Unit Two: Vector Calculus
(Reference: Thomas' Calculus, Twelfth Edition)
2.1 Vectors
Terminal

A quantity such as force, displacement, or velocity is called point

a vector and is represented by a directed line segment.

Initial
point

A

DEFINITIONS The vector represented by the directed line segment . 4B has
initial point 4 and terminal point B and its length is denoted by |AB|. Two
vectors are equal if they have the same length and direction.

If v 1s a two-dimensional vector 1n the plane equal to the vector with initial point
at the origin and terminal point (v, v,), then the component form of v is

vV = (V], V2> .

If v 1s a three-dimensional vector equal to the vector with initial point at the ori-
gin and terminal point (vy, v,, v3), then the component form of v is

vV = (Vl, Vo, V3).

The magnitude or length of the vector v = P_Q 1s the nonnegative number
V] = Vv + v + v = Vo —x)P + n — )l + (2 — 1)
(see Figure 12.10).

The only vector with length 0 is the zero vector 0 = (0,0) or 0 = (0,0, 0). This
vector 1s also the only vector with no specific direction.
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EXAMPLE 1  Find the (a) component form and (b) length of the vector with initial
point P(—3, 4, 1) and terminal point OQ(—5, 2, 2).

Solution
(a) The standard position vector v representing @ has components
vi=x, —x; = =5 —(=3) = -2, m=yp—pn=2-4= -2,
w=z—z1=2—1=1.
The component form of P_Q 1s
v=(=2,-21).
(b) The length or magnitude of v = P_é 18

Iv] = V(=22 + (=2)* + (1)* = V9 = 3. 5
2.2 \Vector Algebra Operations

A scalar is simply a real number. Scalars can be positive, negative, or zero and are used
to “scale” a vector by multiplication.

DEFINITIONS Let u = (uy, up, u3) and v = (vy, vy, v3) be vectors with & a
scalar.

Addition: u+v=_{u +v,u+ vo,us + vs)
Scalar multiplication: ku = (ku, kuo, kus)

Note: | ku | =k |u|

y y
(uy + vy, us + vy)
I =/
I - /
lv - /
V2 -
u+v A% | u+v //
: v /
Vl /
u | R | u /
42
' X X
0 Uy 0

(a) (b)

(a) Geometric interpretation of the vector sum. (b) The parallelogram law of vector addition.
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EXAMPLE 2 Letu = (—1,3,1)and v = (4,7, 0). Find the components of

(a) 2u + 3v (b) u—v (c) ‘%u

Solution
(a) 2u + 3v = 2(—],3, l) + 3(4_, 7, 0) = (—2, 6,2) + (12,21,0} = (1(), 27,2)
M u—-v=(-131)—(470)=(-1-43-71-0) = (=5 -41)

fie =S CYRORIO R N

Properties of Vector Operations

© ‘éu

Let u, v, w be vectors and a, b be scalars.

l.u+v=v+u 2. (u+v)+w=u+(v+w
3.u+0=mu 4. u+(—u) =0

5. O0u =0 6. lu =u

7. a(bu) = (ab)u 8. alu +v) =au+ av

9. (a + b)u = qu + bu

2.3 Unit VVectors

A vector v of length 1 is called a unit vector. The standard unit vectors are
i=(1,00), j=1(0,1,0), and k = (0,0,1).

Any vector v = (vy, v, v3) can be written as a /inear combination of the standard unit
vectors as follows:

v = (vi,va,v3) = (v,0,0) + (0,v,,0) + (0,0, vs)
= v1(1,0,0) + 1,(0, 1,0) + v3(0,0, 1)
= vii + vy j + n3k.

We call the scalar (or number) v; the i-component of the vector v, v, the
j-component, and v; the k-component. In component form, the vector from P(x, yi, z1)
to PZ(-xZQyzs 22) iS

PPy =(x —x)i + (y2 —y)j + (22— 2k

v/|v| is a unit vector in the direction of v, and called the direction of the nonzero

vector v.
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EXAMPLE 3  Find a unit vector u in the direction of the vector from P;(1,0, 1) to
P5(3,2,0).

Solution  We divide Pﬁ’z by its length:
PP,=(3—-1Di+(2-0j+(0-Dk=2i+2j—k

PP = VI + Q2 + (-1 =Va+4+1=9=3

PPy, _2i+2i—-K_2. 2. |
u = . = 3 = gl + g‘] = § k.
| PP
The unit vector u is the direction of Pl_f;z. [ ]

2.4 Midpoint of a Line Segment
The midpoint M of the line segment joining points P1(x1, Y1, 21) and P2(x2, Y2, z2) is the point

Xp+x2 ity o1+
2 2 7 2
Example: The midpoint of the segment joining P1(3, —2, 0) and P»(7, 4, 4) is

3+7 =244 0+4)
( 2 s 2 » 2 )_(5:1:2)

DETAITSY  Distance Between Two Points

Find the distance between (2, —3, 6) and (—1, —7, 4).
SOLUTION  Choosing P, as (2, —3,6) and P, as (—1, —7,4), the distance (d ) is:

d=VQ2— (D2 + (=3 - (=7 + (6 — 4 = V29, =
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Exercises 12.2

Vectors in the Plane
In Exercises 1-8, letu = (3, —2) and v = (=2, 5). Find the (a) com-
ponent form and (b) magnitude (length) of the vector.

1. 3u 2. —2v
3.u+ty 4, u—v
5. 2u — 3v 6. —2u + Sv

3 4 5 12
7. §u+§v 8. _ﬁ“-i_ﬁv

In Exercises 9-16, find the component form of the vector.
9. The vcctor@, where P = (1,3)and O = (2, —1)

10. The vector OP where O is the origin and P is the midpoint of seg-
ment RS, where R = (2, —1)and S = (-4, 3)

11. The vector from the point 4 = (2, 3) to the origin

12. The sum of AB and CD, where 4 = (1, ~1),B = (2,0),
C=(-L3),andD = (-2,2)

13. The unit vector that makes an angle § = 27 /3 with the positive
x-axis

14. The unit vector that makes an angle § = —37/4 with the positive
X-axis

15. The unit vector obtained by rotating the vector (0, 1) 120° coun-
terclockwise about the origin

16. The unit vector obtained by rotating the vector (1, 0) 135° coun-
terclockwise about the origin

Vectors in Space

In Exercises 17-22, express each vector in the form v = wi +
vj + vik.

17. PP, if P, is the point (5, 7, —1) and P; is the point (2, 9, —2)
18. PP, if P, is the point (1, 2, 0) and P; is the point (=3, 0, 5)

19. ABif 4 is the point (—7, —8, 1) and B is the point (—10, §, 1)
20. ABif A is the point (1, 0, 3) and B is the point (—1, 4, 5)

21, Su — vifu = (1,1,=1)andv = (2,0, 3)

22, —2u + 3vifu={(—1,0,2)and v = (1,1, 1)

17

Geometric Representations
In Exercises 23 and 24, copy vectors u, v, and w head to tail as needed
to sketch the indicated vector.

23.
W
u
- =
autv b.u+v+w
c.u—v d.u —w
24,
Y
u >
W
au-—v b. u —v+w
c. 2u —v du+v+w

Length and Direction
In Exercises 2530, express each vector as a product of its length and
direction.

25.2i+j— 2k 26. 9i — 2j + 6k

27. 5k 28. 5+ <k
1 1 1 i i k
29, —i— —=j——=k 30 —=+ "=+ —=
Ve Ve o Ve Vi Vi3



31. Find the vectors whose lengths and directions are given. Try to do
the calculations without writing.

Length Direction

a. 2 i

b. V3 —k

c.

o |—

d. 7

32. Find the vectors whose lengths and directions are given. Try to do
the calculations without writing.

Length Direction
a. 7 =i
3. 4
b. V2 —3i- 3k
o 3 3,4 12,
12 ERN LK
d. a>0 SN S

33. Find a vector of magnitude 7 in the direction of v = 12i — 5k.

34. Find a vector of magnitude 3 in the direction opposite to the di-
rection of v = (1/2)i — (1/2)j — (1/2)k.

Direction and Midpoints
In Exercises 35-38, find
a. the direction of Pﬁ’z and

b. the midpoint of line segment P, P;.
35. Pi(—1,1,5) Py(2,5,0)

36. Pi(1,4,3) P4, -2,7)
37. Pi(3.4,5) Py(2,3,4)
38. P1(0.0,0) Py(2,-2,-2)

39. If 4B =i + 4j — 2k and B is the point (5, 1, 3), find 4.
40. IfAB = —7i + 3j + 8k and A is the point (—2, =3, 6), find B.

Theory and Applications
41. Linear combination Let u=2i+ jv=i+j, and w=
i — j. Find scalars @ and b such thatu = av + bw,

42. Linear combination Let u =i — 2j,v = 2i + 3j, and w =
i+ j. Writeu = u; + uy, where uy is parallel to v and u; is par-
allel to w. (See Exercise 41.)

43. Velocity An airplane is flying in the direction 25° west of north
at 800 km/h. Find the component form of the velocity of the air-
plane, assuming that the positive x-axis represents due east and

the positive y-axis represents due north.

44. (Continuation of Example §8.) What speed and direction should
the jetliner in Example 8 have in order for the resultant vector to
be 500 mph due east?

45. Consider a 100-N weight suspended by two wires as shown in the
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46. Consider a 50-N weight suspended by two wires as shown in the
accompanying figure. If the magnitude of vector F; is 35 N, find
angle o and the magnitude of vector F.

47. Consider a w-N weight suspended by two wires as shown in the
accompanying figure. If the magnitude of vector F» is 100 N, find
w and the magnitude of vector F.

48. Consider a 25-N weight suspended by two wires as shown in the
accompanying figure. If the magnitudes of vectors F, and F, are
both 75 N, then angles o and 3 are equal. Find a.

49. Location A bird flies from its nest 5 km in the direction 60°
north of east, where it stops to rest on a tree. It then flies 10 km in
the direction due southeast and lands atop a telephone pole. Place
an xy-coordinate system so that the origin is the bird’s nest, the
x-axis points east, and the y-axis points north.

a. At what point is the tree located?
b. At what point is the telephone pole?

50. Use similar triangles to find the coordinates of the point Q that di-
vides the segment from P(xy, yi,z) to Pi(xa, v2, z2) into two
lengths whose ratio is p/q = r.

51. Medians of a triangle Suppose that 4, B, and C are the corner
points of the thin triangular plate of constant density shown here.

a. Find the vector from C to the midpoint M of side AB.



¢. Find the coordinates of the point in which the medians of 53. Let ABCD be a general, not necessarily planar, quadrilateral in
AABC intersect. According to Exercise 17, Section 6.6, this space. Show that the two segments joining the midpoints of oppo-
point is the plate’s center of mass. site sides of ABCD bisect each other. (Hint: Show that the seg-

ments have the same midpoint.)

C(1,1,3) 54. Vectors are drawn from the center of a regular n-sided polygon in
the plane to the vertices of the polygon. Show that the sum of the
vectors is zero. (Hint: What happens to the sum if you rotate the
polygon about its center?)

55. Suppose that 4, B, and C are vertices of a triangle and that a, b,
and c are, respectively, the midpoints of the opposite sides. Show

\
®.m. \\) that 4a + Bb + Ce = 0.
y

BB(1,3,0) 56. Unit vectors in the plane Show that a unit vector in the plane
can be expressed as u = (cos A)i + (sin6)j, obtained by rotating
i through an angle @ in the counterclockwise direction. Explain
why this form gives every unit vector in the plane.

-

A4,2,0)

52. Find the vector from the origin to the point of intersection of the
medians of the triangle whose vertices are

A(1, =1, 2),

2.5 The Dot

B(2,1,3), and C(—1,2,—1).

Product

Dot products are also called inner or scalar products because the product results in a
scalar, not a vector. The angle 9 between two nonzero vectors u = (uy, u,, ug) and v =
(vy, V5, v3) IS given by

6 = cos !

U vy + Ur Vo + U3 V3 v

|uf]v]

andv =

DEFINITION The dot product u-v (“u dot v”’) of vectors u = (uy, uz, u3)

(vi, va, v3) 18

u'v = vy + urvy + uzvs.

In the notation

6 = cos ! (|

Note:

of the dot product, the angle between two vectors u and v is

u-v ) —> u-v=|u||v|cosh

ul|v]

Sincei = (1,0,0),j = (0, 1,0), and k = (0, 0, 1), we see from (2) that

J:ji:O, jk:k-j:(), and k-i=1i-k=0.

i-i=1, j-j=1, and k-k=1.



EXAMPLE 1
(@) (1,-2,-1)-(=6,2,=3) = (1)(=6) + (=2)(2) + (=1)(=3)
= —6-4+3= -7

(b) ( i+ 3+ k) (4= + 2K) = <%)(4) +3)(=1) + (1)(2) =
EXAMPLE 2  Find the angle betweenu = i — 2j — 2k and v = 6i + 3j + 2k.

Solution  We use the formula above:

uev = (1)(6) + (=2)3) + (-2)2) =6 — 6 — 4 = —4

lul = VP + (=2 + (-2)* = V9 =3
Iv] = V(62 + 32 + (2)* = V49 = 7

= =1 u-v — =1 _—4 ~ :
6 = cos (|u||v|> coS ((3)(7)> 1.76 radians.

Example 3 Find the angle @ in the triangle ABC determined by the vertices A=(0,0),
B=(3,5), and C=(5,2), as shown in figure below.

3
>

B(3,5)
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Solution  The angle 0 is the angle between the vectors CA and CB. The component
forms of these two vectors are

CA = (—5,-2) and  CB = (=2,3).
First we calculate the dot product and magnitudes of these two vectors.
CA-CB = (=5)(-2) + (-2)(3) = 4
ICA| = V(=5 + (—=2)> = V29
ICB| = V(=2 + (3> = V13

Then applying the angle formula, we have

6 = cos™! (CA (B )
|CA||CB|

— oos-! 4
((Vz?)(\/ﬁ))
~ 78.1° or 1.36 radians. O

Perpendicular (Orthogonal) Vectors

Vectors u and v are orthogonal (or perpendicular) if and only if u-v =0.

EXAMPLE 4  To determine if two vectors are orthogonal, calculate their dot product.

(a) u = (3,-2)and v = (4, 6) are orthogonal because u-v = (3)(4) + (—=2)(6) = 0.

(b) u=3i —2j+k and v = 2j + 4k are orthogonal because u-v = (3)(0) +
(=2)(2) + (1)(4) = 0.

(¢) 0 is orthogonal to every vector u since
0-u=(0,0,0) - (uy,uy, us)

= (0)(ur) + (0)(u2) + (0)(u3)
= 1.

Properties of the Dot Product
If u, v, and w are any vectors and c is a scalar, then

l.uv=v-u 2. (cu)*v=u-(cv) =c(u-v)
Jur(v+w)=uv+tuw 4. u-u = |u|?
5.0-u = 0.
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2.6 VVector projection

The vector projection of u onto v is the vector

: u-'v
projyu = (—2>v (1)
M
The scalar component of u in the direction of v is the scalar
u-‘v \
|lu| cos O = =u . (2)
M M
u i u
0
'\9 proj, u v proj, u /\ v
N : J } l< J ;
h Y
Length = |u| cos 6 Length = —|u| cos 6

(a) (b)
The length of projy u is (a) |u| cos 6 if cos @ = 0 and (b) —|u| cos # if cos 6 < 0.

EXAMPLE 5  Find the vector projection of u = 6i + 3j + 2kontov =i — 2j — 2k
and the scalar component of u in the direction of v.

Solution  We find projy u from Equation (1):
_6—6—4

projyu = 3::,7v— 1 +4+4(i—2j — 2k)
——5i—21 - W) =—Fi+gj+ ok
We find the scalar component of u in the direction of v from Equation (2):
ul cos 6 = u-|v"| = (61 + 3j + 2K)- (él -£j- gk)
EPPE S .
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Exercises 12.3

Dot Product and Projections
In Exercises 1-8, find

a. v-u, |v|, |u]

b. the cosine of the angle between v and u

¢. the scalar component of u in the direction of v

d. the vector projy u.

v=2i—4j+ V5k, u=—2i+4j— \V5k

v=1(3/5)i + (4/5)k, u=5i+ 12j

v=10i + 11j — 2k, u = 3j + 4k

21+ 10j — 11k, u=2i+2j+k
v=5j—3k, u=i+j+k
v=—i+j u=V2i+\V3j+2%k
v=5i+j, u=2i+ V17

- () we ()

Angle Between Vectors

| Find the angles between the vectors in Exercises 9—12 to the nearest
hundredth of a radian.

9. u=2i+j, v=i+2j—Kk
10 u=2i—2j+k v=23i+4dk

1. u=V3i-7, v=V3i+j-2k
122u=i+V2j—V2k v=—i+j+k

13. Triangle Find the measures of the angles of the triangle whose
verticesare 4 = (—1,0),B = (2,1),and C = (1, =2).

14. Rectangle Find the measures of the angles between the diago-
nals of the rectangle whose vertices are 4 = (1,0), B = (0, 3),
C=(3,4),and D = (4, 1).

AU A A
<
I

Miscellaneous Problems:

1- Determine a scalar ¢ so that the given vectors are orthogonal.

(a) a=2i—cj+3k b=3i+2j+4k
(b) a={c,t¢), b=(=3,4,¢)

2- Determine a scalar ¢ so that the angle betweena=i+cjandb =i+ jis 45°,

3- Find a vector b for which |b| = 1/2 that is parallel to a =<6, 3, 2> but has the opposite
direction.

4- Find a vector v=<x1, y1, 1> that is orthogonal to both a =<3, 1, -1>and b =<-3, 2, 2>.
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2.7 The Cross Product of Two Vectors in Space

If u and v are nonzero and not parallel vectors, then the cross product u x v (“u cross v”)
Is the vector defined as follows.

DEFINITION

uXv=(|ul|v|sind)n

where n is a unit vector perpendicular to the plane by the right-hand rule.
Unlike the dot product, the cross product is a vector.
For this reason, it's also called the vector product
of u and v, and applies only to vectors in space.

The vector uxv is orthogonal to both u and v.

Parallel Vectors

Nonzero vectors u and v are parallel if and only ifu X v = 0.

Properties of the Cross Product
If u, v, and w are any vectors and 7, s are scalars, then

1. (ru) X (sv) = (rs)(u X v) 2.uX(v+w)=uXv+uXw
3.vXu=—(uXyv) 4. (v+w)Xu=vXXu+wXu
50 Xu=0 6. u X (VX W) = (u-w)y — (u-v)w

' k=ixj=—(xi ixXj=—-(jxi)=k FT N

i
i Xk=—-kXj) =i )

kXi=—(XK) =j

Diagram for recalling
these products

K iXi=jXj=kxk=0.




| uxv| Is the Area of a Parallelogram

The area of the parallelogram determined by u and v, |u| being the
base of the parallelogram and |v| sinf]| the height, is |uxv|.

Area = base - height

. . = |u] - [v[[sin 6]
lu X v| = |u||v| [sin@]||n| = |u]|v]|sind — lux¥
|
Yoo
'h = |v||sin 0]
|
|
0 |
' e

Calculating the Cross Product as a Determinant
Ifu=wmi+ wuj+ uskandv = vii + v, j + vk, then
i j k
uXv=|u u ul.

Vi V2 V3

EXAMPLE1 Findu X vandv X wifu =2i +j + kandv = —4i + 3j + k.

Solution
i j k
uXv 2 1 1‘1 li— 21‘ 21k
4 3 1 3 1 -4 1 -4 3
= —2i — 6j + 10k
vXu=—(uxXv)=2+6j— 10k ]
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EXAMPLE 2 Find a vector perpendicular to the plane of P(1, —1,0), (2,1, —1), and
R(—1,1,2).

Solution = The vector PO X PR is perpendicular to the plane because it is perpendicular
to both vectors. In terms of components,

PO=02—-1i+(0+1Dj+(-1—0k=i+2j—k

PR=(—1—-1i+ 1+ 1j+((2—-0k=—2i +2j+ 2k
POXPR=|1 2 ~—1|= i — j+ Kk
2 2 -2 2 -2 2
-2 2 2

EXAMPLE 3 Find the area of the triangle with vertices P(1, —1,0), Q(2, 1, —1),
and R(—1,1, 2).
Solution  The area of the parallelogram determined by P, O, and R is
|PO X PR| = |6i + 6k|

= (6)2 + (6)? = \/2+36 = 6\/2. R(-1,1,2)

The triangle’s area is half of this, or 3V2.

5 2. 1,-1)

EXAMPLE 4  Find a unit vector perpendicular to the plane of P(1, —1,0), Q(2, 1, —1),
and R(—1,1,2).

Solution  Since PY? X PR is perpendicular to the plane, its direction n is a unit vector
perpendicular to the plane. Taking values from Examples 2 and 3, we have

PO X PR 6i + 6k _ 1

I
n=—— — = i+ k.
PO X PRl  6V2 V2  \2
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Exercises 12.4

Cross Product Calculations 7.ou=—8i—2j—4k, v=2i+2j+k

In Exercises 1-8, find the length and direction (when defined) of 3 |

u X vandv X u 8. =§i*§j+k, v=i+j+2k

LLu=2i—-2—k v=i—Kk

2.u=2i+3), v=-i+]j In Exercises 9-14, sketch the coordinate axes and then include the
Jou=2-2j+4k, v=—-i+j—2k vectors u, v, and u > v as vectors starting at the origin.
4du=i+tj—k v=0 9. u=i, v=j 10, u=i—-k v=j

5 u=2, v=-3j ILu=i—-k v=j+k 12.u=2i—j, v=i+2

6 u=ixXj v=jxk B.u=i+j v=i—j 4. u=j+2k v=i

Triangles in Space
In Exercises 15-18,

a. Find the area of the triangle determined by the points P, O,
and R.

b. Find a unit vector perpendicular to plane POR.
15. P(1,—-1,2), Q(2,0,—1), R(0,2,1)
16. P(1,1,1), 0(2,1,3), R(3,-1,1)
17. P(2,—2,1), QO(3,—1,2), R(3,-1,1)
18. P(=2,2,0), Q(0,1,—1), R(—1,2,-2)

Triple Scalar Products

In Exercises 19-22, verify that (u X v)-w = (v X w)-u =
(w X u)-v and find the volume of the parallelepiped (box) deter-
mined by u, v, and w.

u v w
19. 2i 2 2k
20 i—j+k 2+ j — 2k —i+2j—k
21 2i + j 2i—j+k i+ 2k
22,0 +j -2k -i—k 2i + 4j — 2k

Theory and Examples

23, Parallel and perpendicular vectors Letu =5 —j + kv =
j — Sk,w = —15i + 3j — 3k. Which vectors, if any, are (a) per-
pendicular? (b) Parallel? Give reasons for your answers.

24. Parallel and perpendicular vectors Let u=1i+ 2j — Kk,
v=—-it+tjt+k w=i+tk r=—(7/2)i— @+ (7/2)k
Which vectors, if any, are (a) perpendicular? (b) Parallel? Give
reasons for your answers.
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Area of a Parallelogram

Find the areas of the parallelograms whose vertices are
given in Exercises 35-40.

35. 4(1,0), B(0,1), C(=1,0), D(0,—1)

36. 4(0,0), B(7,3), C(9,8), D(2,5)

37. A(-1,2), B(2,0), C(7.1), D(4,3)

38. A(—6,0), B(1,—4), C(3,1), D(—4,5)

39. 4(0,0,0), B(3,2,4), C(5,1,4), D(2,—1,0)
40. A(1,0,—1), B(1,7,2), C(2,4,—1), D(0,3,2)

Area of a Triangle

Find the areas of the triangles whose vertices are
given in Exercises 41-47.

41. 4(0,0), B(=2,3), C(3,1)

42. A(-1,-1), B(3,3), C2,1)

43. A(—5,3), B(1,-2), C(6,-2)

44. A(—6,0), B(10,-5), C(—2,4)
45. 4(1,0,0), B(0,2,0), C(0,0,—1)
46. 4(0,0,0), B(—=1,1,—1), ((3,0,3)
47. A(1,—1,1), B(0,1,1), C(1,0,—1)

48. Find the volume of a parallelepiped if
four of its eight vertices are 4(0, 0, 0),

B(1,2,0), C(0, —3,2), and D(3, —4, 5).



2.8 Lines and Line Segments in Space

In the plane, a line is determined by a point and a number giving the slope of the line. In

space a line is determined by a point and a vector giving the direction of the line.

A vector equation for the line L through Py(xy, yy, zo) parallel to v is

r(t) = ro + tv, —00 < ¢ < 00,
where r is the position vector of a point P(x, y, z) W 13[}7“, Yo» 20)
on L and ro is the position vector of Po(xo, vo, z0). M

—

Y

X
The standard parametrization of the line through Py(xy, yy, 7o) parallel to
v=vii+t wnj+ vik 1s

X=x0ttv,, y=yotitvy z=2zp+ 1ty —00 <<
EXAMPLE 1  Find parametric equations for the line through (-2, 0, 4) parallel to
v =20+ 4j — 2K

Solution  With Pgy(xg, vo,zo) equal to (—2,0,4) and wvii + v»j + vk equal to
2i +4j — 2k

x= -2+ 2t y = 4, z =4 — 2t. \
N
4l tr=0
2 P(0, 4, 2)
0 N> = 1
2
4

v=2i+4j—2k

28



EXAMPLE 2  Find parametric equations for the line through P(—3,2, —3) and
(1, —1,4).

Solution  The vector
PO = (1= (=3))i + (=1 = 2)j + (4 = (=3))k
= 4i — 3j + 7k
Then, with (Xo,Y0,20)=(-3,2,-3), the parametric equations are
x=-34+4, y=2-3t, z=-3+Tt
We could have chosen O(1, —1, 4) as the “base point” and written
x =1+ 4¢, vy =—1— 3t z=4 + 7t.

These equations serve as well as the first; they simply place you at a different point on the
line for a given value of ¢. |

Parametrization a line segment joining two points

To parametrize a line segment joining two points, we first parametrize the line through
the points. We then find the t-values for the endpoints and restrict t to lie in the closed
interval bounded by these values. The line equations together with this added restriction
parametrize the segment.

EXAMPLE 3  Parametrize the line segment joining the points P(—3,2, —3) and
(1, —1,4)

Solution ~ We begin with equations for the line through P and @, taking them, in this
case, from Example 2:

x = —3 + 44, v =2 — 31, z=—3+ 7t

Q(]’_174) Z

We observe that the point
(x,y,z) = (=3 + 44,2 — 3t,—3 + Tt)
on the line passes through P(—3,2, —3) att = 0

and O(1, —1,4) at t = 1. We add the .
=

restriction 0 = ¢ = 1 to parametrize the segment: ' P(-3,2,-3)

x = —3 + 44, y =2 — 3t z= =3+ T, 0=t=1. [ |

29



The Distance from a Point to a Line in Space

Distance from a point S to a line through point P parallel to v is:

|PS X V|
d=——FT"—"
M
EXAMPLE 5  Find the distance from the point S(1, 1, 5) to the line
L: x=1+1 y=3—-1, z = 2t.

Solution ~ We see from the equations for L that L passes through P(1, 3, 0) parallel to
v =1 —j + 2k With

PS=(1—-1i+(1-3)j+(5-0k=—2j+ 5k
i j ok

PSXv=10 —2 5| =1i+S5j+2k
1 -1 2

d_IES'XVI_\/1+25+4_\/30_\f5
[v] Vi+1+4 Ve

An Equation for a Plane in Space

The plane through Py(xo, yo, zo) normal ton = 4i + Bj + CKk has

Vector equation: n -P?P =0
Component equation: A(x — x¢) + B(y — y9) + C(z — z9) = 0
Component equation simplified: Ax + By + Cz = D, where

D = Axg + Byy + Czg

EXAMPLE 6  Find an equation for the plane through Py(—3, 0, 7) perpendicular to
n=5i+2j - k.

Solution  The component equation is
5= (=3) +2(y—0) + (=1)(z—7) = 0.
Simplifying, we obtain

Sx+ 15+ 2y —z4+7=0
Sx + 2y —z = —22. |
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EXAMPLE 7  Find an equation for the plane through A4(0, 0, 1), B(2, 0, 0), and C(0, 3, 0).

Solution ~ We find a vector normal to the plane and use it with one of the points (it does
not matter which) to write an equation for the plane.
The cross product

i j Kk
ABXAC=12 0 —1| =3i+2j+ 6k
0 3 -1

1s normal to the plane. We substitute the components of this vector and the coordinates of
A(0, 0, 1) into the component form of the equation to obtain

3x—0)+2(y—0)+6(z—1)=0
3x + 2y + 6z =6. u

Lines of Intersection

Two planes are parallel if and only if their normals are
parallel, or n;=kn, for some scalar k. Two planes that

are not parallel intersect in a line.

0,

X

n, Xn, %
1% 0, N
b

EXAMPLE 8 Find a vector parallel to the line of intersection of the planes
3x— 6y —2z=15and2x + y — 2z =

Solution: The line of intersection of two planes is perpendicular to both planes’ normal
vectors n; and ny and therefore parallel to n; x n,. Turning this around, Ny X nyis a
vector parallel to the planes' line of intersection. In our case,

i i k
n Xm=1|3 -6 -—-2|=14i+ 2j+ 15k.
2 |
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EXAMPLE 9 Find parametric equations for the line in which the planes
3x — 6y — 2z = 15and 2x + y — 2z = 5 intersect.

Solution ~ We find a vector parallel to the line and a point on the line and use

Example 8 identifies v = 14i + 2j + 15k as a vector parallel to the line. To find a
point on the line, we can take any point common to the two planes. Substituting z = 0 in
the plane equations and solving for x and y simultaneously identifies one of these points as
(3, —1, 0). The line is

x =3 + 144, y=—-1+2t, z = 15¢.

The choice z = 0 is arbitrary and we could have chosen z = 1 or z = —1 just as well. Or
we could have let x = 0 and solved for y and z. The different choices would simply give
different parametrizations of the same line. |

EXAMPLE 10  Find the point where the line

x=§+2f, v = =21,

Il
+

81

intersects the plane 3x + 2y + 6z = 6.

Solution  The point

(% -2 1+ :)

lies in the plane if its coordinates satisfy the equation of the plane, that is, if

3(% + 2r) + 2(=2t) + 6(1 +¢) =6

8+ 6t—4t+6+606=06
8t = =8
t=—1.

The point of intersection is

8 2
(xaysz)|!:*] = (E - 25 2:] - ]) = (§3 250) u
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Exercises 12.5

Lines and Line Segments
Find parametric equations for the lines in Exercises 1-12.

1.

[=XNY B NS R ]

-

10.

11.

. The line

The line through the point P(3, —4, —1) parallel to the vector
itjt+k

. The line through P(1, 2, —1) and O(—1,0, 1)

. The line through P(—2, 0, 3) and Q(3, 5, —2)

. The line through P(1, 2, 0) and O(1, 1, —1)

. The line through the origin parallel to the vector 2j + k

. The line through the point (3, —2,1) parallel to the line

x=1+2,y=2—tz=73t

. The line through (1, 1, 1) parallel to the z-axis
8. The line

through
Ix+ 7y — 5z =21

(2,4,5) perpendicular to the plane

through (0, —7,0) perpendicular to the plane
x+2y+2z=13

The line through (2, 3, 0) perpendicular to the vectors u = i +
2j + 3kandv = 3i + 4j + 5k

The x-axis 12. The z-axis

Find parametrizations for the line segments joining the points in Exer-
cises 13-20. Draw coordinate axes and sketch each segment, indicat-
ing the direction of increasing ¢ for your parametrization.

13. (0,0,0), (1,1,3/2) 14. (0,0, 0), (1,0,0)
15. (1,0,0), (1,1,0) 16. (1, 1,0), (1,1, 1)
17. (0,1, 1), (0,—1,1) 18. (0, 2,0), (3,0,0)
19. (2,0,2), (0,2,0) 20. (1,0,—1), (0,3,0)
Planes

Find equations for the planes in Exercises 21-26.

21.
22,

23,
24.
25.

26.

27.

28.

The plane through Py(0, 2, —1) normalton = 3i — 2j — k
The plane through (1, —1, 3) parallel to the plane

x+y+z=7

The plane through (1, 1, —1),(2,0,2), and (0, =2, 1)
The plane through (2, 4, 5), (1, 5,7), and (—1, 6, 8)
The plane through Py(2, 4, 5) perpendicular to the line

x=5+t y=1+3 z=4

The plane through A(1, —2, 1) perpendicular to the vector from
the origin to 4

Find the point of intersection of the lines x = 21 + 1, y = 31 + 2,
z=4i+3, and x=s5s+2,y=2s+4 z=—4s — 1, and
then find the plane determined by these lines.

Find the point of intersection of the lines x =1, y = —t + 2,
z=t+ l,andx =2s + 2, y =5 + 3, z = 55 + 6, and then
find the plane determined by these lines.

In Exercises 29 and 30, find the plane determined by the intersecting

lines.

29 Ll:x=—-14+1t y=2+1t z=1—-1 —00<pt<
L2:x=1—4s, yv=1+2s, z=2—25;, —00 <5<

30. Ll:x=4¢ y=3-3t, z=-2-—1 —-oc0o<(<x
L2:x=1+s, v=4+s z=-1+g —00<g<

31. Find a plane through Py(2, 1, —1) and perpendicular to the line of

32,

intersection of the planes 2x + y —z =3, x + 2y + z = 2.

Find a plane through the points Pi(1,2, 3), P5(3,2, 1) and per-
pendicular to the plane 4x — y + 2z = 7.

Intersecting Lines and Planes
In Exercises 53-56, find the point in which the line meets the plane.

53.x=1—-t¢ y=3t, z=1+1t 2Xx—y+3z=6
54. x=2, y=3+2t, z=-2-2t 6x+ 3y—4z=—-12
55.x=1+4+2, py=1+5, z=3t; x+y+z=2
56. x=—1+3, y=-2, z=5; 2x—3z=17

Find parametrizations for the lines in which the planes in Exercises
57-60 intersect.

5. x+y+z=1, x+y=2

S8.3x —6y—22=3, 2x+y—2z=2

9. x—2vy+4=2, x+ty—2z2=5

60. 5x — 2y =11, 4y —52=-—-17

Given two lines in space, either they are parallel, or they intersect, or
they are skew (imagine, for example, the flight paths of two planes in
the sky). Exercises 61 and 62 each give three lines. In each exercise,

determine whether the lines, taken two at a time, are parallel, intersect,
or are skew. If they intersect, find the point of intersection.

61. Ll:x=3+2t, yv=—1+4, z=2—1¢
L2:x=1+4s,y =1+ 25,z = =3 + 4s;
L3:x=3+2ry=2+r z=-2+2n

—00 < << @
—00 < 5§ < QO

—00 < p < 00

62. Ll:x=1+2t, y=-1—14( z=3 —-00<f<™®
L2:x=2—35, y=3s, z=1+s5 —00<5g<x
L3:x=5+2r, y=1—r, z=8+3r, —0<pr<x®

Theory and Examples

63. Use Equations (3) to generate a parametrization of the line
through P(2, —4, 7) parallel to v; = 2i — j + 3k. Then generate
another parametrization of the line using the point Po(—2, =2, 1)
and the vector v, = —i + (1/2)j — (3/2)k.

64. Use the component form to generate an equation for the plane
through P((4, 1, 5) normal to n; = i — 2j + k. Then generate

another equation for the same plane using the point P»(3, —2, 0)
and the normal vector my = ~V2i + 2\[2j - VK.

65. Find the points in which the line x =1+ 21,y = -1 — 1,
z = 3t meets the coordinate planes. Describe the reasoning be-
hind your answer.

66. Find equations for the line in the plane z = 3 that makes an angle
of 77/6 rad with i and an angle of 77/3 rad with j. Describe the rea-
soning behind your answer.

67. Isthelinex = 1 — 2,y = 2 + 51,z = —3¢ parallel to the plane
2x + y — z = 87 Give reasons for your answer.



