
Chapter Two

Scalars
Length, Density, Mass,…ect.

Quantities

Vectors
Forces, velocity, Moment,…ect.

Vectors  are often represented by a,,   … or by being (initial) point and end 
(terminal) point such as AB , BC, …..

Reference :  Thomas G.B., Weir, Hass, Giordano. Thomas's calculus  

Part one : Vectors Calculus , (chapter twelve)



a- if a an b are drawn from the same point, or origin, then the sum of two vectors a 
and b is defined by the familiar parallelogram law; i.e.
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a- if a an b are drawn from the same point, or origin, then the difference of 
two vectors a and b is defined by draw the vector from the tip of b to the tip of 
a (triangular law).
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The dot or scalar product of two vectors a and b denoted by a・b (read: a 
dot b) is defined as the product of the magnitudes of a and b and the cosine 
of the angle between them. In symbols,

a・b = IaIIbI cosϴ

Notes
1. a ・ b = b・ a
2. a・ (b + c) = a ・ b + a ・ c

3. m(a・ b) = (ma) ・ b = a ・ (mb) = (a ・ b)m,       where m is a scalar

5. 

 6. If a ・ b = 0   also a and b are not null vectors , 
then a and b are perpendicular







The cross or vector product of  a and b is a vector  c = a x b (read: a cross 
b) and is defined as the product of the magnitudes of a and b and the sine of 
the angle between them. In symbols,

a x b = IaIIbI u sinϴ

where u is a unit vector indicating the direction of a × b.
The direction of the vector c = a × b is perpendicular to the
plane of a and b
Notes

1. a x b = - b x a

2.  a  x  (b + c) = a x b + a  x c

3. m(a x b) = (ma)  x   b = a  x  (mb) = (a  x  b)m,       where m is a scalar



5. 

6. ⏐a × b⏐ = the area of a parallelogram with sides a and b.

7. If a × b = 0 and neither a nor b is a null vector, then a and b are parallel.



Dot and cross multiplication of three vectors, a, b and c may produce 
meaningful products of the form (a ・ b)c, a ・ (b × c), and a × (b × c). 

Notes

1. (a ・ b)c   ≠ a(b ・ c)

2. a・ (b × c) = b ・ (c× a) = c ・ (a × b) = volume of a parallelepiped 
having a, b and c as edges. (scalar triple product)

3. (a  x  b) x c   ≠ a x (b x c)

4. (a  x  b) x c =  (a . c)b – (b . c)a
a x (b x c)  = (a . c)b – (a . b)c
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Find the equation of the line containing the point (1,2,3) and parallel to vector 
kjiv 27 

or x=1+t , y=2+7t , z=3-2t



Find the general equation of the plane containing the points (2,1,1), (0,4,1) and 
(-2,1,4).
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(-2,1,4)

(0,4,1)

(2,1,1)





The points on the plane easiest to find from the plane's equation are the 
intercepts with x-axis or y-axis or z-axis.
If we take P to be the y-intercept (0, 3, 0), then
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From line equations :



Find parametric equations for the line in which the planes
3x - 6y - 2z = 15 and 2x + y - 2z = 5 intersect.

From planes equations :
n1=3i - 6j - 2k   ,   n2=2i + j -2k

The line of intersection of two planes is 
perpendicular to both planes' normal vectors 
n1 and n2 and therefore parallel to n1 x n2.

If z=0 ,    3x - 6y=15  ,  2x + y=5  ,  by solving these equations :
(3, -1, 0)

Substituting  x=0 or y=0 or z = 0 in the plane equations



Find a plane through the points P1(1 2, 3), P2(3, 2, 1) and perpendicular
to the plane 4x - y + 2z = 7.

=2i – 2k

From plane  equ.    n = 4i –j +2k

choosing P1 (1 2 3) as a point on the plane



The line   L: x=3+2t, y=2t, z=t   intersect the plane x + 3y - z = -4 in a 
point P. Find the coordinates of P and find equations for the line in the 
plane through P perpendicular to L.

From line equations : (3+2t , 2t , t)

The required line must be perpendicular to both the given line and to the 
normal, and hence is parallel to :

kji
kji

nvu 435
131

122 






Part Two : Vectors Analysis
2-7 Unit Tangent Vector (T) and Unit Normal (N) Vector

)4 .13and 3 .13( Section   :  Thomas G.B., Weir, Hass, Giordano. Thomas's calculus Reference
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Find the unit tangent vector and unit normal vector for the curve 
represented by 
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2-8 Direction Derivative (D) and Gradient Vector (grad or      )
)5 .14( Section :  Thomas G.B., Weir, Hass, Giordano. Thomas's calculus  Reference
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Also, if     is a function of a single variable u which, in turn, is a 
function of x, y, and z then

u
du
d
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Let φ(x,y,z) be a scalar function  and r   any vector
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2-9  Divergence and Curl
)8.16and Section 7 .16Section (:  Thomas G.B., Weir, Hass, Giordano. Thomas's calculus  Reference

If    f =F1i+F2j+F3k is a vector function whose components are differentiable 
functions of x, y, and z , this leads to the combinations

A- divergence of the vector function F

B- curl of the vector function F



Note







EX2 : Find Divergence and Curl of the field function F
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3EX
kAjAiAA 321 

Where  A is a vector function and                            are scalar functions321   and   , AAA



4EX
Where A : vector function and      :scalar function

kAjAiAA 321 



Where      and      are vector functions

Prove 

Prove 
Where      and      are vector functions

Prove 
Where  u is  a scalar function

Prove 
Where      : vector function and    u :scalar function

Prove 
Where      and      are vector functions





2-10 Line Integral
Reference : Thomas G.B., Weir, Hass, Giordano. Thomas's calculus (12ed.). 
Section 16.1  Page 901

Suppose f(x,y,z) is continuous in some region containing a smooth 
space curve C of finite length.

C
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(xi,yI,zi)

∆Si

Partition of Curve C

1- Evaluation of a Line Integral as a Definite Integral

Let f be continuous in a region containing a smooth curve C , 
where C  is given by r(t)=x(t)i+y(t)j+z(t)k where a≤ t ≤b , 
then



r(t)=x(t)i+y(t)j+z(t)k=cost i+sint j+3t k
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2- Evaluating a Line Integral in Differential Form

A-



B-

C-



D-



y

x

B

A

0
1

01
12 -i

1

1

12

12
















x
y

xx
yy

xx
yy 



x

y
B

CA



x

y

BD

A





EX  Integrate f(x,y,z) = (3x2-6yz)I + (2y+3xz)j + (1-4xyz2)k  along the 
following paths C :
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2-11 Surface Integral
Reference : Thomas G.B., Weir, Hass, Giordano. Thomas's calculus . Section 
16.5 and 16.6.

(a) Let s be a surface given by z=g(x,y) and R its projection on the 
xy-plane (i.e. you can think of R as the shadow of s on the plane) 
and f(x,y,z) is defined on s
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On xy-plane     z=0 ,   then y=2(3-x)

Along x-axis      y=0 , then x=3
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On yz-plane     x=0 ,   then z=(6-y)/2

Along y-axis      z=0 , then y=6









3EX
Evaluate the surface integral                             where s is the surface of the 

paraboloid x2+y2+z=2 above the xy plane.

 
s

dsyx )( 22

 
  2),(  and  2),(

  ),(2 22

yyxgxyxg
yxgyxz

yx 


    dydxyxgyxgds yx
22 ),(),(1 

    dydxyx 22 221 

 dydxyx 2241 



On xy-plane     z=0 ,   then

x2+y2=2
By using polar coordinates 

x2+y2= r2 

x= r cosϴ , y= r sinϴ
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,    dA=r dr dϴ

     dydxyxyxdsyx
s R

222222 41  

 2       to0  

  



2

0

2

0

22 41 rdrdrr

  



2

0

2

0

23 41 drdrr

ϴ
r  

x 

y



 



2

0

2

0

23 41 drdrr

 241Let   ru  22 41 ru )1(
4
1 22  ur

,    1
2
1 2  ur du

u
udr

12 2 


      3u       2at    r
1u         0at    r

  






2

0

3

1 2
2
3

2

12
1

8
1 dud

u
uuu

   



2

0

3

1

22 1
16
1 duduu 



duu
3

1

2

0

35

3516
1
 













d
2

0

483.2   603.15483.2 2
0  



4EX

 



),(  and  0),(

  ),(16   2

yxgyxg
yxgyz

yx

4
1

2
y



    dydxyxgyxgds yx
22 ),(),(1 



 
s

dsyx )( 22



Reference : Thomas G.B., Weir, Hass, Giordano. Thomas's calculus ( Section 15.5) 

Where

dv= dx dy dz
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3EX
Find the volume of the region in the first octant bounded 
by the coordinate planes, the plane y + z = 2, and the 
cylinder

z = 2-y
y =

x = 4
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5EX
Write six different iterated triple integrals for the volume of the 
region in the first octant enclosed by the cylinder
and the plane y = 3. Evaluate one of the integrals.
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