Chapter 6

Transcendental Functions

Chapter Six: Transcendental Functions

Functions can be classified into two groups called algebraic functions and
transcendental functions.

7.1 Inverse Functions

One-to-One Function

DEFINITION
whenever x; # x, in D.

A function f(x) is one-to-one on a domain D if f(x;) # f(x,)

Same y-value
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Fig.1 (b) Not one-to-one: Graph intersects one
or more horizontal lines more than once.

Fig.1 (a) One-to-one: Graph
intersects each horizontal line once.

Inverse Functions

DEFINITION

Suppose that f is a one-to-one function on a domain D with range
R. The inverse function £~ is defined by

fb) = a if f(a) = b.
The domain of £~ is R and the range of f " is D.

Example 1: Find the inverse of y = 3 + 6x.

Solution: 1. Solve forx=fly):6x =y —3 > x =
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Chapter 6 Transcendental Functions
1
2. Interchange xandy:y = Iz ;
6 2 3 ’ y=3+6X o
e
Example 2: Find the inverse of y = x2, x > 0. w1
//
. 2 1 4 y =X
Solution: 1. Solve forx=fly) : x* =y - x = ﬁ 57

2. Interchange xandy: y =+/x ,x > 0.

Vol

Inverse Trigonometric Function

The inverse functions for the six basic trigonometric functions

y =sin"'x or y = arcsinx
y = cos ' x or y = arccos x
y = tan"'x or y = arctanx
y = cot”'x or y = arccotx
y = sec ' x or y = arcsecx
y = csc'x or y = arccscXx

NOTE:y =sin"lx #
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Chapter 6 Transcendental Functions

Derivatives of the Inverse Trigonometric Function

d(sin™" u) du/dx
E = =, |u] <1
- V1 —u®
) d(co;":lu) _ du/dx <1
s V1 - uf
. d(tan™" u) - du/dx
- dx 1 + u?
d(cot™ u) dujdx
4. = — -
dx 1 + u
_ d(sec ' u) du/dx
S. T = ~ , |ul > 1
o |u| Vu® -1
6. d(csc™ u) _ —du/’dx >
dx |u| Vu* - 1
Integration Formulas
1/ - sin~t(u) + C a | - cos™t(w) +C
Vi Vi
du _ —du -
2. [— =tan"tu+C 5. [—=cottu+C
1+u 1+u
du —du
3. [ ——==sec’lu+C 6. [——==csclu+C
fUVuz—l fu\/uz—l

Example: What is the angle that has a sine equal to \/5/2

Solution: sin‘lg =m/4. (sin% =+/2/2.

Solving using a triangle

Example: Evaluate sec(tan™12).
3

Solution:

Let & = tan 1 x/3

tanf = x/3 - sec(tan™! g) =secH =Vx2+9/3
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Chapter 6 Transcendental Functions

Examples: Evaluate the following

4 o121
(a)dx cos™ x N (2x).
A ne—le, 4 _ 1 3V — ¥
(b) —sec 5x Vo (20x°) YT

1 dx -1 1 _ -1 _ -1 _r —
(c) J, Tz = tanThx| = tan (1) —tan™(0) =7 — 0 = /4

Home Work: Exercises 7.7 Pages 530-532.

7.2 Natural Logarithms

Inx is the function in the range (0, ) and is defined by:

Definition: The Natural Logarithm Function

*1
lnxzj—dt, x>0
1 €

Thus, the natural logarithm is the y
area under the curve f(t) = 1/t
betweent=1andt=x.

x 1
IfO<x<1,thenlnx =/ %(II = —/ %dl
1 X

gives the negative of this area.

/

X
/ Ifx>1,thenlnx =/%d!
1

gives this area.

Ifx=1,

Inx = Inl = fll%dt =0

The Derivative of y = Inx

d —dfxldt—l
dxnx_dxlt S x

In general, if y = Inu and u = f(x),
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Chapter 6 Transcendental Functions

d 1 1
Example: aanx = ;(2) =~

d 1
—In(x +3)=x2

e 3 (2x) = 2x/(x% + 3).

Example: if y = In(3x2 + 4), find dy/dx.

. dy
Solution: — = X
dx 3x2+4 ( )

Example: if y = In(sin7x3), find dy/dx.

21x2cos7x3

Solution: & = .cos7x3.(21x%) =

dx  sin7x sin7x3" sin7x3

Properties of Natural Logarithms (Inx)

For any numbersa >0 and x> 0:
1. In(ax) =Ina + Inx 2. Ln(a/x) = Ina — Inx 3. Ln(x") = n Inx
4. In(1/x) = - Inx 5. Ln(0) =-

NOTE: The Integral f%u

If uis a differentiable function that is never zero,

— = In|u| + C.

Examples: u=1+sin6 - du=cos6 db

o f cos6 d9=f%=ln|u|+€

1+sinb

(a) [ cos? d® = In|1 + sinb| + C.

1+sinf
=In|1 + sinf| + C

x3+1 4(x*+1)dx _ 1 4
(b) [ —as 4f—x4+4x —41n|x +4x|+ C
()f2 2 X. Let u=x>5 - . du=2xdx

..X—O%u—(0)2—5=-5
AX=23u=(2)*-5=-1

(2 2x _ (~ldu _ -1
2y o dx = [ — =Inul =

—In5.

=In|-1| —In|-5|=0—1In5 =
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Chapter 6 Transcendental Functions

q fn/z 4cosx 52du
( ) /2 3+2sinx dx = 1 u u=3+2sinx = du = 2cosx dx

5 T _ i
= 2Inful |2 = 2(in5 — In1) = 2In5. x=-Zou=3+2sin(-2)=1

T T
w/2 4cosx /2 Zdu x=—->u=3+4+2sin(=)=5
OR: fTT/Z 3+251nx - f /2 u 2 (2)
A
= 21n|3 + 2sinx| | 2, = 2{in(3 +2) — In(3 — 2)}
2

= 2{In5 — In1} = 2In5.
Home work: THOMAS’S CALCULUS — 11™ Edition, Page 484

Exercises 7.2 : ( Using the Properties of Logarithms , Derivative of Logarithms,
Integration).

7.3 The Exponential Function (y = e*or y = exp x)
The function y = Inx : domain (0,00) and range (- co, ).

The inverse of Inxis In™x : domain (-, o) and range (0, ™).

y =In"1x =e*.
NOTE: In*1=eln"'1=e—>lne=1
e=2.71828
e* = In"1 x (e“ is the inverse function of Inx)

~Ine* =x (forall x), and

e"* = x (for allx > 0) .

Properties of e*

1. e*>0foreveryx € R 7.e% = (e")
2. e'=1 8.lim,_,, e* =
3. e'=ze 9.lim,,_, e* =
4, e*V=¢". ¢ 10.Ine* = x
5. e V=¢"/¢€ 11. eln* = x

6
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Chapter 6 Transcendental Functions
6. e X= 1/ex 12. a* = (elna)x = eXlna
The Derivative and Integral of e*
Llet y =e”%,

Taking In for both sides - Iny = Ine* = xlne = x

.'.lny:x
1ay_ W _ = X
d.w.r.t.x%y.dx 1$dx y=e
.dex_ X
h dx_e

In general, ify =e* , u = f(x),

dy dy du  du

dx_@'dx_e dx

je“du=eu+C

Examples
tanx
(a) dedx = etANX gac? y,
(b)df;_ = 5e~*(—1) = —5e~*.

x3..2 _1 x3 2 S
(c) JeX'x?dx=_[e* . 3x?dx =_e* +C.

(d) [e ** dx = —%fe‘zx. (=2)dx = —%e‘zx +C.

1

NES dx.

eVx _ eVx _ Jx . _1 1 .
(e)fﬁdx—Zfﬁdx—Ze X+ C. u—\/§—>du—§x 2 dx =

7T/2 1 0
—el—el=e¢—1.
0 e e e

(g) f;nz e3*dx = gf;nze“ 3dx = §e3x

2 . .
(f) fon/ eSn¥ cos x dx = eSh¥

112)2 _ §(331n2 _ eo)

1 3 1
=§(el 2 —1)=§(8—1):7/3'

Home Work: Exercises 7.3 Page 493.
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Transcendental Functions

7.2 The General Exponential and Logarithmic Functions

(a* and log, x)

NOTE: In x is a special case of the general logarithmic (log, x ) Functions

and e”* is a special case of the general exponential (a*) .

The general exponential function

y = f(x)=a”* ,(a=constant,a>0and a # 1).

The Domain: (—oo, o)
The Range: y > 0

The Derivative of a"
Let y = a%, u = f(x),

TakingIn—>Iny =Ina* =ulna

d—yzln

1
dw.r.tx— -
y dx

If a>0and uis a differentiable function of x,

da”_ u] du
dx - ¢ nadx

u

+C
Ina

fa” du

Examples:

(a) &5 = 3713,
dx

(|:>)j—x7x+1 = 7%+ 7,

2 2% n2 (=1) = —2*In2.
dx_
(d) dg(;nx = 351"% (In 3) cos x.
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Chapter 6

5x
(e) [ 5*dx =—+C.

Logarithms with Basea ( y = f(x) = log, x

Transcendental Functions

,(@a>0anda=#1)

Definition: log, x

For any positive number a # 1, log, x is the inverse function of a*.

Domain: x> 0.

al%8a* = x (x> 0),

Range: (—o, 00).

and log,(a*) =x (forall x)

Examples:

(a) 102 = 100 — log,, 100 =

(log, a* = x — log;, 100 =log,, 10?2 = 2) _

-2 1 1 _
(5)1072 = L = log, () = —2

(c) 2°=32->1log,32=5
(d) a®=1->1log,1=0
(e) al =a—-log,a=1

NOTE: log, x = =%

Ina

NOTE: The properties of log, x is

2

the same as the properties of Inx.

The Derivative and Integral of log, x

lfy =log,u, u=fkx)-u=a”
TakingIn—=>Inu=1na” =ylna

~Inu=ylna.

D.w.r.t.xa%%zlnai—z - .'.Z—z:% ﬁj—z
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Chapter 6 Transcendental Functions

dlogu 1 1 du
dx Ina u dx
Jl du = lnud
og ,udu = g u

Examples: (a) 2o (x2+1) = L L (2%

’ dx 85 In5 x2+1 )

1 1 1 In x)2
(b) [ dx = — [ZEdx = (2‘;;‘)2 +C

NOTE: Find dy/dx if y = x*.
TakingIn - Iny = Inx* = xInx

1d
D.w.r.t.x.—>——y=
y dx

x.i+lnx.(1) —>Z—z =y(1+Inx) =x*(1+ Inx).

2 2
. o= (x°+1)Vv3x+4
Example: Find dy/dx if y3 = S (2x—3) (-4

o 2 (x2+1)V/3x+4
Solution: taking In = Iny3 = In e Yoy

2 1 1
- §1ny =In(x?+1)+ Eln(Sx +4) — g{(ln(Zx —3) +In(x? — 4)}

D.w.r.t.x.—»

2 1dy 2x . 3 1 2 1 2x

3 yde x24+1 2B3x+4) 5 (2x—3) 5 (x2—4)
dy 3 ( 2x N 3 1 2 1 2x )
“dx 272517 2Bx+4) 5 2x—3) 5 (xZ—4)

Home Work: Exercises 7.4 Page 500.
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Chapter 6

Hyperbolic Functions

Transcendental Functions

The hyperbolic functions are formed by taking combinations of the two

exponential functions e* and e™.

Definitions and Identities

}_E.I 3_
eX —e™* =7 2} fy=siohx
sinhx = —— | Lb/
2 Ao '--é".r
_3_7_ =
g
S e s
3k
¥y 1:—|:|:ﬁh.r
e*+e™* 3L |
coshx = —— N 2k ot
2 'I':T f}lzT
T G T R
321 |1 23
3
sinhx e*—e™* v = coth x
tanhx = = - 2L
coshx eX+e* y=1 1~
v — tanh x
| | | - | > X
— =3 _ 2
b coshx e*+e™™* N l -
coth x _ = - Ll YeE-
sinhx e*—e™ |,_comx
}I
1+
1 2 | 1 y=1
sechx = = = e
coshx e*+e™™* 20| 1 2
vy =sechx
5
A
1
h 1 2 e
csCnx - = —1 1 L ¢ e X
sinhx eX—e™* yz

Identities

cosh’x — sinh®x = 1
sinh 2x = 2 sinh x cosh x
cosh 2x = cosh’x + sinh®x

- —_— cosh2x + 1
: 2
il cosh2x — 1
' 2
tanh’x = | — sech®x
coth’x = 1 + csch’x
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Chapter 6 Transcendental Functions

Derivatives and Integrals

Derivatives Integral Formulas
%[sinh u) = cosh Hj—: /sinh udu = coshu + C
%[msh u) = sjnhnj—: /cushn du = sinhu + C
%[tﬂﬂ]] u) = sech? u% /'mzh2 wdu = tanhu + C
%[c:}th u) = sch? u% /c&chz udiy = —cothu + C
%[sech u) = —sech u tanh u% /sechr; tanhu du = —sechu + C
%[csch u) = —csch u coth u% /cachr; cothu du = —cschu + C

Examples: Find the following derivatives and integrals

1
(a) ;—x (tanh V1 + x2) = sech® V1 + x2 %(1 + x2)72(2x)
x
= ———sech?/1 + x?

V1 + %2
h h :
(b) [ coth 3t dt = fc?sh : —f BCS(:Zh?;dt = %ln | sinh 3t| + C.

fl cosh 2x+1

(c) f cosh? x dx = = Efo (cosh 2x + 1)dx

1

=5 —sinh 2x + x) {(— sinh2 —sinh 0) + (1 — 0)}

=302 4 2~ 1.4067
4 2

Home Work: Page 534 (Derivatives and Integrals).
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Chapter 6

Inverse Hyperbolic Functions

Transcendental Functions

The inverses of the six basic hyperbolic functions are very useful in integration.

Derivatives and Integrals of Inverse Hyperbolic Functions

Derivatives Integrals Formulas

d(sinh™ u) B | du du

b T\ 12 1. fmsinh‘lu +C
d(cosh™ u) B 1 du

" Vi 18 2. | ,_du =cosh™u+C
d(tanh™" u) 1 du u?-1

dx T - ldxe

_ -1

deoth™ ) _ 1 3. [ it = —sech Tl u+ C

dx ] —gldx’
d(sech' u)  —dujdx 4. f — = csch™*u+C

= ) u?

dx uV'1l —?
d(csch™'w) _ —dujdx 5, [ tanhtu+C, u<1

dx V1 + o "l1-uz (coth™u+C, u>1

Home Work: Page 542 (Derivatives and Integrals).
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