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Unit Two: Vector Calculus 

(Reference: Thomas' Calculus, Twelfth Edition) 

2.1 Vectors 

A quantity such as force, displacement, or velocity is called 

 a vector and is represented by a directed line segment. 
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2.2 Vector Algebra Operations 

A scalar is simply a real number. Scalars can be positive, negative, or zero and are used 

to “scale” a vector by multiplication. 

 

Note: | ku | = k |u| 

 

(a) Geometric interpretation of the vector sum. (b) The parallelogram law of vector addition. 
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2.3 Unit Vectors 

 

v/|v| is a unit vector in the direction of v, and called the direction of the nonzero 

vector v. 
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2.4 Midpoint of a Line Segment 
The midpoint M of the line segment joining points P1(x1, y1, z1) and P2(x2, y2, z2) is the point  

 
Example:  

 

 

 



17 
 

 



18 
 

 

 

 



19 
 

 

2.5 The Dot Product 

Dot products are also called inner or scalar products because the product results in a 

scalar, not a vector. The angle θ between two nonzero vectors u = 〈𝑢1, 𝑢2, 𝑢3〉 and v = 

〈𝑣1, 𝑣2, 𝑣3〉 is given by 

 

 

 

 
In the notation of the dot product, the angle between two vectors u and v is 

 

Note: 
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Example 3   Find the angle θ in the triangle ABC determined by the vertices A=(0,0), 

B=(3,5), and C=(5,2), as shown in figure below. 
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Perpendicular (Orthogonal) Vectors 

Vectors u and v are orthogonal (or perpendicular) if and only if u·v = 0. 
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2.6 Vector projection 
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Exercises 12.3 

 

 

Miscellaneous Problems: 

1- Determine a scalar c so that the given vectors are orthogonal. 

 

2- Determine a scalar c so that the angle between a = i + c j and b = i + j is 45o. 

3- Find a vector b for which |b| = 1/2 that is parallel to a =<6, 3, 2> but has the opposite 

direction. 

4- Find a vector v=<x1, y1, 1> that is orthogonal to both a =<3, 1, -1>and b =<-3, 2, 2>. 
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2.7 The Cross Product of Two Vectors in Space 

If u and v are nonzero and not parallel vectors, then the cross product u × v (“u cross v”) 

is the vector defined as follows. 

 

where n is a unit vector perpendicular to the plane by the right-hand rule. 

Unlike the dot product, the cross product is a vector. 

 For this reason, it's also called the vector product  

of u and v, and applies only to vectors in space.  

The vector u×v is orthogonal to both u and v.  

 

 

 

 

 

 

 

 

 

 



25 
 

| u×v|  Is the Area of a Parallelogram 

The area of the parallelogram determined by u and v, |u| being the  

base of the parallelogram and |v| |sinθ| the height, is |u×v|. 
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Exercises 12.4 
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2.8 Lines and Line Segments in Space 

In the plane, a line is determined by a point and a number giving the slope of the line. In 

space a line is determined by a point and a vector giving the direction of the line. 
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Then, with (x0,y0,z0)=(-3,2,-3), the parametric equations are 

 

Parametrization a line segment joining two points 

To parametrize a line segment joining two points, we first parametrize the line through 

the points. We then find the t-values for the endpoints and restrict t to lie in the closed 

interval bounded by these values. The line equations together with this added restriction 

parametrize the segment. 
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The Distance from a Point to a Line in Space  

Distance from a point S to a line through point P parallel to v is: 

 

 

 

 

 

An Equation for a Plane in Space  
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Lines of Intersection  

Two planes are parallel if and only if their normals are 

parallel,  or n1=kn2 for some scalar k. Two planes that 

are not parallel intersect in a line. 

 

 

 

 

 

 

Solution: The line of intersection of two planes is perpendicular to both planes’ normal 

vectors n1 and n2 and therefore parallel to n1 × n2. Turning this around, n1 × n2 is a 

vector parallel to the planes' line of intersection. In our case, 
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