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Unit 4: MULTIPLE INTEGRALS 

4.1 Double Integrals as Volumes 

When f(x, y) is a positive function over a rectangular region R in the xy-plane, we may 

interpret the double integral of f over R as the volume of the 3-dimensional solid region over 

the xy-plane bounded below by R and above by the surface z = f(x, y), such that: 

Volume 

 

 

Example: Calculate the volume under the plane z = 4 - x - y over the rectangular region  

R: 0 ≤ x ≤ 2; 0 ≤ y ≤ 1,  in the xy-plane. 

Solution (1): 

Applying the method of slicing, with slices perpendicular to the x-axis, the volume is 

                       

                                 where   

 

which is the area under the curve z = 4 - x - y in the plane of  

the cross-section at x. In calculating A(x), x is held fixed and  

 the integration takes place with respect to y. 
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Solution (2): 

By slicing with planes perpendicular to the y-axis, the typical cross-sectional area is  

 

The volume of the entire solid is therefore 

 

Again, we may give a formula for the volume as  
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4.2 Double Integrals over Bounded, Nonrectangular Regions 

If f(x, y) is positive and continuous over R, we define the volume of the solid region between 

R and the surface z = f(x,y) to be ꭍꭍR f(x,y) dA, as before. If R is a region bounded "above" and 

''below'' by the curves y = g2(X) and y = g1(x) and on the sides by the lines x = a, x = b, we 

may again calculate the volume by the method of slicing. We first calculate the cross-sectional 

area 

 
and then integrate A(x) from x = a to x = b to get the volume as 
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Although Fubini's Theorem assures us that a double integral may be calculated as an 

iterated integral in either order of integration, the value of one integral may be easier to 

find than the value of the other. The next example shows how this can happen. 
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Finding Limits of Integration 

We now give a procedure for finding limits of integration that applies for many regions in 

the plane. Regions that are more complicated, and for which this procedure fails, can often 

be split up into pieces on which the procedure works. 

A. Using Vertical Cross-sections: 

 

 
FIGURE 15.14 Finding the limits of integration. 

B. Using Horizontal Cross-sections: 

     To evaluate the same double integral as an iterated integral with the order of integration 

reversed, use horizontal lines instead of vertical lines in steps 2 and 3.The integral is 
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(Exercises 15.2) 
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4.3 Double Integrals in Polar Form 

Suppose that a function f(r, θ) is defined over a region R that is bounded by the rays θ = α and θ = β 

and by the continuous curves r = g1(θ) and r = g2(θ). Suppose also that 0 ≤ gl(θ) ≤ g2(θ) ≤ a for every 

value of θ between α and β. Then R lies in a fan-shaped region Q defined by the inequalities 0 ≤ r ≤ 

a and α ≤ θ ≤ β. 

 

A version of Fubini's Theorem says that 

 

Finding Limits of Integration: 

 

 

 



54 
 

 

Area in Polar Coordinates 

The area of a closed and bounded region R in the polar coordinate plane is 

 

 

 

Changing Cartesian Integrals into Polar Integrals 
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4.4 Triple Integrals in Rectangular Coordinates 

 

 


