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Chapter Six: Transcendental Functions 

Functions can be classified into two groups called algebraic functions and 
transcendental functions. 

 

7.1 Inverse Functions  

One-to-One Function 

 

 

 

 

 

 

 

 

 

 

 

 

Inverse Functions 

 

 

 

 

 

Example 1: Find the inverse of        . 

Solution: 1. Solve for x = f(y) :           
 

 
 

 

 
  

Fig.1 (a) One-to-one: Graph 

intersects each horizontal line once. 
 

Fig.1 (b) Not one-to-one: Graph intersects one 

or more horizontal lines more than once. 
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 2. Interchange x and y :   
 

 
 

 

 
 

Example 2: Find the inverse of           

Solution: 1. Solve for x = f(y) :          √              

 2. Interchange x and y :    √          

 

 

 

 

 

 

 

Inverse Trigonometric Function 

The inverse functions for the six basic trigonometric functions 

 

 

 

 

 

 

 

NOTE :           
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Derivatives of the Inverse Trigonometric Function 

 

 

 

 

 

 

 

 

Integration Formulas 

 

 

 

 

 

Example: What is the angle that has a sine equal to √    

Solution:      
√ 

 
     .  (   

 

 
 √   . 

Solving using a triangle 

Example: Evaluate          
 

 
 . 

Solution:  

Let            

                     
 

 
       √         

 

1.  
𝑑𝑢

√  𝑢2
       𝑢  𝐶 

2.  
𝑑𝑢

 +𝑢2       𝑢  𝐶 

3.  
𝑑𝑢

𝑢√𝑢2  
      𝑢  𝐶 

 

4.  
 𝑑𝑢

√  𝑢2
  o    𝑢  𝐶 

5.  
 𝑑𝑢

 +𝑢2   o   𝑢  𝐶 

6.  
 𝑑𝑢

𝑢√𝑢2  
      𝑢  𝐶 
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Examples: Evaluate the following 

(a) 
 

  
 o       

 

√    2 2
      

(b) 
 

  
         

 

|   |√     2  
       

 

 √     2  
 

(c)  
  

 + 2        |
 
 
                   

 

 
      

 

 
 

 

Home Work: Exercises 7.7 Pages 530-532. 

 

7.2 Natural Logarithms 

    is the function in the range (   ) and is defined by: 

 

 

 

 

 

 

 

 

 

 

 

In general, if y = lnu and u = f(x), 

  

  
 

  

  
 
  

  
 

 

 
 
  

  
  

𝑙𝑛𝑥   
 

𝑡
𝑑𝑡         𝑥 >  

𝑥

 

 

Definition: The Natural Logarithm Function 

 

𝑑

𝑑𝑥
𝑙𝑛𝑥  

𝑑

𝑑𝑥
 

 

𝑡
𝑑𝑡  

 

𝑥
 

𝑥

 

 

Thus, the natural logarithm is the 

area under the curve 𝑓 𝑡    𝑡 

between t = 1 and t = x.  

If x = 1, 

 𝑙𝑛𝑥  𝑙𝑛   
 

𝑡
𝑑𝑡   

 

 
 

The Derivative of y = lnx 
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Example: 
 

  
     

 

  
    

 

 
  

 

  
         

 

    
                

Example: if            , find dy/dx. 

Solution: 
  

  
 

 

  2+ 
       

 

Example: if y =           , find dy/dx. 

Solution: 
  

  
 

 

      
               

   2      

      
  

Properties of Natural Logarithms (lnx) 

For any numbers a > 0  and x > 0: 

1. ln(ax) = lna + lnx   2. Ln(a/x) = lna – lnx 3. Ln(xn) = n lnx 

4. ln(1/x) = - lnx   5. Ln(0) = - ∞.   

NOTE: The Integral   
  

 
 

If u is a differentiable function that is never zero, 

 
  

 
   | |     

Examples:  

(a)  
    

 +    
     |      |     

 

(b)  
  + 

  +  
   

 

 
 

    +    

  +  
 

 

 
  |     |    

(c)   
  

 2  
  

 

 
.              Let  u = x2-5      →      ⸫ du = 2x dx 

⸫ x = 0 → u = (0)2 – 5 = - 5   

⸫ x = 2 → u = (2)2 – 5 = - 1 

 ⸫  
  

 2  
    

  

 

  

  

 

 
   | | |

  
  

   |  |    |  |        

      

   |  𝑠𝑖𝑛𝜃|  𝐶 

u = 1 + sinθ  → du = cosθ dθ  

∴  
𝑐𝑜𝑠𝜃

 +𝑠𝑖𝑛𝜃
𝑑𝜃   

𝑑𝑢

𝑢
   |𝑢|  𝐶  
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(d)  
     

 +     
    

   

 

 

 

   

    
 

     | | |
 
 
                  

OR:  
     

 +     
    

   

 

   

    

   

    
 

    |       | |

 

 

 
 

 

                    

                  

Home work: THOMAS’S CALCULUS – 11th Edition, Page 484 

Exercises 7.2 : ( Using the Properties of Logarithms , Derivative of Logarithms, 

Integration). 

7.3 The Exponential Function                  

The function y = lnx : domain (0,ꝏ) and range (- ꝏ ,  ꝏ). 

The inverse of lnx is  ln-1x : domain  (- ꝏ ,  ꝏ) and range (0 ,  ꝏ). 

            

NOTE:  ln-1 1 = e               

 e = 2.71828 

⸪          (ex is the inverse function of lnx) 

⸫                    , and 

                >    . 

Properties of ex 

1. ex > 0 for every     7. ecx = (ex)c 
2. e0 = 1 8.            
3. e1 = e 9.             
4. e x + y = ex . ey 10.        
5. e x - y = ex / ey 11.        

𝑥   
𝜋

 
 𝑢          

𝜋

 
    

𝑥  
𝜋

 
 𝑢         

𝜋

 
    

u=3+2sinx → du = 2cosx dx 
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6. e –x = 1 / ex 12.                   

The Derivative and Integral of ex 

Let           

Taking ln for both sides →                 

∴       

d. w. r. t. x → 
 

 
 
  

  
    →  

  

  
      

 

 

In general,  if                

 

 

 

Examples 

(a) 
      

  
           . 

(b) 
     

  
                 

(c)     
      

 

 
    

         
 

 
   

    

(d)          
 

 
              

 

 
        

(e)  
 √ 

√ 
     

 √ 

 √ 
     √     

(f)          

 
 o          |

   
 

            

(g)     
   

 
   

 

 
    
   

 
     

 

 
   |

   
 

 
 

 
(        ) 

 
 

 
(       )  

 

 
           

Home Work: Exercises 7.3 Page 493. 

 

∴
𝑑𝑒𝑥

𝑑𝑥
 𝑒𝑥 

𝑑𝑦

𝑑𝑥
 
𝑑𝑦

𝑑𝑢
 
𝑑𝑢

𝑑𝑥
 𝑒𝑢

𝑑𝑢

𝑑𝑥
 

 𝑒𝑢 𝑑𝑢  𝑒𝑢  𝐶 

𝑢  √𝑥  𝑑𝑢  
 

 
𝑥 

 
  𝑑𝑥  

 

 √𝑥
𝑑𝑥  
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7.2 The General Exponential and Logarithmic Functions 

(               )  

NOTE:     is a special case of the general logarithmic           Functions 

         is a special case of the general exponential      .  

The general exponential function 

            , (a = constant, a > 0 and a ≠ 1). 

The Domain: (      

The Range:  >   

The Derivative of ax 

Let               

Taking ln                 

d.w.r.t.x   
 

 

  

  
    

  

  
   

  

  
      

  

  
 

 

 

 

 

 

 

Examples:  

(a) 
   

  
         

(b) 
 

  
  +    +       

(c) 
    

  
                          

(d) 
      

  
             o    

 

𝑑𝑎𝑢

𝑑𝑥
 𝑎𝑢   𝑎

𝑑𝑢

𝑑𝑥
 

If a > 0 and u is a differentiable function of x,  

 

 𝑎𝑢 𝑑𝑢  
𝑎𝑢

  𝑎
 𝐶 
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(e)       
  

   
  . 

 

Logarithms with Base a (           o       , (a > 0 and a ≠ 1) 

 

 

 

 

 

Examples:   

(a)           o         

  o   
      o        o     

     

(b)      
 

   
  o    

 

   
     

(c)         o       

(d)        o      

(e)        o      

 

NOTE:    o    
   

   
 

NOTE: The properties of   o    is the same as the properties of lnx. 

The Derivative and Integral of        

If    o                       

Taking ln                 

∴          .  

D. w. r. t. x   
 

 

  

  
    

  

  
      ∴

  

  
 

 

 
  

 

   

  

  
 

𝑎 og𝑎 𝑥  𝑥        𝑥 >    𝑎𝑛𝑑    o 𝑎 𝑎
𝑥  𝑥     𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥  

Definition: 𝐥𝐨𝐠𝒂 𝒙 

For any positive number a ≠ 1,  o 𝑎 𝑥 is the inverse function of 𝑎𝑥. 

Domain: x > 0.   Range: (    ). 
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Examples:  (a)  
 

  
 o    

     
 

   
 

 

 2+ 
      

(b)  
 og2  

 
   

 

   
 

   

 
   

     2

    
   

NOTE: Find dy/dx if     . 

Taking ln                 

D. w. r. t. x.  
 

 

  

  
   

 

 
         

  

  
                     

Example: Find dy/dx if  
2

  
  2+  √  + 

√        2   
  

Solution: taking ln     
2

    
  2+  √  + 

√        2   
  

 
 

 
             

 

 
         

 

 
                     

D. w. r. t. x.    

 

 
  
 

 
  
  

  
 

  

    
 

 

       
 
 

 
   

 

      
 
 

 
  

  

      
 

∴
  

  
 

 

 
 (

  

    
 

 

       
 
 

 
   

 

      
 
 

 
  

  

      
) 

 

Home Work: Exercises 7.4  Page 500. 

 

 

𝑑  o 𝑎 𝑢

𝑑𝑥
 

 

  𝑎
   
 

𝑢
  
𝑑𝑢

𝑑𝑥
 

 

  o 𝑎 𝑢 𝑑𝑢   
  𝑢

  𝑎
𝑑𝑢 
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Hyperbolic Functions 

The hyperbolic functions are formed by taking combinations of the two 

exponential functions ex and e-x. 

Definitions and Identities 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

      
      

 
 

  

 

 o    
      

 
 

 

 

      
     

 o   
 

      

      
 

 

 o    
 o   

     
 
      

      
 

      
 

 o   
 

 

      
 

 

      
 

     
 

 

      
 

 

0

 

Identities 
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Derivatives and Integrals 

Derivatives Integral Formulas 

  
Examples: Find the following derivatives and integrals 

(a) 
 

  
     √           √      

 

 
       

 

2      

 
 

√    
     √        

(b)   o         
 o    

      
   

 

 
 

  o      

      
 

 

 
  |       |     

(c)   o        
 o    + 

 
   

 

 
   o         
 

 

 

 

 

 
 

 
 

 
 
 

 
         |

 
 
 

 

 
  
 

 
                    

 
     

 
 

 

 
          

Home Work: Page 534 (Derivatives and Integrals). 
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Inverse Hyperbolic Functions 

The inverses of the six basic hyperbolic functions are very useful in integration.  

Derivatives and Integrals of Inverse Hyperbolic Functions 

Derivatives Integrals Formulas 

 

1.  
  

√ + 2
          

2.  
  

√ 2  
  o        

3.  
  

√   2
            

4.  
  

 √ + 2
            

5.  
  

   2  {
             

 o         >  
 

 

Home Work: Page 542 (Derivatives and Integrals). 

 

 

 


