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THE RETRACTION

DEFINITION:

A subset 𝐴 of a topological space 𝑋 is called a retract of 𝑋, if there exists a continuous map 𝑟: 𝑋 → 𝐴 such
that 𝑟 ∘ 𝑖 = ℐ𝐴: 𝐴 → 𝐴, i.e. 𝑟 𝑎 = 𝑎, for all 𝑎 ∈ 𝐴. We call 𝑟 a retraction.

Example:

Recall, 𝐷𝑛 ≃ {𝑥0}. The constant map 𝐶:𝐷𝑛 → {𝑥0} form a retraction and {𝑥0} is a retract of 𝐷𝑛.
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THE STRONG DEFORMATION RETRACT

DEFINITION:

A subset 𝐴 of a topological space 𝑋 is called a strong deformation retract of 𝑋, if there exists a
retract 𝑟: 𝑋 → 𝐴 such that 𝑖 ∘ 𝑟 ≃ ℐ𝑋: 𝑋 → 𝑋. We call 𝑟 a strong deformation retraction.

Example:

Recall, 𝐷𝑛 − 0 ≃ 𝑆𝑛−1. the map 𝑟: 𝐷𝑛 − {0} → 𝑆𝑛−1that defined as; 𝑟 𝑥 =
𝑥

𝑥
, for all 𝑥 ∈ 𝐷𝑛 − 0

form a strong deformation retract
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THE STRONG DEFORMATION RETRACT

DEFINITION:

A topological space 𝑋 is called contractible to a point, if there exists a point 𝑥0 ∈ 𝑋 such that {𝑥0}
is a strong deformation retract of 𝑋, i.e. the constant map 𝐶: 𝑋 → 𝑥0 is a strong deformation
retraction (𝑖 ∘ 𝐶 ≃ ℐ𝑋: 𝑋 → 𝑋).

Example:

Recall, {𝑥0} is a strong deformation retract of 𝐷𝑛, that is, 𝐷𝑛
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EXERCISES:

Exercise 1:

Prove that, The circle 𝑆 = (𝑥1, 𝑥2, 0) ∈ ℝ3 𝑥1
2 + 𝑥2

2 = 1} is a strong deformation retract of the
cylinder 𝐶 = (𝑥1, 𝑥2, 𝑥3) ∈ ℝ3 𝑥1

2 + +𝑥3
2 = 1 𝑎𝑛𝑑 − 1 ≤ 𝑥3≤ 1}

Exercise 2:

A space 𝑋 is contractible if, and only if, the identity map ℐ𝑋: 𝑋 → 𝑋 is null homotopic.

Exercise 3:

Every contractible space is path connected.
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EXERCISES:

Exercise 1:
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THANK YOU FOR YOUR ATTENTION


