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Definition:

Two continuous maps 𝑓, 𝑔: 𝑋 → 𝑌 from a topological space 𝑋 into

a topological space 𝑌, are said to be homotopic and denoted by 𝑓

≃ 𝑔 if, there exists a continuous map 𝐻:𝑋 × 𝐼 → 𝑌, where 𝐼 = [0,1]

is the unit interval, satisfied for every 𝑥 ∈ 𝑋:

• 𝐻(𝑥, 0) = 𝑓 𝑥 ;

• 𝐻 𝑥, 1 = 𝑔 𝑥 .



We call 𝑯 a homotopy from 𝑓 to 𝑔 and denoted by 𝐻: 𝑓 ≃ 𝑔.

Note:

To better visualize the geometric content of the definition:

✓ Write 𝐻𝑡 𝑥 = 𝐻(𝑥, 𝑡), for any (𝑥, 𝑡) ∈ 𝑋 × 𝐼.

✓ Then 𝐻𝑡: 𝑋 → 𝑌 is a continuous map s.t. 𝐻0 = 𝑓 and 𝐻1 = 𝑔 .

✓ We usually think of the parameter 𝑡𝜖𝐼 as time and the homotopy

𝐻𝑡 as a continuous deformation of a map.
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Fixed 𝑥 ∈ 𝑋 , the homotopy 𝐻: 𝑓 ≃ 𝑔 ,

define a path 𝑝𝑥: 𝐼 → 𝑌 as;

𝑝𝑥 𝑡 = 𝐻 𝑥, 𝑡 , for all 𝑡 ∈ 𝐼.

Notice that, 𝑝𝑥 is a continuous map as the

following commutative diagram:

𝐼
≅

𝑥 × 𝐼
𝑖
𝑋 × 𝐼
↓ 𝐻
𝑌

𝑝𝑥

In fact, 𝑝𝑥 0 = 𝑓(𝑥) and 𝑝𝑥 1 = 𝑔 𝑥 .

(𝑥, 0)

(𝑥, 1)
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Exercise:

The relation ≃, is an equivalence relation on the set of all continuous maps from a

topological space 𝑋 into a topological space 𝑌.

That is;

✓ ≃ is reflexive; (𝐻: 𝑓 ≃ 𝑓, defined as; 𝐻 𝑥, 𝑡 = 𝑓 𝑥 , ∀ (𝑥, 𝑡) ∈ 𝑋 × 𝐼).

✓ ≃ is symmetric; (If 𝐻: 𝑓 ≃ 𝑔, define 𝐺: 𝑔 ≃ 𝑓 as; 𝐺 𝑥, 𝑡 = 𝐻 𝑥, 1 − 𝑡 , ∀(𝑥, 𝑡) ∈ 𝑋

× 𝐼), and;

✓ ≃ is transitive; (𝐻: 𝑓 ≃ 𝑔 and G: 𝑔 ≃ ℎ, define 𝐹: 𝑓 ≃ ℎ as;

𝐹 𝑥, 𝑡 = ൞
𝐻 𝑥, 2𝑡 ; 0 ≤ 𝑡 ≤

1

2

𝐺 𝑥, 2𝑡 − 1 ;
1

2
≤ 𝑡 ≤ 1

.

Due ≃, the equivalence classes are called homotopy classes. Prof. Dr. Hana’ M. Ali
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Theorem:

The compositions of homotopic maps are homotopic.

Proof: Suppose we have the following continuous maps 𝑓1, 𝑓2: 𝑋 → 𝑌 and

𝑔1, 𝑔2 ∶ 𝑌 → 𝑍 such that 𝐻: 𝑓1 ≃ 𝑓2 and G: 𝑔1 ≃ 𝑔2. Wanted,

𝑔1 ∘ 𝑓1 ≃ 𝑔2 ∘ 𝑓2.
Define 𝐹 ∶ 𝑋 × 𝐼 → 𝑍 as;

𝐹 𝑥, 𝑡 = ൞
𝑔1 ∘ 𝐻 𝑥, 2𝑡 ; 0 ≤ 𝑡 ≤

1

2

𝐺 𝑓2 𝑥 , 2𝑡 − 1 ;
1

2
≤ 𝑡 ≤ 1

;

As a homework, show that 𝐹is continuous. In fact ;

𝐹 𝑥, 0 = 𝑔1 ∘ 𝐻 𝑥, 0 = 𝑔1 ∘ 𝑓1(𝑥) and;

𝐹 𝑥, 1 = 𝐺 𝑓2 𝑥 , 1 = 𝑔2 ∘ 𝑓2(𝑥).
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Examples:

1. Every two continuous maps 𝑓, 𝑔: 𝑋 → ℝ𝑛 from a topological space 𝑋 into the

Euclidean space ℝ𝑛 are homotopic. In fact, 𝐻: 𝑓 ≃ 𝑔 defined as:

𝐻 𝑥, 𝑡 = 1 − 𝑡 . 𝑓(𝑥) + 𝑡. 𝑔(𝑥), for all, (𝑥, 𝑡) ∈ 𝑋 × 𝐼.

2. If 𝑆 is a convex subset of ℝ𝑛, then every two continuous maps 𝑓, 𝑔: 𝑋 → 𝑆 are

homotopic.

3. If 𝑌 is indiscrete topological space (i.e. 𝑇 = {∅, 𝑋}), then every two maps

𝑓, 𝑔: 𝑋 → 𝑌 are homotopic.
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