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Unit 3 Vector-valued Functions 

3.1 Curves in Space and Their Tangents   

When a particle moves through space during a time interval I, its coordinates can be written 

as: 

 

and in vector form as 

 

which is the particle's position vector. 

 

A vector-valued function or vector function, is a rule that assigns a vector in space. 

EXAMPLE 1 Graph the vector function 

                      

Solution The vector function 

                       

is defined for all real values of t. The curve traced by r 

winds around the circular cylinder x2 + y2 = 1.  

The curve rises as the k-component z = t increases. 

The equations 

    

parametrize the helix.  

The upper half of the helix in Example 1. 

DEFINITIONS: If r is the position vector of a particle moving along a smooth curve in 

space, then 
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EXAMPLE 2 

Find the velocity, speed, and acceleration of a particle whose motion in 

space is given by the position vector                                                                 , at t=7π/4. 
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 In Exercises 1-4, r(t) is the position of a particle in the xy-

plane at time t. Find an equation in x and y whose graph is the path of the particle. Then find 

the particle's velocity and acceleration vectors at the given value of t. 

 

In Exercises 19-22, find parametric equations for the line that is tangent to the given curve 

at the given parameter value t = to. 

 

3.2 Unit Tangent Vector ( T ) 

We already know the velocity vector v = dr/dt is tangent to the curve r(t) and that the 

vector 

 
is a unit tangent vector. 

 

EXAMPLE 1 Find the unit tangent vector of the curve 
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3.3 Arc Length Along a Space Curve 
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3.4 Unit Normal Vector ( N ) 

 

 
and  

 
 

Notice that T· N = 0, verifying that N is orthogonal to T. Notice too, that for the circular 

motion here, N points from r(t) towards the circle's center at the origin. 
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3.5 Directional Derivatives 

If f(x,y) is a differentiable function, defined in a region R, and u=u1i+u2j is a unit vector, 

then: 

1- The gradient vector (gradient) of f(x, y) at a point P0(x0, y0) is the vector 

 

 
obtained by evaluating the partial derivatives of f at P0. 

2- The Directional Derivative is 

 

Note: ( Duf ) is The derivative of f  in the direction of u. 

 

 

Properties of the directional derivative Duf : 

1- The function f increases most rapidly (greatest ascent) in the direction of ∇𝑓. The 

derivative in this direction is |∇𝑓|. 

2- The function f decreases most rapidly (greatest descent) in the direction of −∇𝑓. The 

derivative in this direction is −|∇𝑓|. 

3- Any direction u orthogonal to a gradient ∇𝑓 ≠ 0 is a direction of zero change in f. 
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3.6 Divergence and Curl of a Vector 

A vector field F(x,y,z) is a function that assigns a vector to each point in its domain.  

 

Divergence 
The divergence of a vector field F is the scalar function 

 

 

 

 

 
 

 



44 
 

Curl 
The curl of a vector field F= Mi + Nj + Pk is the vector field 
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Exercises 9.7, page 514 (Advanced Engineering Mathematics- by Dennis G. Zill-6th ed.) 

 
 

Solutions: 

 
 

 

 

 

 


