i—k ) Z;=—2:'+j+3k

i j
axb=|4 0
-2 1

k
-1
3

4

J
0 =(0+1)i+(2-12)j+(4-0)k =i—-10/+4k

-2 1

EX2:- Find the area of the parallelogram which its two adjacent sides

are E=f—2j+f( ) h=2i—Fk

2|
bt
=

i
1
2

J
-2
0

k
1
-1

i
1
2

J
-2
0

=2i+3j+4k

‘Ex5‘=\/22 132447 =429

EX3:- Find the volume of the parallelepiped having :

albxc)=(i+k).

volumeis

_3|:

3

a=i+k , b=2j+k and ¢ = i— j—k asadjacentedges.

J
2
-1

J i
2 110 = (i+k)(~i+j-2k)=-3
1




or (axd).c
i jokli

axb=[1 0 11 0 =-=2i—j+2k=m
0 2 10 2

me =-2x1+(=1)x(=1)+(2)x(-1) = -3 , the volumeis |- 3| = 3
Example
Prove that (5-5)5 2 E}:(E; : E)
let: a=ai+a,j+ak ,b=bi+b,j+bk and c=cji+c,j+ck
(ﬁf ' 5)5 - [(a'li +a,] + gzk)' (bl‘f +b,j + b3k)]c1f +C,f +6k
= (albl +a,b, + a,b, )(cli +c,j + c3k)
= (ab, + a,b, + ab; )eii + (ab, + ab, + ab;)e,j + (ab, + a,b, + ab, )csk
alb &)= ai+ayj+ak[(bi+byj+bk)-(ci+c,j+csk)]
= (ali +a,j+ ajk)(blcl +b,c, + 39303)
= (blcl +b,c, + by, )al.i + (blcl +b,c, + b, )a2 j+ (blcl +b,c, + b, )aSk

then : (E-g)f;é 5(515)



2-6 Lines and Planes in Space

A- Lines
consider the lme L through the point A(x;,¥1,Z1) and parallel to the vector
B . . z
v=ai+bj+ck f  Baya
AB=tv, where t 1s a scalar L /
— A(Xlnylazl/ ~ c:7'+b'+ I
. > ~ 2 e s i V=dli (&
AB=(x—x)i+(y—»)j+(z—z )k ; / v
| | — - ey
(.r—xl)H(y—yl)_;Jr(z—zl)k:rﬂz+rbj+rck : ¢
| ) o AB=1v
By equation corresponding components, we obtain - X Line has direction
equations TSRO
xX—Xx, =la
xX—x Y-y z-Z
y—y, =thit= L=l =—
a b %
z—z,=Ic




The above equation (a) represent the line equation through the pomt A(x;y;.z;) and

parallel to the vector Vv=ai+ bj +ck

Distance from a Point % to a Line Through P Parallel to v

d = |F§ sin 6 5
"
PS x| = u| PS i sin 6 = [PS]sin & N
o I".IHLr' |P5] sin @
siné = M ,:'}Hﬂ
7y o
1B d i’

N



B- Planes

Consider the plane containing the pomt A(X;,¥1,2;) having a nonzero normal vector
n=ai+bj+ck as shown 1in figure. This plane consists of all points B(x,y,z) for which

vector AB is orthogonal to n. Using the dot product, we have

nAB=0
(ai +bj +ck)|(x—x, )i+ (y=»,)j+(z -z, k] =0 i B\F
Ia(.l‘—.l‘l)+Z9(J*’_.1"1)+C(:_:l): [ (b) |
nAB=0

The above equation (b) represent the equation of a plane in space, which it containing

the point A(x1,V1,Z1) and having a normal vector 5 = gi +bj+ck

Equation (b) can be rewritten to obtain the general form

of the equation of a plane 1n space.
ax+by+cz=d

ax, +by, +cz, =d

—»Y



Distance from a Point to a Plane

If P is a point on a plane with normal n, then the distance from anv point S to the plane is

n

d= ‘E‘S"cnsﬂ S
PS7= ‘Eﬁ'”ﬁ‘cnsﬂ — cosf = g
) Psla| plane o
d = ‘Fﬁ" : \ o



Example
Find the equation of the line containing the point (1,2,3) and parallel to vector
v=i+7j-2k

XoX, _ Yo _I-n x-1_y-2 z-3

a b c 1 7 —2
or x=l+t, y=2+7t, z=3-2t

Example
Find the equation of the plane containing the point (3,-1,7) and the vector

3i—2j+k normalonit.
a(x-xl)+b(y—y1)+c(:—:1)=0
(x—3)+(-2)(y+1)+(1)(z=7)=0
3x-9-2y-24+z-7T=10
3x-2y+z-18=0=3x-2y+z =18



Example

Find the general equation of the plane containing the points (2,1,1), (0,4,1) and
(-2,1,4).

u=0-2)i+@-Dj+(1-Dk=>u=-2i+3]j .

(-2,1,4)

v=(=2=2)i+(1-D)j+@-Dk=>v=—4i+3k
ik
n=uxv=[-2 3 0/=9i+6j+12k
-4 0 3

(2,1,1)

X

a(x—xl)+b(y—y])+c(:—:l)=0

Hx—2)+6(y—1)+12(z-1)=0=3x+2y+42-12=0
or 3x+2y+4z=12



Example
Find the distance from the point §(1, 1, 5) to the line

L: x=1+t, y=3—1{, z = 2t.
P(1, 3,0) v=i—-j+ 2k

PS=(1—=1i+(1=3)j+(5-0k=—2j+ 5k

i j ok
PSXv= 1[0 =2 5 =i+ 35+ 2k
1 -1 2

_IPSXV  Vi+2s+4 V30 s
d = 5
v Vi+1+4 Ve




Example
Find the distance from S(1, 1, 3) to the plane 3x + 2y + 6z = 6.
n = 3i + 2j + 6k.

The points on the plane easiest to find from the plane's equation are the

intercepts with x-axis or y-axis or z-axis.
Z

A

If we take P to be the y-intercept (0, 3, 0), then n = 3i + 2j + 6k

PS=(1—=0)i+(1=3)j+(3—0k
=i — 2j + 3k,

Ix+2vy+62z=26 ¢(0,0,1)

In| = V(3?2 + 22 + (6> = V49 = 7 \ B
0.1~

' Iu Distance from
[ 8tothe plane

a’=‘PS-f oo
In| /‘(z,u,ﬂ} P©,3,0) Y
R PR 3.,2., 6.\
= |(i — 2j + 3k) (?'+TJ+?k)

_ (3 _4 18y _ 17
77" ?‘ 7




( b C

x-1 y-1 z-3
3 2 6
x=3t+1, y=2t+1, z=6t+3

33t +1)+2(2t+1)+6(6t+3)=6 , 49t=-17 , t:_%
A (x=-3*% 17+1,y:—2 17 +1, z=-6% 1_7_|_3)
49 49 49
1+3*—-Di+(1+2*—-1)j+B3+6*—-3)k
ST i a2ty TN G675 =)
=3*17z+2*1—7j+6*17k
49 49 49

(3*17) (2*17)2 (6*17)2 17
= + + _
49 49 49 7



Example

Find the point where the line x = 8, 2, y=

3
intersects the plane 3x + 2y + 6z = 6.

From line equations : (g + 2t, =2t 1 + .a:)

3(%+2{)+2[—E.-:)+5(1 + 1) =6
8 +60—4r+6+6=6
Bt = —8

: . S t = —1.
The point of intersection 1s

_ (8 _ _1)1=- (2
(-]::.]":-E]lf——'. — (3 2:2:1 1) (3:2:ﬂ

)

2t,

k-3



Example

Find parametric equations for the line in which the planes
3x-6y-2z=15and2x +y - 2z =5 Intersect.

From planes equations :
nm=31-6j-2k , m=2i+j-2k

The line of intersection of two planes is
perpendicular to both planes' normal vectors
ni and n2 and therefore parallel to ni x nz.

i j Kk
nXn= 1|3 —6 =2|=14i+ 2+ 15k
2 1 =2

Substituting x=0 or y=0 or z = 0 in the plane equations

Ifz=0, 3x-6y=15, 2x+y=5 , by solving these equations :
(3,-1,0)

X=X _ Yy _zZ (a)
a b c
x =3+ 14¢, y=—-1+ 21, z = 15¢.



Example

Find a plane through the points P:(1 2, 3), P2(3, 2, 1) and perpendicular
to the plane 4x -y +2z=7.

PPy =21 -2k
From plane equ. n=41i— +2k

A vector normal to the desired plane 1s

. i ] ki
PP, xn=|2 0 —2|f_—2i—]2j—2k:
4 —1 2|

choosing P: (1 2 3) as a point on the plane

) — D+ (=12 -2+ (-2Dz—3)=0"
2x—12y—2z=-32=x+6y+z=16



Example

The line L: x=3+2t, y=2t, z=t intersect the plane x +3y-z=-41ina
point P. Find the coordinates of P and find equations for the line in the
plane through P perpendicular to L.

From line equations : (3+2t, 2t , t)
G+204+320)—t=-—4 =t=-1:
the pointis (1, -2, —1)

The required line must be perpendicular to both the given line and to the
normal, and hence 1s parallel to :

ik
u=vxn=[2 2 1|=-5i+3j+4k
1 3 -1
X — 11 J’}'yl ."-."l
= = —..... a
a b C ®)

x=1-5t,y=-2+43tandz = —1 + 4t



Part Two : Vectors Analysis
2-7 Unit Tangent Vector (T) and Unit Normal (N) Vector

Reference : Thomas G.B., Weir, Hass, Giordano. Thomas's calculus ( Section 13.3 and 13.4)

V(0) = (04, (0] + vy (Ok
where ;(t) : vector function and v,(¢),v,(¢) and v,(¢): scalar functions

T =

dv(t)
dt
dv(t)
dt

Unit Tangent Vector

r=1=)1f =1=77=1= 2 rr]=1.% s 7.9~
dt dt  dt
:2T.£:O:>T.£:O
dt dt

|ldT

dT
dt

dt

Unit Normal Vector



Example
Find the unit tangent vector and unit normal vector for the curve
represented by

| - f:l E._
(a) r(6)= ?HT j at t=2
-2 dr . .
rd)=—i+—j ; =11+
O=31+575 =4 /
2

=t'+tP =P+ T = ! Pt j
At +1 At +1

dr(t)
dt

T = ! I+ 1 Jj
Vit +1 Vit +1
2 1* % (42 _21 1* % (42 _21
AT At +1—t(2 2% (7 +1) %) (—2 2% (7 +1) %)

= I+ '
dt t*+1 2 +1 /
1 ) 4 .
- 3 T 3/
(1 +1)2 (1> +1)2




- — -
dr| S I
o 3 3
AN @ | @+
1 t
N = - j
t?+1 A7+l
at t=2
2 .1 .
(T)t=2 :ﬁl+f]
1 . 2 .
(N)z:z :fl_f]

|

1+¢° 1

(t* +1) S



(b) r(z) = (e'sin20)i + (e’ cos2i)j + 2e’k at t=0

dr(t | .

df‘ ) = (e' sin 2t + 2e' cos 2t) i + (e’ cos 2t — 2e' sin 2t) j + 2e'k
dr(t

;(I ) \/(Et sin 2t + 2e! cos ”t + (e* cos 2t — 2et sin ’T'I + (Ee = 3et

T = (%am’?H— Lm”t)H—(%c 2[—351112’[

) ]
%: (% msQl—%sinEt)H— (—%Siﬂ?t—%mﬂzf)j

= \/(% cos 2t — 4 sin 2t) > +(— 2 sin 2t — £ cos 2t)°

(3 cos2t— % sin2t) i+ (— 2 sin 2t — 3 cos 2t) j

\/(% cos 2t — % sin 2t) : +(— % sin 2t — 3 cos 31)?

at t=0

e, s 124
10 |
l..-J|-‘-" |
L Tfa) 4=
=

TO)=%i+1ji+3k N©O) =

|
s
LA
—
o
h
s



Example
At what point or points is the tangent to the curve E(I Y=ri+5t j+10rk

Perpendicular to the tangent at the point where =17

da) _ 32 105+10k = ¢
dt
d[;f) —3(1)2i+10(1) j+10k =3i+10/+10k = d
t=l
cd=0 = 3(3t*)+10107)+10(10)=0=> 97> +1007 +100 =0
- ~100+10000-3600 _~100+80 _ ,_ ;4 .. 10
18 18 9

at t=-10 , x=1£=(~10) =-1000 , y =5(-10) =500 , z=10(-10)=-100
-10 . (-10Y =1000 -10) 500
at t:T , X =1 =| — = , y:S - —

9 729 9 ) 81
Z:m(-mj: ~100

9 9
The tangent at (-1000,500,-100) and (-1000/729 , 500/81 , -100/9) are both

5

perpendicular to the tangent at t=1.



2-8 Direction Derivative (D) and Gradient Vector (grad or v )

Reference : Thomas G.B., Weir, Hass, Giordano. Thomas's calculus ( Section 14.5)

Let ¢(x,y,z) be a scalar function and 7 any vector

N

D =Vé¢. |

o . o0 . 0
X

N

V = grad

V¢=grad¢=§i+a—]+—

Also, if ¢ is a function of a single variable u which, in turn, is a
function of x, y, and z then
do 8ui+d¢ ou _+d¢8_u

V= @
P = dwox T aw on ! o




EX:- What 1s the directional derivative of the function

point (2.-1,1) in the direction of the vector i+2j+2k?

Solution :-

== = - = 1;2
Oox Ox
A A 3
0 o(xv + vz ) ;
¢ — - - = 2 Xy + =
Oy oy
¢ 8(.1;1} + yz ) .
= = 3y2

gﬁ(x,y,z) =xy” + yz° at the



Vo =yTi+ (2.1‘}? + z" )] +3vz°k Sp—

Vé=i-3j-3k
Foi+2j+2k 1. 2 '+2k
A Ji+d+4 3 3773
1..2.. 2 1, 2.2 1
¢(33] j(])( ]3j3
EX h(x,y,z) = cosxy + e + Inzx, Py(1,0,1/2), u
Oh - 1 . 1
= Tysmxy+—z=-ysinxy+-—
ox zx X
Oh , .
— =—Xxsinxy+ze
oy
Oh e ]

82 z

i+ 2+ 2k



Vh= (—ysinxy+l)i+(—xsinxy+zeyz)j+(yeyz +l)k ‘
X z

Vh=i+1/2j+2k

u i+2j+2k 1. 2, 2
— = =—i+—j+—k
W NJi+4+4 3 37 3

D=Vh.(li+%j+gkj
3 37 3

= (i+1/2j+21<).@i+3j+§kj =2

3

(1,0,1/2)



a where [{l)=—

df
dt

EX1If g=xi+yj+zk andf:|5‘ prove that Vf(() = f{)_
of(t) .  of(t) . of(l)
Vit = ‘ k
Je) ox ' oy ST 0z
ff:\/.x*l+y3+z2 :W
of(f) _df(t)or > 2 a2
= X +y +z7)2(2x
. dgxf()(y J2(2x)
_ ¥ce)x _ L _ 7 Ll)s
\/X3+y1+zl ‘a‘ 4

In same way .

of ey _f()yy oft) [z

Oy 4 " 8z (
!'f- Le n I p ,(
Vie) = fee) .. St Vi + e . _ S
! '{- L
vrn =L

(xf + V] + Zk)



2-9 Divergence and Curl

Reference : Thomas G.B., Weir, Hass, Giordano. Thomas's calculus (Section 16.7 and Section 16.8)

If f =Fii+Fz+F3k is a vector function whose components are differentiable

functions of x, y, and z , this leads to the combinations

A- divergence of the vector function f

Vf= 9 jr— i (ﬁf+F¢,j+F3k):8E+aF3+aF3
81: 8}« cz i cx oy 0Oz

B- curl of the vector function f

c

V x — i+ — +—k x (Fii+ F,j+ F.k
f [E‘x E‘Lj Cz ] ( 2J )

I j k|1 J

9, 9, 0|0 0

Ox 0Oy 0z|Ox Oy
F] FE FS F] FZ

oF, 0OF,\. (aFl OF; ] . [8F, BF
= - —= i+ ——=|j+ - k
0y Oz z  Ox ox Oy




Note

(if fand £ : vector functions, » and v : scalar functions and the partial derivatives

of £, g.uand v are assumed to exist, then )

1. Vu+v)=Vu+Vv or gradu+v)=gradu+ gradv

2. V-(f+§):V-f+V-§ or dn{f+§):diuf+div§

3. V’x(erg):\_/foerg or curl(erg):curlercuﬂg
b V- 7)- () 7ol 7)

5. V’x(u f):(Vu)foru(fo)

6. V-(fxg)=g-(Vx[f)-f(Vxg)



o'u o0°'u Ou

9. V-(Vu)=Viu= + + 1s called Laplacianof u
( ) ax.?. a-yz aZE p
o* o° o’
V? = ~+—+—5 1scalled Laplacianoperator
ox~ oy° Oz
10. Vx(Vu)= 0
11.V-(Vx f)=0
EX

If & = x*yz’ and A = xzi — v*j + 2x%yk, find
(b) V-A,(c) Vx A, (d)div (dA), (e) curl (dA).

Solution :
V-A (_EJ+_EJ+LE)]( i— v+ 2x2vk)
y V-A=|i—+ j- (— |- (xzi— v x vk
(b) 5 gy e Uy 1 2
) 0 _—— -
=_{—(.r:l+;{—}?')+f—{2x*y}=::— 2y
ox dy dz




) WA

d J J 2 i
i—+j—+k— |x(xzi— v j+ 2x vk
[Bx Fr 82:] FAEEAN

1 J k 1 i
—|a/ax Ay aloz|olox dldy

2

2z -y 2yl xx -y

= [%[213}*)—%(—}'3)]i+(%(xz)—3%(213}-*))j+{%(—}-‘3)—%(xz)]k
=2xi+ (x — 4xy)j
(d) div(0A):
o =x’yz’ and A = xzi — yj + 2v%yk
div(pA)=V - (0A)=V -(x’vz'i— X’y j+ 2x*y' k)
- %(13}’14]*—%(—12}'333)4-%(214}3223)

i 3.1'2}!.24 s SIZ}TZZJ + 6x4}:231

i,



e) curl (0A)=Vx(@A)=Vx(x’y'i—x’y'7'j+ 2x*y'Z’k)

i j k i j
=|dldx d/dy dldz |dlox d/dy

3. __4 2 1__1 i, {55 11 | B S .53
X'yzT =xy7 2xyT|a y.»,;“‘ Ny

=(4x'yz’ +3x°y' )i+ (Ax'yz’ —8x°y’2)j-2xy'z + X’z )k

EX2 : Find Divergence and Curl of the field function f

v

;W Ty 2z -
S =In(x*+ y%)i— (Ttan 'g) t (527 + e¥cosz)k

Solution :
i — l@ i an— ] — ]' du d 1 — I d“
dxln“ ude dx (tan™ u) = 1 + 32 dx € "¢ i



J g, 2Y] — _ 2
3 I (X* +y°)| = 235

% (—Stnt ) = X+ ¥

I
—

I
a-:ll:"'
‘\‘-'.’-

—

- |—

S

T —
|
|
H‘

l+ (

|

r}ftﬁ 4 eteosz) =152 —€'sinz

'!i-—li—}' 1—0—)

2(x — Z)

x°+y°

Vf =

4 15z° =€’ sinz

+15z* —¢’sin z




I Jj k i Jj
curlF =V x f= 9 9 9 9 9
P &y & o &
ln(x2 +y2) —(2— tan”' XJ (523 +e’ cosz ln(x2 +y2) —(% tan”' XJ
x x x x

1+

:(eycoser(%tanI%DZ+2(X(( ) ( tanl—Dk

><\‘<

e | P )
oo+ 2an2 o] | (2) o



EX3 Prove div curl A =0.
A=Ai+ A, j+ Ak

Where A is a vector function and 4, , 4, and 4, are scalar functions

divcurl A=V-(VXA)

i 0§ k| j

=V-|d/dx dldy dI9z|o/dx dldy

A A A A A

—

_v.|[9As _9A, ]H(aA._aA})jJr(aAz_aA,)k
(dy dz Jdz  ox dx  dy

:(: LI k}.[(af&;_ ()AE}H(OA, _%)ﬁ[emz A H
x &y @&z dy 0z Jdz  ox ox oy
A, 0A,) O(0A, 0A,). J(0A, A
ax[ dy 0z ] )\[ ox ] r)z{ ox E)_v)
_OA, JA, A IA, | A IA
S oxdy  ox Bz dy dz dJy E)x dzox dzdy

=0



EX4 Prove V- (9A)=(Vd)- A+ 6 (V- A).

Where A : vector function and ¢ :scalar function
A=Ai+ A, j+ Ak
V-0A)=V-(0 Ai+0 A,j+0 AK)

0. 0, 0 ; ;
:[5x1+63;‘;+8zk]"(¢ Al+0 A J+0 Ak)

) ) J
=é(¢ﬂ.)+a—v(¢%)+a—z(¢ﬂ3)

dA, dJo 0A dd0  0A J
=0—+A — + ¢ —2 i 3 ¢
’ ox ' ox ¢ y A dy te A Jz
= [:)—(DA[ + a—q)é + ‘a—(b,ﬂ;1 +0 9 - oA, - a_A'-‘

ox dy ~ dz dx dy 0z

(9034205, 90 | A+ A + Ak
dx  dv~ 0z ’ '

+ ¢ 0 i+ 0 j+£k (Al+Aj +A1k)=(V$‘)-A +¢ (V-A)
ox dy 0z ‘ ‘



Prove d.iv( j_” + g): div f +divg

Where / and g are vector functions

Prove curl( f +§): curl f+curl g

Where f and g are vector functions

Prove V x (V’u) =0

Where u 1s a scalar function

Prove Vx (u f): (Vu)x f +u(V’ X f)
Where f : vector function and u :scalar function

Prove V-(fxg):g-(VXf)—f'(ng)

Where / and g are vector functions






2-10 Line Integral

Reference : Thomas G.B., Weir, Hass, Giordano. Thomas's calculus (12ed.).
Section 16.1 Page 901

Suppose f(x,y,z) is continuous in some region containing a smooth
space curve C of finite length. R

llmz; f(xz':yz'azf )AS,- = J-f(x, rV_,Z)dS

ASJ- —0 C

X

Partition of Curve C

1- Evaluation of a Line Integral as a Definite Integral

Let f be continuous in a region containing a smooth curve C,
where C is given by r(t)=x(t)i+y(t)j+z(t)k where as't <b ,
then



[ £(ey.2)ds = [ £ (6. y 0.z NKOF + [y OF + [T dr

where

ds=[YOF + [ O +[z )] dr
v 2 & dy

A f dz
3 ’ (f — Z"r [)=—
A (1)
EX1 :- Evaluate j‘(x2 +y*+z? T ds where C is given by

dr dt

x=c¢ost , y=sint , z=23t from the point A¢(1,0,0)to B(1,0,6m)

Solution

r(t)=x(t)i+y(t)j+z(t)k=cost i+sint j+3t k

-

f(x,y_.,,z)= (x2 + 7+ 22)_
()= (c—oss?'r—i—sirlzs"-l—(’B?‘):)2 = (1—1—9?‘2)2



dx . . v
1 y=Smil= —=C0S T ,

X=COSIT—D> —=—8sm¢’t , y=
dt " dt
d
z=31= —Z=3
dt
ds =\/[x'(f)]2 +[y'(f)]2 z (r) \/(— sin r) + (cos r) +3%dr = /10 di
l=x=cost=r=02m...
A(1,0,0 ) ,
O=y=smtr =>r=0,r27.. ;=
O=z=3tr=>1r=0

l=x=costr=r=0,2mxm,...
B(1,0.6m) O=y=smr =>r=0,r2x.. 'Yy=2x

br =z=31t=t=2n1

[+ 2+ 27 ds = T(l+9r3)3\/Edr - \/ET(lﬂsﬁ +817% )t
0 0

«
2
= @{H 61’ +%z5} =506391.931
0




1
EX2 Integrate f(x, ). Z) =X — 5 (y— 3) +9z along the curve

2
r(r):[2+r+1}+(ﬁ +1)j+ik from (2.5.2.1) to (5.5.2)

Solution
()= (2+1‘+1J;(1‘2 +1-3)+9r =107 +2

X(t)=t+1, y'()=2r, 2'(r)=1

ds = \[x'OF + '@ F + /() F dr

ds =\t +17 + (20 + Ldr =567 + 20+ 2 di
at (2.5;2,1)

e

e

[ t 5
x(r):—+r+1:2.5:>E+r+1—2.5:0:>r+Zr—3:0 w

2
(t+3)t-1)=0=>¢t=-3 or t=1
yt)=t*+1=2 =t =1=>r=+1
zZ(t)=t=1

|

e

J

7 =1



at (5.5.2)

a4

e

x(a‘):%+r+1:5 =1 +2t-8=0
(t+4)t-2)=0=>t=-4 or t=2
()=t +1=5=t'=4=>1t=142

=(r)=1

j r)ds_j (10 + 2W5¢% +2¢ + 2 dt

2

: E(sﬁ £ 21+ 2)2} - 70.38

1

.1

(g



2- Evaluating a Line Integral in Differential Form
If f1s a vector field of the form f(x,y,z)=M(x,y,z)i+N(x,y,z)j+P(x,y,z)k and C 1s a
given curve connected between two points A(a;,b;,c; ) and B(ay b,,c; ), then the sum

over all the subdivisions 1s :
n

Z(M(xf’-yi’zf)mf +N(xi’yf-’zf)Ayi +P(xi’yf-’zi)Azi)

=1
The limits of this sum, as #» becomes infinite in such a way that the length of each Ax;

, Ay;and Az; approaches zero, 1s known as line integrals and is written :

I[M (x_,y_,z)dx + N(x_,u_v,z)dy + P(x,y,z)dz]

C
A-
y= 40,z = frx) =dy= fl!(x)dx g O = fz!(x)dx



then
IM (xy,z )dx + N(xyz My + P(xy,z )z =
€

IM (x,fl(x),fz(x) )dx +N (x,fl(x),fz(x) )fl'(x)dx + P(xflﬂv),fzﬂv) )fz'(x)dx
C

B-1f .I'Zfl(}?) y & :fz(y) jdx:ﬁ(y)dv ) dz:fz (y)dy
then
[ M (£i0).3. 1,01y +N(fi3).3, £:00)dy + P(L0D.5, Lo00) 3 () ey

C-if x=/f(z) , y=/uz) =dx=f(z)dz, dy = f,(z)dz

then
[M(£i2). £, 2)f(@D)dz +N(£i2), £,2), 2)£3(2)dz + P(fi(2). fof2), 2 )z
@)



D-
it x=h) , y=s) . z=gl)=>de=hodt , dy =s(Qdt , dz = g()dt

then

[ M (hv),s (), g) ' (1)dt +N (ht).s (1), g(0)s' ()t + P(h(1),s (1), g(1) )g' (1)t

EX]1 :- Evaluate I vdx + x*dy where C is the parabolic arc given by
c y

A
y=4x - x> from (4,0) to (1,3)
Solution o
y = 4x — x?_ — d}‘ = (4 —2x)dx
C: y:4x-x2 i
1
IJ,:dx + x*dy = J. (4x — x’ )dx + x2 (4 = 2x)dx
C 4
ol
X 69

:i[4x+3xl—33f3]dx:21;34_:.:3_'? :?

4



EX2 :- Find the value of the integral
J (x2 ~ y)dx + (y2 - x)dy along each of the following paths

C
i AB | it ACR |, i-ADB | iv-x%=i , y=f2+l from A to B
4001}  B(l2) ; C(Ll) ; D{0.2) y

Solution B

Vmh_Y=n_ 271 _y-1 a
x,-x x-x, 1-0 x-0

1-

y=x+1, =dy=dx

g S—

[xz —(x—i—l)]dx%—((x—i—l)z + x}z’x = j(2x2 +2x)dx = 2::3 32 x; — >
0 ~ =



ii-A(TB:I:I+I y

B
ACE AC CB
AC=y=1, dy=0
1 A‘—:[c

I = I(xz —l)dx—l— (yz —1—x)><0

AC

. 25)‘(3:2—1 xzé—x :—§

(B=x=1,dx=0




ADB AD DB

AD=x=0, dx=0

| =jj‘}/’2dy =V% .

AD

DB=y=2, dv=0

I:I(x2—2)dx:i—2x 3 &
DB 0 ' 0 3
[ 22

3 3 3




IV— xX=1=dx=dt
y=1"+1= dy =21

A(0.])

x=0=1, y=1="+1=1=0

B(l.2)
x=l=1, y=2=t’+1=1=2%21 = t=1

Cj(xz —y )dx + (1 P+ x)dlf‘
;ﬂr — W +1]dr+[r +1) +r]2rdr 2



EX Integrate f(x,y,z) = (3x2-6yz)l + (2y+3xz)j + (1-4xyz2)k along the
following paths C :

(@) z=t, y=t, z=t. from (0,0,0) to (1,1,1)
(b) the straight lines from (0,0, 0) to (0,0, 1), then to (0,1,1), and then to (1,1,1).

Solution
f (Bx? —6yz)da + 2y + 3x2)dy + (1 — 4xyz?) dz
c

(@) If x=t¢t, y=1, 2=1¢% points (0,0,0) and (1,1,1)

correspond to £t =0 and ¢ =1 respectively. Then
1

f {3t — 6(£*)(*)} dt + {285 4+ 3()(H) ) d(t?) + {1 — 4()(E2)(¢*)2) d(t?)

£=0

1
f (3t — 6% dt + (46 + 685 dt + (32— 126 dt = 2
t

=b



(b) Along the straight line from (0,0,0} to (0,0,1)

Z

xr=0,y=0,de=0, dy=290 0.0.1) 7(0,1,1)
while z varies from 0 to 1. Then

(0,0,0)

X

§ 1807~ 6030 + (200) +30)(aN0 + (1~ 4O)O)(=) dz
z=0

1
Zfdz:l

=0

Along the straight line from (0,0,1) to (0,1, 1),
x=0,z=1,de=0,dz=0

while ¥ varies from 0 to 1. Then



y=20

1
=10

Along the straight line from (0,1,1) to (1,1,1),

y=1,2=1, dy =0, dz=20

while z varies from 0 to 1.

=0

— JII (322 —6)dx =

x=0
[ I {
C z2=0 y=0 +=0

Z

f {300 — 6(¥)(1)}0 + {2y +3(0)(1)} dy + {1~ 4(0)(y)(1)}}0

(0,0,1)
Then /’{

0,1,1)
-‘z,l)

(0,0,0)

X

—5

1+1 -5

1
f {32* — 6(1)(1)} de + {2(1) + 32(1)}0 -+ {1 — 4x(1)(1)2}0

I
I
e



2-11 Surface Integral

Reference : Thomas G.B., Weir, Hass, Giordano. Thomas's calculus . Section
16.5 and 16.6.

(a) Let s be a surface given by z=g(x,y) and R its projection on the
xy-plane (i.e. you can think of R as the shadow of s on the plane)

and f(x,y,z) is defined on s

n

Z f(va.VfaZf)ASf

<
As, = 1+ [g, (o9 + g, (5,00, )y

X

”f(x Y, z)dS—hme X,, ;.2 JAs,

As—0 =]




Hf(X,y,z)ds ZHf(x,y, g(x, y))\/l + [gx (x, y)]2 + [gy (x, y)]2 dA

S R
where
Og(x, O
o ()= B 0 oy =By

Ox Ox oy oy
(b) If s 1s the graph of y=g(x,z) and R 1s its projection onto the xz-plane, then

” f(x,y,z)ds :” f(x:,g(x,z), z)\/l + [g_,f(.x:,z)]2 + [‘gr;_,(.x:,z)]2 dA

5 R
where
z ; cog(x,z cy
g.(x,z)= cg(x,2) _ 0 ,g.(x,2) = glx.2) _ O , d4 = dzdx
) ox ox Oz Oz

(c) If's is the graph of x=g(y,z) and R 1s its projection onto the yz-plane, then

[ 7eov. 20 =[] £ eCr0 32N+ e, Gno0F + e, T

T R
where
og(y,z ox ce(y,z cx
g (xz) =082 0% 1y 2080 0%

oy oy oz oz



() If s 1s defined by g(x,1,z)=c , then
’\j[g:c(x:- }":z)]z + |_g1, ('x: .}":Z)F + [gz(x:- }":‘Z)]E

J[ £ Gey.2yds =[] £(x.7.2) didy
5 R gz(x:.}":z)‘
where
85"(.15, Vs E) 8g 83’(3{, Vs 2) ag
Ax,yv,z2)= = , g, (x,y,2)= — ;
g.(x,»,2) ™ ~ & (x,¥,2) o o
ag(x: .}":Z) ag
z X.V.Z)= =
g.(x,y,2) - -
EX1 :- Evaluate the surface integral“ ( y2 +2yz)ds where s 1s the first-octant

A

portion of the plane 2x+y+2z=6

Solution :- N
By projection s onto the xy-plane, we can write s as

1 _ _
e 5(6 —2x — y)z g(x,v)

1 X y
g (x,y)=-1and g,(x,y)= by S:Z=%(6—2x—y)



8= \/ 1+ [gx(xj y)]2 + [gj.(x, y)]2 dydx y?

= \/1 + 1% idydy = idydx
4 %
X y

On xy-plane z=0 , then y=2(3-x) s:z=%(6—2x—y)

Along x-axis y=0 ,then x=3

II (v? + 2z Jas= ” {yz T 23"‘[%}(6 —2x—y )}[%}d};dx

S

3 2(3-x) 2(3-x)
— j jy(3 x)dydx 3j|: :| (3 — x)dx
0 0 0
3 3
j 3 — X ) = &
) 2 ;2




One alterative solution to this example would be to project s onto the yz-plane

Z
A

x = %(6 ~y—2z)=¢g(ry.2)

ds = \1+|g,(v.2)] +|g.(y.2)] dzdy

o1 3
= 14+ —+1dzdv = —d=zdv
1 '} 5 '} X

Onyz-plane x=0 , then z=(6-y)/2

Along y-axis z=0 ,then y=6
[J (2 +232)ds = ﬁ fle.2), vz )1+ g, (1 D] +[g. (v, 2)] dedy

2y :
.[[ [},f2 + 2}«’2[5] dzdy
3

[]

=2 [z ] A - ;I{ [62};}}{%}"]1@

2
B ;
= %J;(?*ﬁ y— ' Jdv = %{18}32 —f

LN
.
I
o
[

2

=

(s



EX2 :- Evaluate the surface integral II (xz + yz)ds . where s is a cube, which is its
vertices are (0,0,0), (1.0.0), (0.1.0), (0,0.1) . (1,1.0), (1,0.1), (0.1,1), (1,1,1)

Solution :
Let ABFH=s, , CDGE=s, , ADGH=s;, BCEF=s,, EFHG=s5 , ABCD=s;

- b= %
1-s; sincez=0then - = ="=—

ox Oy

' G[eoD Eo.1.1)
H(xz+yz)ds=”0dmﬁf:0:>31 =0 - C
- 1.0.0) .11
, oz iz H F *
2—-s5,, z=1=g(xy) —=—=90 ©.0.0) oo Y
i ox &) A

. /[LD:D} (1.1.0)
H (xz + yz)ds = I (.r x1 4 y x lmi’mﬁf 2
52 R

1

= [ [ (x+ y)dydx

V]
1

| (1 o
:I Xy + -ﬂir—'[[x+—]c£r:” +—x
) 2 2 2




oy _0oy

- , v=0= z = ()
3— 5y y g(x,z) , P | |
1 2 1 2
”(.rz+yz)ds:”.rzﬁfl+0+0dzci'c:I x dr:l‘[xa{r:lx_ :l
53 R 0 2 0 2{} 2 2 . 4
oy 6:'}:
4-s,, y=l=g(xz =0
Sy Y g(x,z) , = By |
2 2 B
H(u y,a)d.ﬂ—ﬂ(u +z)A1+0+0 dacir-_'[{r5+ 21}5& 5!(x+1)dr
I z
1 Iz 3 A
= —+x| ==
21 2 PR GlOoD EQ.1.1)
F‘lll.
S5— s, . x g(r.z), =Py s .
) (:‘1 0z
H[.D 0.0 [DFI 1)
_U (xz + yz)ds = _U vz N1+0+ 0 dzdy A[lon‘n B




[[ (xz + yz)ds = [[ (z+ yz2)N1+ 0+ 0dzdy

Ss




EX3
Evaluate the surface integral _[ _[ (x> + y?)ds where s is the surface of the

paraboloid x*+y*+z=2 above the xy plane.
Solution :-

z=2-(x>+y%)=g(x,»)
g.(x,y)=-2x and g (x,y)=-2y

ds =1+ [g, (e ] +g, (e )] dvd

= \/1 + (— 2x)2 + (— 2y)2 dydx

= \/1 + 4(x2 + yz)dydx




On xy-plane z=0 , then y
X2 +y?=2
By using polar coordinates

X=rcosO® , y=rsinO
x2+y2=r2 , dA=rdrdO©

r=0 to 2
0= 0 to 2x

_U(xz +y2)dS = _[J(xz +y2)\/1+4(x2 +y2)dydx

= J-Ozﬂ J-Oﬁ 1”2\/1 +4r*rdrd6

[ [ PV 4 drdo



Let u=v1+4r> => u’ =1+4r* = r° :%(u2 —1)

1
7”=§ u' =1, dr= du

at r=0 = u=

27 ;2 03] 3
jo jo r3\/1+4r2drd9=j02 fg(uz—l)mz\/%dud@

:Lf”f(uz—l) w2dudo :izf u_uw 3d9
165 1655 3

2
=2483[ do =2.483[0]" =15.603
0



EX4

Integrate Gi(x, y,z) = xVy° + 4 over the surface cut from the
parabolic cylinder y* + 4z = 16 by the planes x = 0, x = 1,
and z = (.

Solution :-

=16 -57)=g(x,7) ,

g.(x,y)=0 and g (x,y) ==

ds =1+ [g, (x. )] + g, (x, )] dvax

\/1—!—[ 5 } dydx = 1+— dydx = 1#4+} dydx

x=0,x=1.

at z=0 =y =16=y=+4






2-12 Volume Integrals (Triple Integrals)

Reference : Thomas G.B., Weir, Hass, Giordano. Thomas's calculus ( Section 15.5)

If f{x,y,z) 1s continuous over abounded solid region D, then the volume integral of over
D is defined to be

Tim Zf(xfc?}k?zk Av, = ”jf(x y.z)dv

Avy >0 Jc=1 (Xgs Vi )
Where W I,
7 T Ay
AVy = AxpAviAz;. L5
,‘{'/
dv=dx dy dz >y
Notes

1- In the special case where f{x,y,z)=1 in the solid region D . the volume integral
represents the volume of D . That is

volume of D = J‘Hdv



2- Let f{x,y,z) be continuous on a solid region D defined by a<x <b . h;(x )=y <hy(x) .
g:(x,y )<z =g (x,v). where h; , h, , g; and g, are continuous functions. Then,

b h(x)g,(x,¥)

_”j.f(:x:}}} 2)dv = I _[ _[f(x v, z)dzdydx

a h(x) g(x.y)

3- dv can be wrote 1n six different orders as :

dv =dxdydz , dv=dydxdz , dv= dzdxdy
dv=dxdzdy , dv=dydzdx , dv= dzdydx



4
TTI}EI}?+2.¢ \dzdydx ﬂ z+2°)] }aﬁzd'c
00 00 0

0
E"E
= 19( +1] =65.797

/u dv = uv — / vdu Integration by Parts
let u=x ,dv=e‘dx du=3xdx,v=e"

i x 2 x ' '
X e —JS:{: e d‘f /,‘.—”E":rdl- - %1 o ay J_fj/--"_lﬁﬂ I’JII."-'




EX2

Find the volume of a sphere of radius @, which it equation is x?+y°+;°=a’

Solution :-

V= J‘.”dv =IIIdzdydx

2 2 2 2
X“+y +z =a

z:i\/az—xz—yz
atz=0=>x"+y =a’ :>y:i\/a2—x2

at y=0=>x==a

V= I I Idzdydx = BI I Idzdydx
0 0 0

_ 2 2 2 2 2
a —\fﬂ —-X —\/a —x -y




o

a~a*-x* Ja'—<?
v BI I [Z‘Ka = dydx = 8_[ I (a —x’ -y )Edydx

0
using polar coordinates

x=rcos@,y =rsin@, dedy =rdrd@ , r"=x"+y°
r= 0 to a
0= 0 to n/2

AN

(az — 7’ )% rdrd 6

<
Il
o0

Il
oe
TN
I
SIS
X
W | N




EX3
Find the volume of the region 1n the first octant bounded

by the coordinate planes, the plane y + z =2, and the
cylinder x = 4 — »?
Solution - T.
yt+z=2 =>z=2y

I=-‘-1-—_]."!' :)y:\.r'—l—x . _H}

x=4



EX4: Find the volume of the three-dimensional region enclosed by the surfaces
z=8-x’-° and z=x7+3y’

Solution :-

[

g 5 n .

z=8—-x"—y =x"+3y°

2 3 4 5 ) i

8- x2 -3y x? 332 =0=8-2x> 432 =0 |

2 2 . ’,-"--,__\‘\
I~:4—2}-~jx:im / ‘

x=024-2y" =02 yi =2= yp =142

2+1/j _xl_},z
'f _‘.dz‘itd}’ :4?_ 4_[ 8 Jddedy
) 3 A



Let —2sin’H = y —xf_smﬁ dy —\/_ccrs 72 7]

if 1F:I:IS1H§:>51116’:1:>6‘:—

2
if 1—0—\/_511'15251116‘—025—0

cos @=1—sin" @

cos °6 :l(1+cos 20)
16 2 . 128\/_‘
V = — (4 — 4 s1n EP‘F«/E cos Bd6 = I 1 —sin~ E?Tms 6d 6
3 'E 0
128 N/_ims 046 = 128 \/_I (1 + COS 25) dé
0
IESI?

". 1+ 2cos 26 +cos’ 25}19: 12?;{5“:[1+ 2 cos 26 +%(1 + COS 49)](3’9
0 0

— 1283\/7 (9+sm29+ 5 (9+%sm49j) — 8;3\/5 = 35.543

0

ta| &




EX5

Write six different iterated triple integrals for the volume of the
region in the first octant enclosed by the cylinder x? + z? = 4
and the plane y = 3. Evaluate one of the integrals.

Solution :-

|1y
v [ wwe @ = [T v
(3) v= ‘[{;2‘_[:4 ' l_[:dy dz dx (4) v =ﬁ:_[:4 ’ ._I:cly dxdz

S v=L L aayae  (©) v=L [ aazay




(1) v= [;LL}H k dz dy dx

[ ]gﬁdydx = [ ] 4 — x2 dydx

|l

Va—x? [yLdx = [D% 4~ x2 dx

Let x*=4sin’0 = x=2sin8 , dx=2cosOdb

ifx:2:2sin<9:>sin<9:1:><9:§

if x:O:ZsinH:sin9=0:>«9=0

=3 %(1+cos20)d0

(4 4sin” 9) 2cos0d6 —12jcos 0do =12

)
= 6(0 + lsin 20) =3
2 0



