Unit 3 Vector-valued Functions

3.1 Curves in Space and Their Tangents

When a particle moves through space during a time interval I, its coordinates can be written
as:

x = f(t), v = gl(t), z = hit), tel.

and in vector form as

r(f) = OP = f(i + ¢(0)j + h(D)k

which is the particle's position vector.

A vector-valued function or vector function, is a rule that assigns a vector in space.
EXAMPLE 1 Graph the vector function

r(¢) = (cost)i + (sint)j + tk.
Solution The vector function

r(t) = (cost)i + (sint)j + rk
is defined for all real values of t. The curve traced by r
winds around the circular cylinder x +y? = 1.
The curve rises as the k-component z = t increases.

The equations

X = COSt, y = sint, z=1 (1,0,0)

parametrize the helix.
X

The upper half of the helix in Example 1.

DEFINITIONS: If r is the position vector of a particle moving along a smooth curve in
space, then

1. Velocity is the derivative of position: vV = %
2. Speed is the magnitude of velocity: Speed = |v|.
L L . dv 2
3. Acceleration is the derivative of velocity: a = ?: = i’ =
fL

4. The unit vector v/|v|is the direction of motion at time .
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EXAMPLE 2
Find the velocity, speed, and acceleration of a particle whose motion in

space is given by the position vector r(7) = 2 costi + 2 sin rj_ + 5 cos’ t k, at t=77/4.
Solution  The velocity and acceleration vectors at time ¢ are

v(t) = r’(t) = —2sinti + 2costj— 10costsintk

= —2sinti + 2costj — 5sin2tk,
a(t) = r”(t) = —2costi — 2sintj — 10 cos 2t k,

and the speed is

V()] = V(=2sin1)? + (2cos1)® + (=5sin2)> = V4 + 25 sin® 21

When t = 7/4, we have

v(7—“>:\/§i+\/§j+5k, a(TT"T):—\/EH\/Ej,

4

)-vs

4

Differentiation Rules for Vector Functions
Let u and v be differentiable vector functions of 7, C a constant vector, ¢ any
scalar, and f any differentiable scalar function.

1. Constant Function Rule: %C =0

2. Scalar Multiple Rules: %[cu(r)] = cu'(7)

2 {1u(o] = fou) + fow'(o

3. Sum Rule: %[u(;} +v(0)] = u'(e) + V(1)

4. Difference Rule: L () = v(0] = w'(5) = V()

5. Dot Product Rule: L () v(0] = w0 V(D) + u(D) v (1)

6. Cross Product Rule: L Tu(r) X v(0] = () X V(1) + u(0) X V(1)
7. Chain Rule: L ra(f0)] = F(Ow' (7))
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Exerci 13.1

Xercises 3 In Exercises 1-4, r(t) is the position of a particle in the xy-
plane at time t. Find an equation in x and y whose graph is the path of the particle. Then find
the particle's velocity and acceleration vectors at the given value of t.

Lr@)=0G+Di+ =1 =1 3. r(1) = e'i + éez’j, = 1n3
o1, |
2ov(0) =it 1= 172 4. r(1) = (cos20)i + (3sin20)j, =10

In Exercises 19-22, find parametric equations for the line that is tangent to the given curve
at the given parameter value t = t,.

19. r(t) = (sin)i + (1> — cost)j + e'k, 1, =0
20. v(1) = 2i+ 2t — Dj + £k, =2
_ ., =1, _
21, r(t) = In¢i + Py +ilntk, fHh=1
22. r(1) = (cos i + (sin#)j + (sin 20k, o = %

3.2 Unit Tangent Vector ( T)

We already know the velocity vector v = dr/dt is tangent to the curve r(t) and that the

vector

IS a unit tangent vector.

EXAMPLE 1 Find the unit tangent vector of the curve
r() = (3cos )i + (3sin?)j + 1’k

Solution
vV = % = —(3sin#)i + (3cost)j + 2tk
and
Iv| = VO + 42,
Thus,

3sint . 3cost

v ) 2t
T = + j+ k.
|v] VO + 42 Vo + 427 V9 + 42

T:
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3.3 Arc Length Along a Space Curve

The length of a smooth curve r(¢) = x(t)i + y(2)j + z(0)k, a =t = b,
that 1s traced exactly once as ¢ increases fromt = atot = b, 1s

N ORONGR

EXAMPLE A glider is soaring upward along the helix r(f) = a cos ti + a sintj + ctk.
How long is the glider’s path from¢ = O tot = 27?

Solution r'(t) = —asinti+ acostj + ck;

2w
=21\ a? + 2
0

2w
L:/ V(=asint)2 + (acost)2 + 2 dt = Va*+c?t
0

Exercises 13.3

Finding Tangent Vectors and Lengths
In Exercises 1-8, find the curve’s unit tangent vector. Also, find the
length of the indicated portion of the curve.

1. () = 2cos)i + (2sin0)j + V5ik, 0 ==

2. r(t) = (6sin21)i + (6cos2t)j + 5tk, 0=t =
3.r(t) =ti+ (2/3)°k, 0=1=38

4 r()=2+i—(+1)jt+ik, 0=r=3

5. r(t) = (cos’t)j + (sin*t)k, 0=1=m/2

6. r(1) =671 — 205 — 3k, 1=1t=2

7. (1) = (tcost)i + (tsint)j + (2\/5[3).'3-;2& 0=r=m
8. r(¢) = (tsint + cost)i + (fcost — sint)j, \/E =t=2
9. Find the point on the curve

r(1) = (5sini)i + (5cosi)j + 12tk

at a distance 267 units along the curve from the point (0, 5, 0) in
the direction of increasing arc length.

10. Find the point on the curve
r(f) = (12sint)i — (12 cost)j + Stk

at a distance 137 units along the curve from the point (0, —12, 0) in
the direction opposite to the direction of increasing arc length.
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3.4 Unit Normal Vector (N )
If r(z) is a smooth curve, then the principal unit normal is
N dT/dt
- |dT/de|

where T = v/|v|is the unit tangent vector.
EXAMPLE Find T and N for the circular motion

r(t) = (cos 2t)i + (sin 2t)j.

Solution  We first find T
v = —(2sin2t)i + (2 cos 21)j

lv] = Vasin? 2t + 4cos?2t = 2

T = ﬁ = —(sin 2¢)i + (cos 2¢)j.
From this we find
{i,—T = —(2cos 2¢t)i — (2 sin 21)j
% = \/400522.5 + 48in’2t = 2
and
dT/dt
|dT/dt]

= —(cos 2t)i — (sin 2¢)j.

Notice that T- N = 0, verifying that N is orthogonal to T. Notice too, that for the circular
motion here, N points from r(t) towards the circle's center at the origin.

Exercises 13.4 Find T, N, and « for the space curves in Exercises 9-16.

9. r(r) = (3sins)i + (3cost)j + 4rk

10. r(¢) = (cost + ¢sint)i + (sint — tcost)j + 3k

11. r(1) = (e'cost)i + (e'sinf)j + 2k

12. r(t) = (6sin20)i + (6cos2t)j + Stk

13. v(6) = (£/3)i + (#%/2)j, t =0

14. v(1) = (cos’ )i + (sin’1)j, 0 <1< 7/2
15. r(¢) = ti + (acosh(t/a))j, a =0

16. r(#) = (cosht)i — (sinht)j + tk
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3.5 Directional Derivatives

If f(x,y) is a differentiable function, defined in a region R, and u=usi+uyj is a unit vector,
then:

1- The gradient vector (gradient) of f(x, y) at a point Po(Xo, Yo) is the vector
_df,  df .
Vf gl + 5]

obtained by evaluating the partial derivatives of f at Po.
2- The Directional Derivative is

Dyf = Vf-u =|Vf||lu|cos 6 = |Vf|cosb
Note: ( Duf ) is The derivative of f in the direction of u.

EXAMPLE 1  Find the derivative of f(x,y) = xe” + cos (xy) at the point (2, 0) in the
direction of v = 3i — 4j.
Solution  The direction of v is the unit vector obtained by dividing v by its length:

v 5 s5'” st

The partial derivatives of f are everywhere continuous and at (2, 0) are given by
£42,0) = (e’ — ysin (x)) 0 = € — 0 = 1
M2,0) = (xe¥ — xsin (xy))@0 = 20 —2-0=2.
The gradient of f at (2, 0) is
Vilco = fx(2,0)i + f(2,0)] =i + 2j
The derivative of f at (2, 0) in the direction of v is therefore

(Duf)|20) = VSl u

Properties of the directional derivative D.f :

1- The function f increases most rapidly (greatest ascent) in the direction of Vf. The
derivative in this direction is |Vf]|.

2- The function f decreases most rapidly (greatest descent) in the direction of —Vf. The
derivative in this direction is —|Vf]|.

3- Any direction u orthogonal to a gradient Vf # 0 is a direction of zero change in f.
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EXAMPLE 2 Find the directions in which f(x, y) = (x2/2) + (y2/2)

(a) increases most rapidly at the point (1, 1).
(b) decreases most rapidly at (1, 1).
(¢) What are the directions of zero change in f at (1, 1)?

Solution

(a) The function increases most rapidly in the direction of
Vf at (1, 1).The gradient there is

(VAo =i+ ypayy =1 + .

Its direction is

Z h
i+ i+ 1 . N 1 . Most rapid / me;oc See
T = 1 I decrease in f )
i+3§  1)2 + (12 x -
(1) (1) \/5 \/5 Mostrapid/vf='+J
(b) The function decreases most rapidly in the direction of increase in f

—Vf at(l, 1), which is
—u= fi, _
V2 \f
(¢) The directions of zero change at (1, 1) are the directions orthogonal to Vf:

n=—Li+Lj and —-n =

V2 V2
EXAMPLE 3
(a) Find the derivative of f(x,y,z) = x* — xy? — z at Py(1, 1,0) in the direction of
v =2i - 3j + 6k.

(b) In what directions does f change most rapidly at Py, and what are the rates of change
in these directions?
Solution (a) The direction of v is obtained by dividing v by its length:

Iv]= V(2> + (=32 + (6)> = V49 = 7

The partial derivatives of f at Py are
fr=0x* = yHu0 = 2, fr==2w|u10 = —2, f-==luim = —L
The gradient of f at Py is

Voo =2i = 2j — k.

The derivative of f at Py in the direction of v is therefore

. . 2. 3. i)
(Duf)a10) = Vlogru=(2i —2j —k)- (71 it 7k)

<l

+

| o
<o
|

40



(b) The function increases most rapidly in the direction of Vf = 2i — 2j — k and de-
creases most rapidly in the direction of — V. The rates of change in the directions are,
respectively,

IVF = VP + (=2 + (=1 =V9=3 and —|Vf|=-3. =m

Exercises 14.5

In Exercises 1-6, find the gradient of the function at the given point. Then sketch the gradient
together with the level curve that passes through the point.

L fey) =y —x (2,1) 2. f(x,y) = In(x* + yz) (1,1)
2

3. glx,y) =3 (2,-1) 4. glx,y) = % — 7, (\f 1)

5. flx,y) = V2x + 3y, (—1,2) 6. f(x,y) = tan l\f, (4, —2)

In Exercises 7-10, find Vf at the given point.
7. fe,v,z) =x2+y2 =222+ zlnx, (1,1,1)
8. flx,y,z) =22° — 3(x + 3z + tantxz, (1,1,1)
9, fr,p,2) = (X2 + y2+ 272 + In(wz), (—1,2,-2)
10. f(x,y,z) = e*Vcosz + (y + 1)sin"'x, (0,0, 7/6)
In Exercises 11-18, find the derivative of the function at P in the direction of u.
11. f(x,y) = 2xy — 3y%  Py(5,5), u = 4i+ 3j
12. f(x,y) = 2x2 + % Po(—1,1), u = 3i — 4j

X —y
13. g(x,y) = Py +“2, Po(1,—1), u = 12i + 5j

14. h(x,y) = tan' (v/x) + V3sin ' (x/2), Po(1,1), u = 3i — 2j
15. f(x,y,z) = xy + yz + zx, Po(1,—1,2), u=3i+ 6j — 2k

16. f(x,y,z) = x> + 292 — 322, Py(1,1,1), u=i+j+k
17. g(x,v,z) = 3e*cosyz, Py(0,0,0), u=2i+j— 2k
18. h(x,y,z) = cosxy + e’ + Inzx, Py(1,0,1/2),u =i + 2j + 2k
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In Exercises 19-24, find the directions in which the functions increase and decrease most
rapidly at Py. Then find the derivatives of the functions in these directions.

19. f(x,v) = x2 + xy + v2, Py(—1,1)

20. f(x,y) = x%y + e®siny, Po(1,0)

21, f(x,v,2) = (x/y) —yz, Po(4,1,1)

22. glx,y,z) = xe’ + 2%, Py(1,In2,1/2)

23. f(x,y,z) = Inxy + Inyz + Inxz, Py(1,1,1)

24, h(x,y,z) = In(x* +y? — 1) + y + 6z, Py(1,1,0)

29. Let f(x,y) = x> — xy + y? — y. Find the directions u and the values of D, f(1, —1) for which
a. D, f(1, —1) is largest b. Dy f(1, —1) is smallest
¢. Dy f(1,-1) =0 d. D, f(1,—1) = 4
e. Dy f(1,—1) = —3

=y L 13 .
30. Let f(x,y) = o+ ) Find the directions u and the values of Dy f 373 for which
1 3. 1 3.
a. D, f(_i’ E) is largest b. D, f(_f’ 5) is smallest
1 3)_ _L3y
C Duf(—z,z)o d. Duf( 2,2) 2
e. Duf(—%,%) =1

31. In what direction is the derivative of f(x,y) = xy + ¥? at P(3, 2) equal to zero?

32. In what directions is the derivative of f(x,y) = (x> — y?)/(x? + y?) at P(1, 1) equal to zero?

33. Is there a direction u in which the rate of change of f(x, ) —x% — 3xy + 4% at P(1, 2)
equals 147 Give rcasons for your answer.
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3.6 Divergence and Curl of a Vector
A vector field F(x,y,z) is a function that assigns a vector to each point in its domain.

F(x,y,z) = M(x,y,z)i + N(x,y,2)j + P(x,y, 2)k

Divergence
The divergence of a vector field F is the scalar function

divF = v.F =24 oV 0P
0x dy 0z

EXAMPLE 1  The following vector fields represent the velocity of a gas flowing in space.
Find the divergence of each vector field and interpret its physical meaning. Figure 16.67
displays the vector fields.

(a) Expansion: F(x, y,z) = xi + yj + zk

(b) Compression: F(x, y,z) = —xi — yj — zk

(¢) Rotation about z-axis: F(x, v, z) = —yi + xj
(d) Shearing along horizontal planes: F(x, y, z) = zj
Solution

(a) divF = %(x) + %(v) + %{z) = 3:The gas is undergoing uniform expansion at all
points.

(b) divF = %(—x') + %(—y) + %(—:) = —3: The gas 1s undergoing uniform com-
pression at all points.

(¢) divF = %(—y} + ;—v(x) = 0: The gas is neither expanding nor compressing at any
point.

(d) divF = %(3) = 0: Again, the divergence is zero at all points in the domain of the ve-

locity field, so the gas is neither expanding nor compressing at any point. |

N AN\ 1T SR iy
\“\\\\\\‘ f,///' \\\\\‘{Q/// T
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(a) (b) — (d)
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url
The curl of a vector field F= Mi + Nj + Pk is the vector field

(o _aN), ., (aM _aP\. . (aN _ou
ourl F = (ay 0z )] + (az ax)‘l + (ax Ay )k

The curl of Fis V X F;

i J k
oo al_(op_an\. , (oM _oP). , (v _am), _
VXF= dx dy az_(ay az)l+(az ax)l+(ax ay)k—curlF
M N P

EXAMPLE 1  Find the curl of F = (x? — 2)i + xe”j + avk.

Solution ~ We use Equation (3) and the determinant form, so

curl F = VXF
i j k
- | 2 9 9
dx dy Z
x? =z xet xy

- (% (xe®) — %(xz — :))k
=x—xed)i—(y+ 1)j+ (5 =0k

=x(l —edi—(y+ 1)j + e’k

DEAVETENI F = (% — 29)i + 4x%2 j — y*2°k, find (a) curl F, (b) div F, and (c) div(curl F).

i j k
d d d
SOLUTION (a) curllF=VXF= — — —
ax dy dz

x2y3 — 415)(,2‘Z _y4Z6
= (—4y336 - 4x5yz)i — 4z3j + (20x4ylz - 3x2y2) k.

3 ? i
d‘ F:V-F:— 2‘3—4+_4-5'2 +_—-‘46: 3 -_ .‘45
(b) div ox (Y T+ @y F (7)) = 20 4 Bz — 67

d d d
(¢) div(curl F) = — (—=4y’2° — 4X°y)) + — (—42°) + — Q0x*yz — 3xH?)
ax ay 0z

=0 —20x%? + 0 + 20xH? = 0.
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Exercises 9.7, page 514 (Advanced Engineering Mathematics- by Dennis G. Zill-6th ed.)
In Problems 7-16, find the curl and the divergence of the given vector field.
1. F(x,y,z) =xzi+ yzj + xyk
8. F(x,y,2) = 10yzi + 2x%z j + 6x°k
9. F(x,y,2) =4xyi + 2x* + 2y2)j + B> +y)k
10. F(x,y,2) = (x — y)’i + e %j + xye” k
12. F(x,y,2) = 5y°i + (%x3y2 —x)j — (Kyz — x0)k
13. F(x,y,2) = xe ‘i + 4yz%j + 3ye °k
14. F(x,y,2) =yzIlnxi+ 2x — 3y2)j + v°z’k
15. F(x,y, z) = xye"i — X’yze'j + xy’e’k
16. F(x,y,z) = x?sinyzi + zcos xz°j + ye™k

Solutions:
7. curl F = (z —y)i+ (v —y)j; divF =2z
8. curl F = —22%i + (10y — 182%)j + (42z — 102)k; divF =0
9. curl F=0; div F =4y + 8z
10. curl F = (ze® + ye ¥ + 2zye?)i — ye?j + 3(z — y)°k; div F = 3(x — y)? — ze ¥*
11. curl F = (4y® — 6222)i + (22° — 32*)k; div F = 6zy
12. curl F = —2%zi + (32%yz — 2)j + (%1‘2’];2 —y— 15y2) k; divF = (z%y —2)— (23y —2) =0
13. curl F = (3e7% — 8yz2)i — ze™%j; divF = e % +42% — Jye™*
14. curl F = (22yz® + 3y)i+ (ylnz — 3?2%)j+ (2 — zlna)k; divF = % — 3z + 3xy?2?
15. curl F = (zy%e? + 2zye? + x3ye® + x3yze®)i — y?e¥j + (—322yze® — ze®)k; div F = zye” + ye® — 232¢*
16. curl F = (5xye®™¥ + e 4 3z23sinz2® — cos 22%)i + (2%y cosyz — 5y2eV)j
3

+ (=2*sinzz® — 2?2 cosyz)k; div F = 2zsinyz

45



