APPLICATIONS OF DEFINITE INTEGRAL

1. Area between Curves:

The area 4 of the region bounded by the curves y=f(x), y=g(x) and the lines

x=a, x=b, where fand g are continuous and f{x) > g(x) for all x in [q, b], 1s

A= (%)~ gx)dx
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(a) Typical rectangle
Steps to find area between two curves:

1. Sketch the graph of the curves together.
This identify the up curve yr and the
bottom curve ys

2. Find the limits of integration (if not given
in the problem).

3. Write a formula of [f{x) — g(x)] or [yr-ys] and

simplify it.

4. Integrate [f{x) — g(x)] from a to b. The number you get it is the area.
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Example 1: Find the area of the region enclosed by the parabolas y = x*and

y=2x-x

Sol.: We first find the points of intersection of the parabolas by solving their

equations simultaneously.



given region S into several regions Si, S, . .

X2 =2x—x?

either 2x =0 = x=0 = »y=0
or x-1=0 = x=1 = y=1
The points of intersection are (0,0) and (1,1)

We see from Figure that the top and bottom

boundaries are
yy=2x-x* and y, =x°

The area of a typical rectangle is

= X+x2-2x=0 = 2xX*-2x=0 =

2x(x-1)=0

yr=2x—x*

/i, 1

dAd=y,—y y=(2x—x")=(x?) =2 —x* —x* = 2x - 2o

and the region lies between x=0 and x= 1. So the total area is

1
r 2xr 23
= = —_ 2 = — — = 12—
A IdA -0|.(2x 2x)dx ) 3 (1)
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1-[0] = % square units

If we are asked to find the area between the curves y=f(x) and y=g(x) where

S1, S, . . . that 1S, 4=A1+4>+.... Since

C[f)-gx)  when f(x)2g()
4 (x)_g(xﬂ‘ig(x)—f(x) when g(0)> f(x)

and x=77/2.

Observe that cosx > sinx when 0 < x < /4 but
sinx > cosx when 7/4 < x < /2. Therefore the

required area is
/2

A= J;kosx—sinxLixz A +A,

. with areas 41,
Aa, . . . as shown in Figure. We then define the area of the

region S to be the sum of the areas of the smaller regions
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fix) > g(x) for some values of x but g(x) > fix) for values of x, then we split the

Vi

0

Sol.: The point of intersection occur when sin x = cos x, that is, when x=7/4.

Example 2: Find the area of the region bounded by the curves y=sinx, y=cosx, x=0,




/4 /2
= j[cos X —sin x]dx + I[sin X —cos x]dx
0 /4

= [sin x +cos x]7* +[—cos x —sin x] ’;ﬁ

:(1+1—0—1)+(— 0-1+ 1+1)
V2 N2 V2 2
=2/2-2
In this particular example we could have saved some work by noticing
that the region is symmetric about x=7/4 and so,
/4
A=24,=2 U[[cosx—sin x]dx
Integration with respect to y (horizontal strip)
Some regions are best treated by regarding x as a
function of y. If a region is bounded by curves with .
-
equations x=f{(y), x=g(), y=c, and y=d, where f and g are \%

continuous and f{y) > g(y) for ¢ <y <d then its area is ; -x=

A= 11 - gy 3

If we write for the right boundary xz and for the left o |

boundary xz, then we have

d

A= I[xR — X, ldy ot

Example 3: Find the area enclosed by the line y = x — 1 and the parabola
¥ =2x+6

Sol.: To find points of intersections put xiine = xcurve SO

y+1= = 2(y+1)=»*-6 = y*-2y-8=0

y= —6
2

= (y-4(y+2)=0 either y=4 = x=5

or y=-2 = x=-1




..(5,4) and (-1,-2) are the points of intersections of the two curves.

We can notice from Figure that the left and right boundary curves are
xp=y+1 and xL:lyz—?)
2
We must integrate between the appropriate y-values, y=-2 and y=4. Thus

4

A= i[xR —x, 1dy

p 1
= [l +D) -G -3y
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23 o Y15

=(—4—3+4—2+4*4\|—(—ﬂ+ﬂ+4*(—2)|\
6 2 6 2 )

=[-

—%+8+16— 8g—2+8 =18 square units.

Example 4: Find the area of the region between the
curves x=)? and x=y+2 in the first quadrant.
Sol.: Graph the curves together
a. Using vertical strip: we should split the are

into two areas by the line x=2

.'.A=A1+A2 I1 ¢ 1 2 ; ;t

The area of the first typical rectangle T

dA, = (y; —0)dx = (Jx —0)dx = /xdx 2

2 x3/22 )
A, =jdA :I\/;dxz— =222 -0]=1.885618
' 3/2[, 3

The area of the second typical rectangle

dAy = (7 — y5)dx = (\x —(x=2))dx = (Vx —x+2)dx



B2

X2
Az—JdAz—J(\/_ x+2)dx—3/2 X

3/2 2 3/2 2
= 4——4—+2*4]—[2——2—+2*2]—1447715 y
32 2 32 2

- A=1.885618+1.447715=3.333333 square units
b. Using horizontal strip:
The area of the typical rectangle

dA = (o= )y = {(v+2) 1}y N

5 -1
2 3
b y
.'.A=jdA=£y+2 Py ="5+2y = 3
0

2’ 2’ .
—[—+2*2——] —[0] =3.33333 square units



2. Volume of Solids of Revolution:

The Solid generated by rotating a plane region about an axis in its plane is
called a solid of revolution. We will use the following methods to find this
volume
a. The Disk Method (The strip is perpendicular to the axis of revolution):
i. Rotation about x-axis: The volume of the solid generated by revolving
the region between the graph of continuous function y=fix) and the x-axis

from x=a to x=b about the x-axis is

dV = m(radius)*(thickness) = my*dx = .(f (x)) dx
Volume= [dV = [z(radius)dx = [z (1 (x))" dx

y

y={x) ragdius )

(b)

ii. Rotation about y-axis: If the region bounded between the continuous
function x=£{y) and y-axis is rotated about y-axis from y=c to y=d to generate

a solid, then the volume of the solid is:

dV = rr(radius)* (thickness) = wx2dy = m.(f (»))’ dy

Volume = [dV =[x (radius)*dy = [7(f () dy.
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Example 1: The region between the curvey = Jx, 0<x <4, and the x-axis is
revolved about the x-axis to
generate a solid. Find its volume.

Sol.: We draw figures showing the region, the

typical radius and the generated solid. The

volume of the disk is

dV = m(radius)? (thickness) = w.r*.t
Where r=y=f(x)=+/x and ¢t =dx ¥
ndV = 7[(\/;)2 dx = 7w.x.dx

So the volume of the solid is

4

! x
V= J-dV = L;z.x.dx =75
0
16 . . 1
:121[42 —0?] :—2” =87 cubic units Bk




Example 2: The circle x¥* +y* = a? is

~(x, v)

rotated about the x-axis

to generate a sphere.

Find its volume.

‘I dV=n(a* - x*)dx
¥ v
Sol.: We imagine a sphere cut into a -
ey X

|

| Sas
| 7
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|

|

thin  slices by  planes ‘
perpendicular to the x-axis. >/\ e

The volume of a typical slice

at point x between « and —a is
dV = rit = my*dx = m(a® — x*)dx

Therefore the volume is
v =[av = [m@ -x*)dx = 2[ 2(a® - x*)dx
—-a 0

a

=2rn(a*x—-—)| =—n.a’

3

0
Example 3: Find the volume of the solid generated by revolving the region
bounded by y = v/x and the lines

y=1, x=4 about the line y=1.

Sol.: We draw figures showing the region,

the typical radius and the generated
solid. The volume of the disk is

dV = m(radius)? (thickness) = mw.r*.t
Where »=y-1=+/x-1 and ¢ =dx
~dV = z(Jx —1)2dx

So the volume of the solid 1s




4

} . ¥ o2
VZJdVZ!.ﬂ(\/;—l)zdx:‘!.ﬁ(x—Z\/;+l)dx = (5 - 32 +x)1
42 4%432 12 4%132
—ﬂ[(;- 3 +4)—(3— +1)]

7 . .
= f cubic units

Example 4: Find the volume of the solid generated by €3
revolving the region between the y-axis and the
curve x=2/y, 1 <y <4, about y-axis.

Sol.: We draw figures showing the region, the typical radius

and the generated solid. The volume of the disk is radius=x= =

x

] o

dV = n.(radius)* (thickness) = w.r.t 2

Where r:x:g and t=dy
y

ndv =x(2ydy = 4% g,
y Vv

So the volume of the solid is

4
4 4
V:J'def_fdyz__” — B ,
4 Y radius=x=;
1 1 3 '
= 4 ————— = 472' *
A=y~ Y 4 sy
=3z cubic units V3L
Example 5: Find the volume of the solid generated YR
by revolving the region between the 5 ,‘ 3 o
Y
-2 ; - S
parabola x =? + 1 and the line x = 3, sl Pl e
about x = 3.
v iy il
Sol.: We draw figures showing the region, the x 7 EERE :
X=0
typical radius and the generated solid. Note ~ V2f :
) ) v dy
that the cross-sections are perpendicular to 4
) 1{ I 5> *
the line x = 3. The volume of the disk is 9 ), 3 3
%
vk F=r




dV = r.(radius)* (thickness) = m.r*.t
Where r=3-x=3-(?+1)=2—-3? and t=dy
AV =m(2-y*)dy

So the volume of the solid is

N
v=[ar =J2Lr(2—y2)2dy

7 7 i, "
= [r(4—4y2 + y)dy =2 [m(4—4)2 + y)dy =27(dy-—y +)
V2 0 3 5 o
5
= 2742 —g(ﬁf " @) —(0)]= @ cubic units

b. The Washer Method (The strip is perpendicular to the axis of

revolution):

If the region we revolved to generate a solid does not border on or cross

the axis of revolution, the solid has a hole in it. The cross-sections perpendicular

to the axis of revolution are washers instead of disks. The dimensions of a

typical washer are

Outer radius: R .

Inner radius: r r

Thickness: t gw ] lt
The washer's volume is: dV=rn[R° -] t

i. Rotation about x-axis:

If a region bounded by curves with equations y=f(x), y=g(x), x=a, and x=b,

where fand g are continuous and  fix) > g(x) for @ <y < b is rotated about x-axis

R=yr=Ax), r=ys=g(x) and t=dx

v=[av=[aiR —ridx = [7i() - () hdv = [ 2/ OF -2}

10



ii. Rotation about y-axis:

If a region bounded by curves with equations x=£y), x=g(y), y=c, and y=d,
where fand g are continuous and f{y) > g(y) for ¢ <y <d is rotated about y-axis
then,

R=xr=£y), r=x.=g(y) and t=dy;,

and the volume of the solid:

V=[av =R -rdy=| m{(x,) —(x )} dy= [ Z{[ /()T ~[g()]’}dy

€ ; r=x1=g(y) % R=xz=fy)
R=xr=f(y) \ 1
H -
V—YT y_
g =80)
g
)T dy
‘E
: e

11



Example 6: The region bounded by the curve y =x?> + 1 and the line y = -x + 3 is

revolved about the x-axis to generate a solid. Find its volume.

Sol.:

1. Draw the region and sketch a strip across it

perpendicular to the axis of revolution.

2. Find the outer and the inner radii of the washer

R=—x+3 "

—

that would be swept out by the strip if it were

revolved about the x-axis along with the region.

Interval of

i,

integration

These radii are the distance of the ends of the strip from the axis of

revolution.
Outer radius: R=yr=-x +3

Inner radius: r=yz= x>+ 1

3. Find the limits of integration by finding the x-coordinate of the

intersection points of the curve and line (put yeurve = yline).

¥+1l=-=x+3

x?+x-2=0
x+2)x-1)=0
Either x=-2 = y=5
or x=1 = y=2

4. Find the washer's volume
dV=r[R: -]t
where R=yr=-x+3,r=yp=x*>+ 1 and t=dx
codV=7[(-x + 32 — (2 + 1)?] dx
= 7 [x?-6x +9— (x*+2x* + 1)] dx
=7m[8-6x-x>-x*]dx
5. Evaluate the volume integral

1

v=[dv :J;ﬂ(8—6x—x2 — x*)dx

3 5|1
P S S 2
2 3 5

1177z

-2

12
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(1,2)

% !
—

Washer cross section

Outer radius:
Inner radius:

= cubic units.

R=-x+3
F=xi4



Example 7: Repeat Example 6 but here rotate about the line y=1
Sol.:

1. Draw the region and sketch a strip across it

perpendicular to the axis of revolution.

2. Find the outer and the inner radii of the

washer that would be swept out by the strip.
These radii are the distance of the ends of the

strip from the axis of revolution. 25) [

i K= 1.2)R=Y inclined line=Y horizontal line
Outer radlus' R_y inclined line~Y horizontal line 2)

r=y cxzrve'ylxorizmtll line Lﬁt y=1
=(-x +3)-(1) = -x + 3-1=-x+2 : -

|

Inner radiuS: V=Y curve =) horizontal line J

an
X

—(2+ 1) (1) =2 -
3. Find the limits of integration: from previous example the limit of
integration are fromx=-2tox=1
4. Find the washer's volume
dv=rz[R: -]t
where R=2- x, r=x? and t=dx
SodV=m[(2-x )2 = (x?)H] dx
=7[4-4x-x>-x*)] dx
5. Evaluate the volume integral

1

v=[av = lﬂ(4—4x—x2 — x*)dx

N N |
I A s S 0
2 3 5

75 . )
= ?ﬂ cubic units.

-2
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Example 8: The region bounded by the parabola y =x> and the line y = 2x is
revolved about the y-axis to generate a solid. Find the volume of the
solid.

Sol.: First we draw the

region and draw a strip

~
: : R=Vy
across it perpendicular T
__1_ -
to the axis of revolution a2
] )
(the y-axis). The radii = o
g  y=2xor
of washer swept out by 2 ~ 3
: K =2
the strip are &
= 2
- ¥ =x-or
R=x; = \/; and x=Vy
| .
0 2

r=x,=y/2 but its
thickness is r=dy
The line and parabola intersect at y = 0 and y = 4, so the limits of integration

are ¢ = 0 and 4 = 4. We integrate to find the volume:

AV =alR* = r*lt = d(y)' = (v/2)"1dy = 2y - é]dy

4 4
] . .
174 =IdV - _([ﬂ[y_é]dy - ﬂ[g—%] =§7r cubic units

0

14



c. Volumes by Cylindrical Shells (The strip is parallel to the axis of

revolution)

The volume of the solid obtained by
rotating the region bounded by y=f(x) [where
fix) > 0], y=0, x=a and x=b about the y-axis is

A )

y=flx)

obtained by:
Volume of typical cylindrical shell

dv=2a(r)(I)(t)
where r= radius of cylinder =x
I= cylindrical length (or height) = fix)
t= shell thickness = dx
o dV =2xx.[f(x)]dx

and volume of the solid

b
V=[dv =2 f@)}.dx

Example 1: Find the volume of the solid
obtained by rotating about the y-axis
the region bounded by y=2x*—x’and
y=0.

Sol.: From the sketch of the curve we see that a
typical shell has radius x and height y=£(x). So,
by the shell method, the volume of typical shell is:

AV =2zt =2 7] £ (x)]dx = 2 700(2x> — x°)dx
To find the limits of integration put yeurve = 0 SO:
22— =0 = X(2-x)=0
.. either x>=0 = x=0
or 2-x)=0 = x=2

so the volume of the solid:

15

ans

=l




2 x4 f 2
v=[av :£2ﬁ(2x3 —x)dx = 22{2% =]

0

AN . )
=2a{(2%* > —?) —-(0)]=2#16- %] = %ﬂ' cubic units

Example 2: Find the volume of the solid obtained by rotating about the y-axis
the region between y=x and y=x.
Sol.: when we sketch the region we see that the shell has radius x, and height x-
x2. So the volume of typical cylindrical shell:
AV =271t =2 mx(x — x2)dx
To find the limits of integration put yeurve= yiine SO

x=x) = x-x*=0 = x(I-x)=0

.. either x=0 = y=0

or (1I-x)=0 = x=land y=1

So the volume of the solid:

1

1 4
v=[av ='(|;27r(x2 —x¥)dx =27z[§—%]

0

IR

=24( - )~ (0)= 272[%— 1= % cubic units

1
4
Example 3: Find the volume of the solid obtained by rotating the region

bounded by y=x —x? and y = 0 about the line x = 2.

Sol.: To graph the curve y = x — x°, complete the v

square and compare the resulting equation with L lyy=x—x
2°4/
the curve y = - x’ O
0 X
N 1, 1 N\
= -x+)+—=—(x—I)?+—
y=—("-x 4) 1 (x 2

Sketch the region by shifting the curve y=-x* by 1/2 units left and 1/4 units

¥
up. & r=2-x

16



The volume of typical cylindrical shell

dV =2mrlt
Where r=2-x, [=y=x-x*> and t=dx
AV =272(2—x)(x—x?).dx
=27(2x—2x* —x* + x%)dx
= 27(2x = 3x% + 3% )dx
To find the limits of integration put yaure=0 = x-x> =0 = x(1-x)=0

.. either x=0
or (1-x)=0 = x=1
So the volume of the solid:
1
wV=[av =[272x-3x +x%).dx
0 y =
4 |t oy
=27(x*—x’ +x—) ‘K
o T =2
A%t / =
o S
Ty | 7
Y ‘dllx s 4

R I
=2A(17 -1+ )= (0)] =7

Example 4: The region bounded by the parabola
y=x%, the y-axis and the line y=1in the
first quadrant is revolved about the line

x=2 to generate a solid. Find the volume

of the solid.
Sol.: /=1-y, r=2-x and r=dx

dV=27r.1t=27 (2-x)(1-)dx

=27 (2-x)(1-x?)dx
The limits of integration from x=0 to x=1.

1

The volume of the solid:
v =[av= .[27r(2—x)(1—x2)dx

17




1 1
2}/.3 xZ 4
= '|.272'(2—2x2 —x+x)dx =27(2x— —__+x_)
0 3 2 4

0

2%13 17 1¢
—5 )0

=27(2*1- 5

1 . .
= gﬂ' cubic units

Example 5: Find the volume of the solid which is generated by rotating the
region bounded by y = v/x , y=x-2 and x-axis about:

a.x-axis.  b. y-axis. y

Sol.: a. about x-axis (the strip is parallel to the axis of

rotation so it will give cylindrical shell)

dV=2rmr.lt e

where r=y, I=xgx;=(y+2)-(0*)= y+2-y* and t=dy

~dV =27xy(y+2—y)dy =272y +y* -y )dy A

The limits of integration from y=0 to y=2

So the volume of the solid:

2

V= jdV = .[27r(2y+y2 —)dy

o[
=27(y? +———)
3 4 o y
2
23 24 A =y =
:277[(22+?—T)—(0)]:%7z cubic R=xe=y+2
Nl

units

b. about y-axis (the strip is perpendicular to the

axis of rotation so it will give washer)

dV=m(R>—’).t

where R= xg=y+2, r=x;=y*and t=dy
~dV = x[(y+2)* =(*)1dy
=y +4y+4- )y 1dy

The limits of integration from y=0 to y=2

18



So the volume of the solid:

2

V= J.dV = r(7[()/2 +4y+4—yHdy

3 s |2

Y Y
=n(—+2)y* +4y——
(3 Y- +4y 5)

0

:4(2?3+2*22+4*2_2?)—(0)]

19

= %n cubic units



3. Length of Plane Curves:

i. Suppose that y=f(x) is a smooth curve on the

interval [a, b], then:

Ay, )

@)

M=JM&Y+@%V=JM&YU+

When n >0 = Ax—0

_ Ay,
So .. L= AISEOZ 1+(FJ ].(Ax,)
Ax—0 yk :f‘(x) ° -
( dy
L= f1+f@)dxf bk o (1)
ii. Suppose that x=A(y) is a continuous from y=c to y=d, then the arc-length of
the curve is:
. dx
L= jh+www2@ j1+( }@ ~-(2)

iii. If the curve is represented by a parametric equations:
~odx dy . .
x=x(t), y=y(f) and a <t < b and if e are continuous functions on
t

a <t <b, then the arc-length of the curve is:

+<I(a) &) ~o

20




Example 1: Find the length of the curve

y=—4‘3/5x3/2—1; 0<x<I.

Sol.: We use equation (1) with =0 and =1, and

_ 4'\/5 x3/2 _1
3
dy :E*ﬂxl/z =2./2x"?
dc 2 3
2
(f) ~ (V2 ) =8
X

The length of the curve from x=0 to x=1 is

b (dy 2 1
L:Z[ 1+|k$) dx=J;\/1+8xdx

1
1 3/2
Zl.[\/1+8x8.dx=l.m
8% 8 32 |
1 *1)3/2 *())32 13 ;
:E'[(HS 132 - (1+8*0) ]:Z unit length.

2/3
Example 2: Find the length of the curve y = I(gj from x=0 to x=2.

Sol.: The derivative:

dy _ 2(5)'“ e 1@‘“
dx 3\2 2 3\2

is not defined at x=0, so we can not find the curve's length with equation

(1). We therefore rewrite the equation to express x in term of y (x=Ay)):
X 2 X

Note that when x=0 = y=0
and x=1 = y=1 v

from this we see that the curve whose length we S [ijm.o i

1
2, n

want is also the graph x =22 from y=0 to y=1

21



The derivative

ﬁzz*gyl/Z :3y1/2
dy 2
1s continuous from y=0 to y=1. We may therefore us equation (2) to find

the curve's length:

d 2 1
L 2! 1+(Z—;j dy = [\1+ By f dy

0

Lo 1(1+9y)7
1+9ydy =3 "727) |
zi‘/ e 9 32

1

_i w1\ RN
—27[<(1+9 1)) =(1+9%0))]

= %(10\@ ~1)~2.27 unit length.

Example 3: Find the length of the circle of radius r defined parametrically by

x=rcost and y=rsint 0<t<2rm

Sol.: As the curve is defined by parametric equation, we use equation (3) to find
the length of the curve

b 2 2
dx dy
(ME A2 a
=] (drj +(dt)

dx . dx ’ SN2 22
We find =—rsint = =(—rsmt) =7r’sin’t
dt dt

d ay Y
_X:VCOSf f— (l) Z(FCOSl)ZZ}’ZCOSzt
dt dt

2 2
and [@j + [d_y) =rZsin®t+r2cos’t
dt dt

= r2(sin® t +cos’ 1) = 1.
2 2
2
. I\/rz dt = [r.dt=ri
0

=r(27—0)=2zrunit length.

22



Example 4: Find the length of the curve
xX=cos’t, y=sin’t, 0<t<2rm
Sol.: Because the curve's symmetry with respect to
coordinate axes, its length is four times the length
of the first quadrant portion. We have

x=cos’t, y=sin’t

2
(%) = [3cos? t.(—sin?))* = 9cos* ¢sin’ ¢

2
(%) =[3sin? t.cos t]*> = 9sin* ¢ cos? ¢ i

dx : dy ’ ) 2 ) 2
— | +| = =\/9sm t cos~ t(sin” ¢ + cos* {)
dt dt

=+/9sin’tcos’t = psintcos t|
=3sintcost (because sint.cost >0 for 0 <7< 7/2)

Therefore: The Length of the first quadrant portion= IO”/23c0s t sin t.dt

72 3
== Isin 2t.dt = — = cos 2t
25 4

72

=3

0

.The length of the curve is four times this: 4(3/2)= 6 unit length

23



4. Area of Surface of Revolution: ¥

If the function y=fx) > 0 is
continuously differentiable on [a, 5], the

area of the surface generated by revolving

the curve y=fix) about the x-axis is

calculated as following:

The surface area of typical cylinder
is dS=2nr.dL
dL will be calculated from one of the
following three relations:

2
1. dL = 1+(d—y) dx

dx

Axis of
revolution

2
i, dL - 1+|(d"] dy

\dy
2 2
i, dr = ("_y] +(ﬂj dr
dt dt

r or p is the radius of the typical cylinder: (As in this case when the curve is

rotated about x-axis), then
r=y=fx)

b
So the surface area: S= IdS = I 2mr.dL

If we represent dL by the first equation, then:

b d 2 b
S=J:27Z.y.w1+(d—i) .dX=_!2ﬂ.f(x). 1+[ /()] .dx -—--(1)

When the same area is rotated about y-axis then:
r=x
The surface area is

b

S = [272xN1+[f ()] -—-(2)
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Note: We can use this expression instead of equation (1) in case of the curve is

expressed as x=Ay)

§=[2my! +[EZJ dy=[2my 141 £ P dy —(3)

and this expression instead of equation (2) in case of the curve is expressed as

x=fy)

S = J‘27zx‘/1+[ ) dy = I27rf(y) 1+[f )P dy -——-(4)

If the curve is expressed as parametric equation such:

x=x(1), y=3(1) asts<h

and %, Z—: are both continuous in above interval then the area of surface area

generated by revolving this curve

1.about x-axis is

b d 2 d 2
S = j 273(0) (d—ij +(d—ﬂ dt ----(5)
1. about y-axis is
dy d
S = jz;zx(z) [ j ( df} dt ----(6)

Or in general from short differential form

S=[ds=[2zpdL

Where dL = /dx* + dy?

. . . . v 4.0.r
and p: is the radius from axis of revolution to an ' l

element of arc-length dL. If axis of rotation is

e x=kthen p=x-k

e

e y=kthen p=y-k
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Example 1: Find the area of the surface generated by revolving the curve
y=24x, 1<x<2 about x-axis.
Sol.: dS=2mr.dL
where r=y=2Vx
and dL = \1+[ /" (x)]* .dx

(y) — *l *VZZL
ff(x)=2 2x s

dS = 27X+ £ (x)]? .dx

=4zx 1+[%]2.dx=47z\/; 1+ Ly -
X X

1 2 — (x+1)3/22
—ardx X = andx+1dx R S _
X X > ..S—J.dS—I47z x+ldv=47" 3

=8—”[2+1 32 _(141)32]1~19.836 square units
3 q

1

Example 2: Find the area of the surface generated by revolving the portion of

the curve y=x? between x=1 and x=2 about

y-axis. b .
Sol.: dS=2mr.dL 1
where r=x |
and dL =\1+[f" ()] .dx | L
y=x’= f(x)=2x |
rodL= 1+ @ dx = 1+ 4x? 1 R

) 2

1 (1+4x2 3/2

w8 =[ds = [ 2144 dv = 24f Ta+ax)y™
1 8 32

1

2

=%(1+4x2)3/2 :%[(1_,_4*22)3/2_(1_,_4*12)3/2]

1

=L;[173/2 —5%21~30.85 square units.
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Another solution: Use x=£Ay)

y=x= x=.y = dy 2\/_
= (ﬁ\f :( 1 PZ :L
) (27) 4

2
(] ay= e Ly = \/4”1 gyl dy
\dy) 4y 4y 2y
The limits of integration:

When x=1 = y=(1>=1  and when x=2 = y=(2)>=4

.'.S:J-dS:jyz.x\/;yf.dy jﬂf@

) 1(4y+1)3/2
:!7[\/4y+ldy T* 4 32

=3lax4 +1)32 — (4 *1+1)32]

1

2162[17” —5¥21~30.58 square units.

Example 3: The line segment x =1-y, 0 <y <1, is revolve about x = -1 to generate

truncated cone. Find its lateral surface area

Y
(which excludes the top and base areas). | |
Sol.: dS=2mdL

r=x-k=x-(-1)=x+1

x=1-y
dL 1+£dy) dx
dx

and d———(l x)=-1

X

dy ’ )
= 1+ o =1+(-1)=1+1=2

X

y
. dL=~2.dx

r=x+1
S0 dS =2mrdL =2 7x(x +1)2dx

q
Wheny=0 = x=1-0=1

y=1 = x=1-1=0

&/’: J\d 1

Ly

[+
WA
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! 2 ]
S =ds = 2\5;;[(“ 1).dx = 2\/57{7 +)CJ|0

_2\/_7rH +1) (O 0)|| 2\/_7r|( \I 327 square units

Example 4: Find the area of the surface generated by revolving the parametric

curve x=cos’t, y=sin’t , 0 <t < 7/2 about y-axis.

Sol.: dS=2mp.dL »
where p=x=cos?t . @4
and dL = \Jdx* +dy? = ( ) (di) dt dL
n

dx dx Y
. . 1r 1,1
x=cos’t = " =-2costsint = (d_) = 4cos? tsin? ¢ v
t t

2
y=sin’t = @ _ 2sintcost = (QJ = 4sin® tcos? t at
dt dt

dL = \/8sin’? cos? t.dt = 2\Esintcos t.dt
72 72

S = J.dS = 1;272'c052 t(Z‘ESintcos Hdt = J.4 ‘/2_72'0053 tsint.dt
0

7[/2

4
ST

= 2 r{cos’ ;— cos* 0] = —~27](0)~1]= V2 square units.
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