Example : A dam section is shown in Figure. The hydraulic conductivity of the permeable layer in the vertical and horizontal directions are 2 × 10-2 mm/s and 4 × 10-2 mm/s, respectively. Draw a flow net and calculate the seepage loss of the dam in m 3 /day/m. 
Solution From the given data, kz = 2×10-2 mm/sec = 1.73 m/day, kx = 4×10-2 mm/sec = 3.46 m/day And H = 20m. For drawing the flow net, 
[image: ]
[image: ]
[image: ]
On the basis of this, the dam section is replotted, and the flow net drawn as in Figure (b). 
The rate of seepage is given by
[image: ]
From Figure (b), Nd = 8 and Nf =2.5 (the lowermost flow channel has a width-tolength ratio of 0.5). So,
[image: ]
Seepage through an Earth Dam 
[bookmark: _GoBack]Flow through earth dams is an important design consideration. We need to ensure that the pore water pressure at the downstream end of the dam will not lead to instability and the exit hydraulic gradient does not lead to piping. The major exercise is to find the top flow line called the "phreatic surface". The pressure head on the phreatic surface is zero, Figure
[image: ]Flow through an earth dam constructed over an impervious base.
Casagrande (1937) showed that the phreatic surface can be approximated by a parabola. The slop of the free surface can be assumed to be equal to the hydraulic gradient (at c):
[image: ]
Considering the triangle cde, we can give the rate of seepage per unit length of the dam (at right angle to the cross section shown in Figure  as:
[image: ]
Again, the rate of seepage (per unit length of the dam) through the section bf is
[image: ]
[image: ]
Following is a step-by-step procedure to obtain the seepage rate q (per unit length of the dam): 
Step 1: Obtain α. 
Step 2: Calculate Δ (see Figure) and then 0.3Δ. 
Step 3: Calculate d. Step 4: With known values of α and d, calculate L from Eq. 
Step 5: With known value of L, calculate q.
 Example : Refer to the earth dam shown in Figure 8.13. Given that β = 45°, α = 30°, B = 10 m, H = 20 m, height of dam = 25 m, and k = 2 × 10-4 m/min, calculate the seepage rate, q, in m 3 /day/m length
[image: ]
Solution We know that β = 45o and α= 300 . Thus,
[image: ]
[image: ]
[image: ]
[image: ]
Earth Dam with Drainage Blanket 
Because the exit hydraulic gradient is often large, drainage blankets are used at the downstream end of dams to avoid piping. Seepage is controlled by the gradation of the coarse-grained soils used for the drainage blanket.
[image: ]
A horizontal drainage blanket at the toe of an earth dam
The flow through the dam shown in Figure above is; (through ce):
[image: ]
From the geometry of the basic parabola: zo = 2xo and the slope of the basic parabola *
[image: ]
Therefore, the flow through a dam with a horizontal drainage blanket is
[image: ]
Example A homogeneous anisotropic embankment dam section is detailed in Figure , the coefficients of permeability in the x and z directions being 4.5 × 10-8 and 1.6 × 10-8 m/sec, respectively. Construct the flow net and determine the quantity of seepage through the dam. What is the pore water pressure at point F?
[image: ]
[image: ]
Solution The scale factor for transformation in the x-direction i
[image: ]
The equivalent isotropic permeability is;
[image: ]
The section is drawn to the transformed scale as in Figure (b)
[image: ]
Substituting these coordinates in the equation of base parabola:
[image: ]
Phreatic surface Using the equation of basic parabola to draw the phreatic surface:
[image: ]
The basic parabola is plotted in Figure (b). The upstream correction is made and flow net completed. In the flow net we have: Nf = 3.8 , Nd =18 Hence;
[image: ]
The quantity of seepage can also be determined from
[image: ]
Control of Piping Where high hydraulic gradients exist there is a possibility that the seeping water may cause internal erosion within the soil. Erosion can work its way back into the soil creating voids in the form of channels or "piping". In order to increase the factor of safety against piping, two methods can be adopted: 1. The first procedure involves increasing the depth of the sheet pile at the top of the dam. This will increase the length of flow path resulting in drop in the pore pressure at the critical section. 2. The second procedure is to place a surcharge or filter on the top of the downstream side, the weight of which increases the downward force. 
Filter Design When seepage water flows from a soil with relatively fine grains into a coarser material, there is danger that the fine soil particles may wash away into the coarse material. Over a period of time, this process may clog the void spaces in the coarse material. Hence, the grain-size distribution of the coarse material should be properly manipulated to avoid this situation. For proper selection of the filter material, two conditions should be kept in mind: 1. The size of the voids in the filter material should be small enough to hold the larger particles of the protected material in place. 2. The filter material should have a high hydraulic conductivity to prevent building of large seepage forces and hydrostatic pressure in the filters. Terzaghi and Peck (1948) provided the following criterion to satisfy condition (1)
[image: ]
In order to satisfy condition (2), they suggested that;
[image: ]
Transient Systems and Groundwater Storage

How does the mass of water stored in an aquifer change?
Confined Aquifer – Compression of both the material and the water
Unconfined Aquifer – Water drains out pores at the water table when the water table drops and fills pores when the water table rises. The change in store from compression is negligible.
The time derivative or change in storage term may be written as:
[image: ]
Overall definition: Ss, specific storage, (1/L) of a saturated aquifer is the volume that a unit volume of aquifer released from storage for a unit decline in the head. (Volume per head change).
Confined Aquifers:
[image: ]
For a confined aquifer we must consider compressibility. How can a reduction in aquifer volume occur?
* Compression of the individual grains or rock skeleton (assumed negligible – individual grains are incompressible).
* Rearrangement of the grains – more compact.
* Compression of the water in the pores.
* We will get Ss = ρgα + ρgβn Stress at any depth is due to:
Total stress is acting downward on a plane. σT = weight of rock and weight of water
Some of the stress is borne by rock skeleton; some by water. σT = σe + P → effective stress (borne by rock) + fluid pressure When pumping an aquifer the change in stress is:
dσT =dσe + dP
[image: ]
But the weight of overlying water and rock is essentially constant over time. So the change in total stress is zero.
[image: ]
Fluid pressure decreases, the stress on the grains becomes greater (imagine we took away the fluid). Fluid pressure controls the volumetric deformation.
[image: ]
If pumping increases, the head goes down, and the effective stress goes up. Consider what happens when σe goes up.
Water Produced from Aquifer Compaction
Aquifer compressibility, α, [L 2 /M] is defined as follows (corresponds to shifting of grains and reduction in porosity.
[image: ]
Vt is the original volume (thickness) dVt is the change in volume (thickness)
dσe is the change in effective stress Aquifer gets smaller with an increase in effective stress. Consider a unit volume Vt = 1.
αdσe = - dVt
The volume of water pumped that comes from aquifer compaction:
We also know that the change in the volume of water produced by aquifer compaction must
equal the volume of water and sand accounting for the reduction.
[image: ]
For a unit decrease in the head due to pumping dh = -1
[image: ]
because this is for a unit decrease in the head, this is a component of our Ss, specific storage.
Water Produced by the Expansion of Water:
We can also define fluid compressibility
[image: ]
β is the fluid compressibility - compressibility of water. n is the porosity (volume of water is total volume times n). So, for a unit total volume, n Vt = n(1) = n
[image: ]
For a unit decline in the head, dh = -1,
[image: ]
Specific Storage is the sum:
[image: ]
It has units [L -1 ]. It is volume produced per aquifer volume per head decline.
* First term is from aquifer compressibility.
* Second term is from water expansion.
Let’s return to the flow equation (time derivative term):
[image: ]
The total change in mass with time is due to:
* A change in density with time term associated with water compressibility.
* A change in porosity with time term associated with the compressibility of the aquifer.
Our analysis of “where water from storage comes from” gives a term involving
Ss = ρg(α + βn)
to replace the change in mass with time term above. Going back to the continuity equation:
[image: ]
Rate of Change of Mass stored:
[image: ]
Substituting in for Darcy’s law, pulling out K (homogeneous, optional), and substituting for the storage terms, we obtain:
[image: ]
Note storage term must convert a volume produced to a mass produced, so multiply by ρ.
Cancel first ρ, giving our final confined flow equation as:
[image: ]
Summary of Storage Mechanisms – Confined Aquifer
Water is released from storage during a decrease in h by two mechanisms:
*Compaction of aquifer caused by increasing effective stress and rearrangement of grains.
* Expansion of water caused by decreasing fluid pressure.
This gives rise to a specific storage coefficient with two terms and a function of α and β.
[image: ]
Where does stored water come from in confined aquifers?
Assume: Ss = ρg(α + βn)
* 10 ft of drawdown (reduction in head).
* Porosity of 30%
[image: ]
[image: ]
With more realistic porosities, results are similar
[image: ]
Key Equations for a confined aquifer:
• 3D flow equation, Homogeneous Isotropic
[image: ]
3D Heterogeneous, Anisotropic
[image: ]
3D Heterogeneous, Isotropic
[image: ]
[image: ]
For steady state:
* No water from storage.
* S values don’t matter.
2D Flow Equation:
• Confined aquifer, homogeneous, isotropic.
[image: ]
• Confined aquifer, Heterogeneous, Anisotropic
[image: ]
• Confined aquifer, Heterogeneous, Isotropic
[image: ]
• Confined aquifer, Homogeneous, Anisotropic
[image: ]
Numerical Modeling of Groundwater Flow
Simulation: The prediction of quantities of interest (dependent variables) based upon an equation or series of equations that describe system behavior under a set of assumed simplifications.
Groundwater Flow Simulation:
Predict hydraulic heads (1D, 2D, 3D)
For particular conditions – confined, unconfined, isotropic, anisotropic, homogeneous,
heterogeneous, infinite, finite, steady, transient.
Varying levels of complexity:
- Analytic solutions
Advantages: exact, simple, cheap, can provide sufficient insight
- Analog simulation
- Physical models – scale models of aquifers
- Numerical Simulation
Numerical Simulation:
Given a PDE and appropriate ICs and BCs.
Discretize the system.
Approximate the PDE corresponding to the discretization.
Solve the approximated PDE on a computer.
Commonly finite differences or finite elements for GW flow.
Advantages: can handle complex geometries, ICs, and C conditions; can be used for
non-linear systems.
Beware of the term “Model” and how it is used
* “A model should be used as simply as possible.
* Mathematical “model” – a PDE
* Numerical “model” – a particular technique is applied
* Computer or simulation “model” – a code
Finite Differences:
A numerical method that approximates the governing PDE by replacing the
derivatives in the equation with their respective difference representations.
The procedure involves Grid (or Mesh) and Equation.
Grid – a representation of the physical domain that enables one to account
for the boundaries and internal features.
[image: ]
Equation – Difference Approximation of Derivatives
[image: ]
Approximating the Time Derivative:
[image: ]
[image: ]
where,
n = the current time step index. Δt = time step.
i,j = x and y coordinate indices Approximating the Space Derivatives:
Consider a 2D discretization, if we assume that the grid spacing in the x-direction and y-direction are the same, our discretized grid for an internal node will be:
[image: ]
In the x-direction:
Approximate derivative at location hi,j:
[image: ]
Approximate the second spatial derivative at i, j as follows:
[image: ]
We can approximate the first spatial derivative at i-1/2, j and i+1/2,j as follows:
[image: ]
Substitute the above equations to obtain:
[image: ]
In the y-direction:
[image: ]
Combining Flow Equation Terms:
[image: ]
For the backward difference time derivative (note: all left-hand side values of h are for time = n-1)
[image: ]
If Δx and Δy are equal – this is the finite difference groundwater flow equation
[image: ]
What does the finite-difference equation indicate for steady state conditions?
[image: ]
[image: ]
The value of head at the node is the average of the surrounding nodes (for steady-state isotropic homogeneous case)
Consider the 1D steady-state flow equation with a sink is:
[image: ]
[image: ]
[image: ]
The nodal finite difference equation is:
[image: ]
[image: ]
[image: ]
The system of finite-difference equations consists of 3 equations and 3 unknowns
[image: ]
Or in coefficient matrix form
[image: ]
Or in matrix notation, it can be written as
Ah = b'
A is the matrix of difference coefficients h is the vector of unknown heads.
b' is the RHS vector of known quantities A computational linear solve yields the vector h:
[image: ]
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