Differential equation

Classification and verification

Definition :- differential equation is an equation that contains derivatives of an
unknown variable.

y'=x+y, y+x+4=0

Classification of DE

/\

Order Degree

type Highest derivative Highest power for Linearity
highest derivative

1- Must not raised to
power
2- Must not multiplied

Ordinary Partial with each other
3- Must not inside
function

Verification
Verify that the given function is a solution to the DE.

yn_4y1+3y=0’ y:eSX



1- Solution of 1% order DE,
A- Separable DE

Separable equation

f_dx _ e -
Ify' = ™ f(x).f(y) Ory o then the DE is separable

Steps of solution

-y =f(x).90)
2 = =f@).90)
d
- Ti) = f(x)dx

4-fd—y=ff(x)dx+c

g9x)
Ex. Find the general solution of y’' = —2xy?
Sol.
dy
— =2 2
dx Xy
d
y—}zl= —2xdx, jy‘zdy = j—Zxdx
—y ' =—x2+c implicit solution
1 . ] .
y=az explicit solution
Ex
dy 4y .
dx x sol.y = x*.¢;
EX

dy_<2y+3>2
dx \4x+5



dy B dx
(2y +3)2  (4x +5)2

dy B dx
J 2y +3)2 f (4x + 5)2

2y+3)"t (4x+5)71
5 = ) +c

Ex.y' = xe**¥
Sol.

eV =—xe*+e*—c, y=—-In(xe*+e*—-c)

2- Homogenous DE
Steps

2- Replaced any x = xt, y=yt the equation not change
3- Suppose that y=ux or x=uy

EX.
Solve the DE
(x3 + y3)dx — 3xy?dy =0
Sol
d_y_x3+y3 d_y_t3x3+t3y3_x3+y3
dx  3xy? ’ dx  t.t23xy?2  3xy?2
Use y=ux

dy= xdu+udx sub. in DE
(x3 + u3x®)dx — 3x(u?y?)(xdu + udx) = 0

x3dx + udx3dx — 3x*u’du — 3x3u3dx) = 0



x3dx — 2udx3dx = 3x*u?du
x3(1 = 2u®)dx = 3x*u?du
(1 —2u®)dx = 3xu?du

dx u?du

x (1-2ud)
dx u?du
j? B .]. (1—2u?3)

1

Inx = —Elnll —2ud|+c

3

lnx=%ln|1—2(¥) +c
4- Exact DE
M(x,y)dx + N(x,y)dy =0
Must be
oM _ON
dy 0X
Methods of solution
1- Sum of equation limits
2- d(u(x,y) =0
a—ualx + a—udy =0
d0x ay
EX.
Solve the DE

Cx—y+1dx+QRy—x—1)dy=0
Sol.



oM_oN .
ay ~ox'
1- Sum
2xdx — ydx + dx + 2ydy — xdy —dy = 0
d(x?) +d(y*) + dx — dy = ydx + xdy
d(x®*+y%+x—y) =d(xy)
by integration
x*+y*+x—y=xy+c
x*+y?—xy+x-y=c
ou
2- M= e
By integration
u=x*-—yx+x+c,

N _au 2 1 +c’
- - —_ —_— - -
3y y—X XTCy

~c'y=2y—-1 int. jdy
c, =y*—y+c

c=xi+yi—xy+x—y+c
Ex. Solve the DE.

%dx + (2 +Inlx|)dy =0
Sol.

%dx + y%dy + In|x|dy = 0

3

3
d (y_) = —%dx —In|x|dy - d <y?> = d(—yln|x]) - [



3
y? = —yln|x| + ¢

H.W.e
(2 sin(x) cos(x) + tan(y))dx + xsec?(x)dy = 0
5- Non-Exact DE

M(x,y)dx + N(x,y)dy = 0

oM * oN this N t DE
R & is Non — exca
And find u call the integration factor (IF)

Three cases for [F
i _ 1[omM _oN — of f(x)dx
1f(x)_N[6y 6x_) H=e
z_f(y):l a_N_a_M - M:eff(y)dy

y Lox ady
oM ON

3- f(x;Y) = % - M_ = eff(z)dz. Z=f(x,y)

Ex. Solve the following DE.
(x% 4+ y? + x)dx + xydy = 0
Sol.

oM ON oM _ 9N

— = 2y, —=y,s—%*— N — t DE
5 y 7% =Y 5 # =~ Non — exac

) 1[6M ON 1(2 ) 1
= — = — — = - =
fx Nloy oOx Xy Y=y =y p=e

=e™ =x=]F

[fax — ef%dx

Mult. DE by IF
(x3 4+ xy? + x¥)dx + x?>ydy = 0

6



oM _, ON _ . 0M_0N
dy XY ax VT dy  0x

x3dx + xy?dx + x*dx + x*ydy = 0
x* x3
d (T) +d <?> = —(xy?dx + x*ydy) = —d(x*y?)
X

x3 1
L 242
4+3 2xy+c

Qxy? —y)dx+ (¥ +x+y)dy =0

Sol.
6M_4 . aN_l.antaN
dy =2 ox ' dy T ox
()_1[6N 6M]_ 1 114 )_—2(2xy—1)_—2
At ~ Mlox oyl 2xy?-y XY= y2xy—-1) y
-2
S op=elfoay — TV ey 2
(2 1>d ra+2+hay=o0
x——)dx — +-)dy =
y 2y

oM 1 N 1 oM 0N
dy y2'  ox y?' 9y ox

1 X
u=j(2x+—)dx=x2——+cy
y y

Ju X . x 1 , 1
@=N=F+Cy=1+}7+;_)cy=1+;

1
cyzjl+;dy=y+lny+c
X
u=x2—;+y+lny+c
dxdx — Ydx+dy+ S dy+ Sdy =0
xdx ——dx — —dy =
y Y y? Y yy
dxdx 4+ dy +dy = dx— X d
xdx + dy + —dy = —dx ——dy
y y y?



x
dx*+y+iny)=d (;)

x
x2+y+lny=;+c

6- Linear Differential Equations

The solution method for linear equations is based on writing the equation as
y' Fr()y =qx)

SOLUTION METHOD:

Step 1. Identify and write the equation in the form (1).

Step 2. Calculat
IF = el PMax o p(x) = jp(x)dx

Step 3. Multiply the equation by IF to obtain
IFy" + IFp(x)y = IFq(x)
d(IFy) = IFq(x)
Step 4. The equation in Step 3 implies that

IFy = jIFq(x)dx +C

Example 1. Find the general solution of

¥y +2ry = .

. . P e -2
hix) = [lr‘ dr = x? and ™M™ = 7,



2 1 x =
=" |:EFI +G:| =%+CE_I .

Example 2. Find the solution of the initial-value problem

r*y —ry =1z cos 2z, y(w) =2m.

1

L 2 Iy
Yy ——y=x cos 2,
T

h(z) = f(—lfn"r]d;n =—Inz=Inz"'. Then " =¢*" =1,
r 'y — r %y =1 cos 2r which is the same as [;lt.'_ly]I = x cos 2r.

r_ly:/;rmﬁ.?mdr+(?=%rsin2m+%::m;EI+C

y=ga’sin 2r + 7 cos 2o + Cr.

y(m)=2r implies In°sin2r 4 imcos2r4+Cr = 27

%:lr+(3'?r = 2

i =

] =1

1.9 - 1 . 7
Y= 5;1:?5111 2r+jrcos 2r+ g



7- Bernoulli Equations: The differential equation
y +plr)y=qlx)y”, n#0, n#l
To solve multiply the equation by y " to obtain

y Ty +p()yt " = qx)

The substitution w,v = y1™ w' = (1 — n)y ™y’

1
T,V +P0w = q(orw' + (1 —n)p(x)w = (1 -n)q(x)

A linear equation in w and x

Ex. solve the DE

Sol

Divide the eq. by 2xy

ry Yt

Yy +o—=xy
2

TR

w =yl =yl-(D = 2 w' = 2yy’

1 1
=W+ —w = "+ —w =2
2W +2xW X, w +xW X

IF = e/ P(dx — ef%dx = x

xw' +w = 2x2, d(xw) = 2x?

2 5,
XW =_—-X c
3
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Second order of DE.

DE from second and high order

A
| |

no constant coefficients constant coefficients
Two methods for solve : \ \
( A \ Homogenous nonhomogeneous
Reduction order general formula

1- Constant coefficient (homogenous)
When right side equal to 0 and left side include y and y’
For solve let'ssay y = e™*
We convert the equation into a general equation
EX.
Solve the DE
y"+5y'—6y=0
Sol.
lety =e™,y =me™, y'" =m2e™
m2e™* + 5me™* — 6e™* =0
e™(m?+5m—6) =0
e™(m+6)(m—1)=0m=—-60rm=1

y =ce % + ce*

11



Ex. Solve % +4y =0
Sol.
lety =e™,y" = me™, y" = m2e
m2e™ + 4e™* =0
e™ (m? +4) = 0
m = +2i
m=0+2i
y = e%(¢ysin2x + ¢,c052x)
y = (c18in2x + c,c0s2x)

Ex. Solve y"”" + 6y' + 9y =0

Sol.

let y = emx,y/ = memx’ y” — mzem

m?e™ + 6me™* + 9e™* = (
e™(m?2+6m+9)=0
e™(m+3)(m+3)=0m=-3
y =ce 3 + c,xe 3
Ex. Find solution for DE
y'"+2y"+5y"'=0
Sol.

m3+2m2+5m=0

m(m?+2m+5) =0

12
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y = c;e%% + e ¥ (c,sin2x + c3c052x)
y =c¢; + e *(c,sin2x + c3c052x)

2- Nonhomogeneous

| \

Variation of parameters undetermined coefficient

a- Variation of parameters
y(n) + y(n—l) + -ty =p)
Solution
Y=Y+
v.1s the solution for the homogeneous second order DE
y™ 4 y@M=D 44y =
Ye = C1Y1 T C2Ys
Yp = WY1 T UY>

Ex. Solve the DE by use variation of parameters

y'"+y=-secx
Sol.
y'+y=0
m>+1=0
m? = —1,m = +i,

13



Y, = ¢18inx + ¢,c08x, y; = SInx,y, = Cc0SX
y"' +y =secx

Yp = U1Y1 T UpY?

yi Y2 sinx cosx . 9 2
w=|, r | = ) = —sin“x — cos*x = —1
Vi Y2 cosx —sinx
0 ¥ 0 COSX
Wl = ’ = = —1
p(x) V¥, secx —cosx
V1 0 sinx 0
w, = |7, = = tanx
y1 px) CoSXx secx
Wy
U = | —dx =x
w tanx
U, = | —dx = 1=—ncosx

Vp = xsinx — cosxlncosx
Y =Yc+Yp = ¢18inx + c;cosx + xsinx — cosxlncosx

Ex. Find general solution for
y'" +y = sinbx
Sol.
y'+y=0
m>+1=0

m? =1,m = +1,

X X

Ve = C1e* tce™, yy=e*,y, =e”
y" +y = sinbx

Yp = U1Y1 T UpY;

14



Yi Y2

= l ’ == = -2
Y1 Y2 e* —e™*
0 ¥ 0 e™* o
= ’ = i = — 6
! |p(x) Yo |sm6x —e™ ¢ Tsmbx
w, = | o | = e*sinbx
y 1 p(x) Sm6x
1
U, = f—dx =— —ﬁe ~*(sinbx + 6cos6x)]
f d L % (sinéx — 6cos6 )]
u, = x=-z|-37¢ Sin6bx — 6¢c0s6x

1 -1
Yo =7 (sinbx + 6c0s6x) + 7 (sinbx — 6c0s6x) = ﬁcos6x

6
y=ce¥+ce ™+ ﬁcos6x

b- Undetermined coefficient
y(n) + y(n—l) + -ty =p)
Solution
Y=Yt
v.1s the solution for the homogeneous second order DE
y® 4y 44y =
Ye = C1Y1 T C2Ys
ypis the special solution depended on p(x)
EX.

y// + Zyl _ 3y — Ser

15



Sol.
m>+m—-3=0,(m+3)(m—-1)=0,~m=-3,m=1
Ve = e 3% + e
y" + 2y’ — 3y = 5e%*
Vp = Ae?*,y', = 24e®*,y" ), = 44e**
4Ae** + 4Ae** — 34e** = 5e**
A=1
Ly, =e
y =ce 3 + ce* +e?*

Ex. Find y, for the DE

y_”_|_4_y_y_,=e_2x
X X X
Sol.
yll_yl+4y=xe—2x
Find y,
1 15
m2-—m+4=0 m=-+—1I
2 2
1 V15 V15
VY, = e2 clsln7x+czcosTx

Y' =y +dy=xe™,  f(x)=xe ™
Yp = (A + Bx)e™**
Ex. Find y, for the DE

y' —y=e*+sinx

16



Sol.

y"' —y=e*+sinx, f(x) =e* + sinx
m*—1=0, my,==1
Ve =cie* +ce™
Yp = Axe* + (Bsinx + Lcosx)

Ex. Find y, for the DE

y@® —y =¥ — xe ™™ + 2sinx + x3cosx

Sol.
m*—1=0, m?=+4+1,m=+1,+i
V. = cie* + c,e ™™ + [c3sinx + c,cosx]
y1 = Axe”*
Y, = (B + Cx)xe™
y; = (Dx3 + Ex? + Fx + G)x(Hsinx + Icosx)
ys; = (Dx* + Ex3 + Fx? + Gx)(Hsinx + Icosx)
Yp=Y1+Y2+Ys3
EX.
y' =2y =3y =¢"
Sol.
Y =2-3y=0

-

P l2r—3=(r+1Nr—31=0

17



let,y, = Ae*t,y', = 24e?*t,y", = 4Ae?"
(44e™) =224 ) = 3(4 ™) = &”
—34e" ="
A=-1/3
yp = —1/3e*

Y=Yc+ W
EX.

Y =2y =3y=3r+4r—5
Sol.
y'=2y'=3y=0
rzi2r—3 =‘[r+ I]Er— 3{=[].
ye=Cie" + Cre"
g()=3+4t-5
yp = At*> + Bt + C,y', = 2At + B,y", = 2A
(24) —2(2At+ B) = 3(AF +Bt+ O)=3F +41—5

—34F +(—44-3B)t+(24—-2B-3C)=3r + 41— %

F: 3=-34 A=-1
t: 4=-44-3B — B=0
1: -5=24-2B-3C C=1

y=y.+ Y=Cie'+Ce' =+ 1

18



EX.
y" =2y = 3y = 5co0s(21)
Sol.
y'=2y'—3y=0
P=2r=3=(r+1Nr-31=0
ye=Cie'+Cre’
yp = Acos(2t) + Bsin(2t),y’,, = —2A4sin(2t) + ZBcos(Zt),y”p
= —4Acos(2t) — 4Bsin(2t)

(—4Acos(2f) — 4Bsin(21)) — 2(—2A4sin(21) + 2Bcos(21)) — 3(Acos(2f) +
Bsin(2t)) = Scos(2f)

(—44 — 4B — 34) cos(21) + (—4B + 4 A — 3B)sin(2f) = Scos(2r)

(—7A4 — 4B) cos(21) + (4 A — 7B)sin(2t) = Scos(2¢t) + 0sin(2f)

cos(2t): 5=-TA—-4B — A=-T7/13
sin(21): 0=44-7B — B=-4/13

y=Ce +C,e” —%cns(ﬁ!t}— %sin{Zr}

19



Cauchy-Euler Equations
Definition and Solution Method

1. A second order Cauchy-Euler equation is of the form

ax?y" + a1xy' + agy = g(x)

If g(x) = 0, then the equation is called homogeneous.

2. To solve a homogeneous Cauchy-Euler equation we set y = x™ and
solve for m.

3. The idea is similar to that for homogeneous linear differential equations
with constant coefficients.

Ex. Solve the Initial VValue Problem

2x%y" +xy' —y =0, y(H)=1,y'(1)=2

y=x, v =mx™ L xy =mx™, y' =m(m—1)x™2%,x%y" =m(m—1)x™

2m(m —Dx™+mx™ —xm =0
2m?—-m—-1=0,2m+1)(m—-1) =0

—b++Vb?—4ac 1+vV1+8
My = oa = 2 =1,-1/2

C2
=X +—=

Vx

y =cixt + cx~1/?

Initial value

1=C1+C2

<
I
()

€1 —=CX 2,2=0( 56

20



4- Inhomogeneous Cauchy-Euler equations are solved with Variation
Parameters.

Ex. solve the flowing equation

2
xy' — 2y’ Ty =X
Sol.
x2y" = 2xy' + 2y = x?
Let,
y=x"xy =mx™ x?y" =m(m—1)x™
Sub.
m(m —1)x™ —2mx™ + 2x™ =0
m*—m—-2m+2=0m?>-3m+2=0,my, =12
Ve = C1X + Cpx2

Yo, f(X) = 1, y1 = x,y, = x*

_ )”1 3”2|=|x x2|=x2
Y1 Y2 1 2x
w. =| 0 7 = —x?
! p(x) ¥,
=l Ol
27y p(x)

Wl —x2
U= | —dx= | —dx=—x
w X

21
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Wy
U, = | —dx = Ilnx
w
Y=Y+ ¥ = X + cx? + xinx — x?

Second—Order Differential Equations Reducible to the First Order

Case I: F(x, y', ¥") = 0 — y does not appear explicitly
[Example] y" =y tanh x

[Solution] Sety' =z and y" = Z—i

Thus, the differential equation becomes first order
z' =z tanh x

which can be solved by the method of separation of variables

dz sinhx
— = tanhx dx =
VA coshx

dx

In|z| = In|coshx| + ¢
~ Z = cycoshx, ory' = cycoshx

dy
Tx c;coshx

y = ¢, Sinhx + ¢,

22



Example: Solve V' +2y =4x.

dy d= d~y
z=f(x)=" = <
dx dx e
" ay + 2ﬁ =4x 1sreduced to
H{_{I
ﬂr: - st
- +2z=4x, (Linear 1™ order DE w.r.t =)
where, P(x)=2 and O(x)=4x.
P{x)dx 2alx
U= eI = u= ej =e™".
pz = pQdx +C = e .z=[e™.(4x)dx + C.
.z = [ pQdx + C = e .z=[e™ . (4x)dx + C.
2x 2x x 1 2x 1 2x
= ze =4_fxe dx+C = ze =4 -xe” -—-e]|+C,
1 2 4 1
= ze™* =2xe™ ™ + CI = z=2x-1+Ce™,
1
dy dy 2%
but z==> = o 22y 1+4Ce ™, (Separable DE)
dx dx I
2 1 -2x
= y=x -x—ECle +C2. (G.S)

Case II: F(y, y', y") = 0 — x does not appear explicitly
[Example] y" +y*® cosy =0
[Solution]

set

o _dz _dzdy _ dz __az
z = y' = dy/dx thus, y"’ —5_55_53}’ =37

23



Thus, the above equation becomes a first—order differential equation of z
(dependent variable) with respect to y (independent variable):

dz g — 0
dyZ z>cosy =

which can be solved by separation of variables:

dz
Z—2=cosydy
zl=siny+c¢
_ Y
2=V T

~ (siny + ¢)dy = dx

—cosy+cy+c =x

24



Example: Solve 4y(»")’y" =" +3.

but :=@ = :.£=d_}r.
)

L A4p(3) Y =" +3  isreduced to

4},22(2_{;&] =z*+3.  (Separable DE)
y

-73 - 4
4274z & it ed=hy+C = m(ED)=cC.
43 Y Y

-4 .

- = +3=C1 [where Cl=ef] = z'=Cy-3,
.}_.l'
. dy
- , 1/4 .
= -—(C]} 3. But =z e

dy 1/4

—=(Cy-3) ", (Separable DE)

dx 1

d}’ . =dx — {C .};_3]— ],"4d}: :dx,
(Cy-3" 1
= 2 Ccy-3t=xsc
IC W B 2’
- 3C
or {C'ly—3]3’4=T'(x+C2]. (G.S)

y'=dzdx=dzdydydx=dzdyy =dzdyz

25



Linear systems of DE:-

1- Elimination method

- = D’
dt
dy dx
E = Dy,E = DX,
d?y d?x
7 = 20 " — DZ
dt? D%y, dt? x

Then solve the equations like the linear systems equations

Ex. Find solve for the following system

dx

E=3x—2y.....1
%—Zx—Zy ...... 2
Sol.
Dx—-3x+2y=0
Dy +2y—-2x=0
(D—-3)x+2y=0, 2(D—-3)x+4y=0
—2x+(D+2)y=0,-2(D—-3)x+(D*—-D—-6)y=0
y'+y —2y=0
Lety = e™

mi—-m-2=0, my=—-1,m, =2
y=cre b+ et
Sub.yand y"in2
y' = —ce t + 2c,e?t

26



—cie”t + 2c,e%t = 2x — 2cie7t — 2c,e?t

X = Ecle‘t + 2c,e?t

Quiz
Solve

cos(x + y)dx + (3y? + 2y + cos(x + y)dy = 0
EX.

Mixing problems occur quite frequently in chemical industry. We explain
here how to solve the basic model involving a single tank. The tank in Fig. 1
contains 1000 gal of water in which initially 100 Ib of salt is dissolved. Brine
runs in at a rate of 10 gal min, and each gallon contains 5 Ib of dissolved
salt. The mixture in the tank is kept uniform by stirring. Brine runs out at 10
gal min. Find the amount of salt in the tank at any time t.

Fig. 1
Solve.

Step 1. Setting up a model. Let denote the amount of salt in the tank at time
t. Its time rate of change is

y' = salt inflow rate — salt outflowrate

5 Ib times 10 gal gives an inflow of 50 Ib of salt. Now, the outflow is 10 gal
of brine. This is % = 0.01 (= 1%)of the total brine content in the tank,
hence 0.01 of the salt content , that is, 0.01 . Thus the model is the ODE

27



y'=50-0.01y = -0.01(y — 5000)

Y _ _0.01 5000
Y _ _0.01dt In(y — 5000) = —.01t +
y — 5000 e Y ' ¢

y = c,e %01t + 5000
EX.

This is another prototype engineering problem that leads to an ODE. It
concerns the outflow of water from a cylindrical tank with a hole at the
bottom (Fig. 2). You are asked to find the height of the water in the tank at
any time if the tank has diameter 2 m, the hole has diameter 1 cm, and the
initial height of the water when the hole is opened is 2.25 m. When will the
tank be empty?

b2 00 M =

- ’/___R. Water level
'

at time {
.--*":.-' :""-\
2.25m 1
\ hit)
/-
I

Outflowing
J water

Tank

Fig. 2

Physical information. Under the influence of gravity the outflowing water
has velocity

28



v(t) = 0.64/2gh(t) Torricelli'slaw

Step 1. Setting up the model. To get an equation, we relate the decrease in
water level to the outflow. The volume of the outflow during a short timeAt
IS

AV = AvAt, A = area of the hole
AV must equal the change of the volume of the water in the tank. Now
AV = —BAh, B = (Crss — sectional area of the tank
—BAh = AvAt

We now express v according to Torricelli’s law and then let (the length of
the time interval considered) approach O—this is a standard way of obtaining
an ODE as a model. That is, we have

Ah A A e aant
ac - " BYT TpOev2gh(®)

and by lettingAt — 0 we obtain the ODE

dh A
—_— _2 . —
= 6.56 = vh

A/B is constant

P 26562 at
Vh B

A
2Vh =¢; — 2656, h(t) = (c - 0.000332t)?2

29



Laplace Transforms

Step 1. The given ODE is transformed into an algebraic equation, called the
subsidiary equation.

Step 2. The subsidiary equation is solved by purely algebraic manipulations.
Step 3. The solution in Step 2 is transformed back, resulting in the solution
of the given problem.

F(s) = Lf(t) =f e Stf(t)dt
0

inverse transform of and is denoted by ; that is, we shall write
f@) =L (F)

Ex.

Let y=t when t > 0 find the F(s)

Sol.

(00]

F(s) = Lf(t) =j e Stf(t)dt

0

w —

FO =L@ = [ et =— (e - e = ¢

0 S S
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f(1) £(f) f(®) £(f)
5
1 1 1/s 7 cos wt 5 5
5+ w
2 t 1/52 8 sin wt =
2 + o2
3 ¢2 21/s3 9 cosh at o
.5'2 - -E{Z
" n! ] a
4 10 sinh at
(n=20,1,---) gntl 2 — g2
a Ia+ 1) § —
5 L _ 11 e™ cos wt i
(a positive) gt s—a)”+ w
at 1 at - w
6 e — 12 e sin wt
sod (s — a}z + w®

Transforms of Derivatives and Integrals. ODEs:-

Laplace Transform of Derivatives The transforms of the first and second
derivatives of satisfy

L(f) = sL(f) — f(0)
L(f") = sPL(f) — sf(0) — f(0).

Differential Equations, Initial Value Problems

Yt ay +by=rt),  y0) =Ko, Yy =K

Step 1. Setting up the subsidiary equation. This is an algebraic equation for
the transform Y = L(y)
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[s2Y — sy(0) — y'(0)] + a[s¥Y — y(0)] + bY = R(s)
where R(s) = Z(r). Collecting the Y-terms, we have the subsidiary equation

(s> + as + b)Y = (s + a)y(0) + y'(0) + R(s).

Step 2. Solution of the subsidiary equation by algebra. We divide by s? +
s + b and use the so-called transfer function

1 1
Q(s) = = .
s2+as+b (s+za)+b—ta®

This gives the solution

Y(s) = [(s + a)y(0) + y'(0)]O(s) + R(5)Q(s).
If y(0) = 0,and y'(0) = 0, thisis simply Y = RQ ;hence

y  Z(output)

0= R & (input)

Step 3. Inversion of Y to obtain y = £L71(Y)
EX.
Solvey" —y=t, y(0)=1,y'(0)=1
Sol.
L) = sL(f) — f(0)
L(f") = s*L(f) = sf(0) — £'(0)

, 1
sy —sy(0) —1y'(0) —y = =
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, U N CL S VI
Sy=S Y=Y = s2(s2—=1)

s2’
_ 1 +< 1 1)
y_s—l s2—1 s2

~y(t) = L7Y(y) = et +sinh(t) — t

First shifting theorem (property).
If the given function as f(t) = e% g(t) the laplace transform for f(t) is
L(e%g(t)) =G(s—a)
Note: £L(g(t)) = G(s)
EX.
L{e?'cos2t} = G(s — 2)
Sol.
a=2,9(t) =cos2t

Laplace transform

G(s) = —
ST 254
Shift s to s-2
G 2) = s—2
=2 =G=27r+4

Ex. Determine Laplace transform for

f(t) = e?tsin4t

Sol.
g(t) = sin4t
c _ 4
)= 316



L{e?tsindt} = G(s —2) = G_27 116

Ex. Determine Laplace transform for
1
f@t) = (t* + gt3)e_2t
Sol.
1
F(s) =L {(t2 + gt3)e‘2t}

L1, 21 1 31
g(t)=(t et ),G(s)=s—3+—.—

G(s—a)=G(s—(-2)) =G(s +2)

21 3 _ 2 3
(s+2)3 6 (s+2)* (s+2)3 (s+2)*

F(s) =

(H.W). Solve the initial value problem

y'+y +9y=0
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Mathematical Modeling in Chemical Engineering

The mathematical model is an expression that represent a phenomenon or an
operation. When deriving the model we make use of the basic theoretical
principles and the validity of the model is, then, tested experimentally.

The main problems to be solved re.
1- storage tanks.

2- mixing tanks.

3- chemical reaction vessels.

4- heat transfer problems.

5- mass transfer problems.

6- Process control systems.

7- Another problems.

Ex.

Mixing problems occur quite frequently in chemical industry. We explain
here how to solve the basic model involving a single tank. The tank in Fig. 1
contains 1000 gal of water in which initially 100 Ib of salt is dissolved. Brine
runs in at a rate of 10 gal min, and each gallon contains 5 Ib of dissolved
salt. The mixture in the tank is kept uniform by stirring. Brine runs out at 10
gal min. Find the amount of salt in the tank at any time t.

Fig. 1
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Solve.

Step 1. Setting up a model. Let denote the amount of salt in the tank at time
t. Its time rate of change is

y' = salt inflow rate — salt outflowrate

5 Ib times 10 gal gives an inflow of 50 Ib of salt. Now, the outflow is 10 gal
of brine. This is % = 0.01 (= 1%)of the total brine content in the tank,
hence 0.01 of the salt content , that is, 0.01 . Thus the model is the ODE

y'=50-0.01y = —-0.01(y — 5000)

= —0.01 5000
dt ) (y )
= —0.01dt In(y —5000) = —.01t +
y — 5000 ' ’ ' ¢

y = c;e %01 + 5000
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EX.

This is another prototype engineering problem that leads to an ODE. It
concerns the outflow of water from a cylindrical tank with a hole at the
bottom (Fig. 2). You are asked to find the height of the water in the tank at
any time if the tank has diameter 2 m, the hole has diameter 1 cm, and the
initial height of the water when the hole is opened is 2.25 m. When will the
tank be empty?

- /_ﬁ Water level
!

at time ¢

B A
. "'.-"‘J
2.25m i

\ h(t)
e W
—

Qutflowing
l water

Tank

Fig. 2

Physical information. Under the influence of gravity the outflowing water
has velocity

v(t) = 0.64/2gh(t) Torricelli'slaw
solve

Step 1. Setting up the model. To get an equation, we relate the decrease in
water level to the outflow. The volume of the outflow during a short timeAt
IS

AV = AvAt, A = area of the hole

AV must equal the change of the volume of the water in the tank. Now
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AV = —BAh, B = Crss — sectional area of the tank
—BAh = AvAt

We now express v according to Torricelli’s law and then let (the length of
the time interval considered) approach O—this is a standard way of obtaining
an ODE as a model. That is, we have

Ah A A e aant
ac - YT g Yov2ah®)

and by lettingAt — 0 we obtain the ODE

dh A
—_— _2 . —
= 6.56 = vh

A/B is constant

dh— 2656Adt
i 7B

A
2Vh =¢; — 2656, h(t) = (c - 0.000332t)2

Newton's law of cooling

The rate of change of body temperature with respect to time is directly
proportional to the difference between body temperature and ambient
temperature

Ex

A cup of tea has a temperature of 80 in a room that has a temperature of 30
and after one minute the temperature of the cup has become 70, how long
does it take for the temperature of the tea to become 40
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H.O.W
EX.

A tank contains 400 gal of brine in which 100 Ib of salt are dissolved. Fresh
water runs into the tank at a rate of The mixture, kept practically uniform by
stirring, runs out at the same rate. How much salt will there be in the tank at
the end of 1 hour?

Ex

If a wet sheet in a dryer loses its moisture at a rate proportional to its
moisture content, and if it loses half of its moisture during the first 10 min of
drying, when will it be practically dry, say, when will it have lost 99% of its
moisture? First guess, then calculate.

Fourier series

PERIODIC FUNCTIONS

A function f(x) is said to have a period T or to be periodic with period T if
forall x, f(x + T) = f(x), where T is a positive constant. The least value of
T >0 is called the least period or simply the period of f(x).

Basics
" . 1
sinx.siny = [cos(x —y) —cos(x + V)]
1
cosx.cosy =z [cos(x —y) + cos(x + y)]
. 1 .
sinx.cosy = - [sin(x —y) + sin(x — y)]
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Fourier transforms table

f(t) F(w) f(t) F(w)
et 1 |t] . o (wT
t=0 iw+a =7 —Sm(Z)
te~at It < T w?T/2
(iw + a)?
1 §(w) _1:2_2 _wTZ
5(t) 1 € €
a e~ alol sin(at) a
2 + g2 a t>0 (iw)? + a?
ealtl w? + a? cos(at) lw
(iw)? + a?
U(t) sin(wT) sin(at) 1 }
el <T ” te(—om) | Z0W@W—D
cos(at) —6(w + a)l
_ 1
R R
+ 6(w + a)]
Fourier transforms laws
1- Time shift
F(w)
If £(t) — F(w)
Then f(t — a)u(t — a) = e "*“F(w)
2- Frequency shift (modulation)
F(w)
If f(£) — F(w)
Then f(t).eT% - F(w + a)
eiat_l_e—iat

f(t).cos(at) — %[F(w —a)+ F(w+ a)], cos(at) =
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etlat_,—iat

f(t).sin(at) - %[F(a) —a)—F(w+a)], sin(at) = —

Ex. Find F.T. for f(t) = U(t).sin(5t).
Sol.

sin(wT)

1- U "3 Fw) =

Fw) 1 [sin((w—S)T) _ sin((@+5)T)
w—-5 w+5

2- U(t).sin(5t)
Ex. Find F.T. for f(t) = (1 - %) _sin2(10t)
Sol.

1- 1_ﬂ (w)F( )_w

w2T /2

2-sin? (@) = % — %cos(Z(Z))

3-~ f(t) = (1 — lzﬂ) (l — %cos(ZOt)) (1 — %) — (1 — ﬂ) cos(20t)

F(w )1 smz(a)) 1 sinz(a)—ZO) _ sin?(w+20)
w? (w-20)2 (w+20)2

4-f(0)

3- Derivative in time domain

If £(6) °3 F(w)

d"f(t) F(a))
"t T aem

— (iw)"F(w)

4- Integration in time domain

If £(6) °3 F(w)

.[f(t)d F(w) F(a))
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Ex. Find F. T. for £(£) = 2 (te™*)

Sol.

Ex. Find F. T. for f(t) = ft

Sol.

Flw) 1

at F(w? 1
(iw + 4)2

s te

d? F(w) 1
—4t ; . 2 —
dt? (te™) (iw) “(iw + 4)?

e—4|t|)

— 00

1— e_4|t| F(w) a _ 4

2-f(t) ——.

Ex. Find F.T. for cosh(t) .u(t — 2)

Sol.

=~ f(©)

cosh(t) = e’ +2e‘t
et +et 1., t
:( > )_u(t—Z)zz[e.u(t—2)+e u(t —2)]

— %[e((t—2)+2).u(t —-2)+ e_((t_2)+2)-u(t - 2)] -

1
—[e?et 2. u(t — 2) + e 2~ u(t — 2)]

2
F(w) e [ e~2i® e~? [ e 2w
t > —
4 2<iw—1>+ 2 (iw+1>
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Ex. Find F.T. f(t) = e'*.sinh(at)

Sol.
sinh(at) = at_z -
f©) = et 2
F(w) 1 1 1
o= =2 b +d

Ex. Find F.T. £(t) = e~3ltl sin?(t)

Sol.

f(t) = e3lt, E — %COS(Zt)]

F(w) 1 3 1 3 3
f®—3 a)2+9_§((w—2)2+9+(w+2)2+9>]
Ex. Find F.T. % F(t) = f(©) = 8(2).

Sol.

iwF(w)—F(w)=1->F(w)(iw—1)=1

o F((,()) =

iw—1
Ex. Find F.T. [*_e~1t=2lu(t — 2)dt.
Sol.

1- F(w)for u(t — 2) = e1?®

1

2-F(w)for f_too e~ltldt = =

iw w?+1
e—izw 1
3-F(w)forf(t) = — =
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EX.

. e ity (t+3)
Find F.T. for f(t) = el
Sol.
p-it — o-i(t+3-3) _ 30 ,—i(t+3)

3l ety (¢ + 3)
(t+3)2+1

f®) =

1- F(w)for u(t + 3) = 3@

e3te~i®

()2+1

= e3le_|w+1|

2-F(w)for

3- F(w)forf(t) = e3¢ (e3ielwo1l)
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Inverse Fourier

Principle
Type function

1- Neither even nor odd

(t) - L j.oF iwtd
f() = m_oo (w)e®tdw
2- Even function
() = — joo F Od
f —mo (w)cos(wt)dw
3- 0dd function
() = —= joo F(@)sinwt)d
f —mo (w)sin(wt)dw

Steps solution

1- table of furrier transform

2- partial fraction

3- laws

Ex. Find inverse F.T for F(w) = §(w) + 3e~*®!
Sol.

By use table

F© =1+3(55)
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1+3(iw)
(iw)2+i5w+6

Ex. Find inverse F.T for F(w) =

Sol.

1+ 3(iw) A B

F = =
() (iw)? +i5w+ 6 iw+3+iw+2

f(t) = Ae 3t + Be 2t

2+iw

Ex. Find inverse F.T for F(w) = Tronaiio)

Sol.

24+ iw
1+ w?)(1+iw)

2+iw 2+ iw
(1- () +iw) (1—iw)d+iw)(l+io)
2+iw
T+ iw)?(1 - iw)

F(w) =

w Flw) =

2+iw _ A N B N C
1+iw)2(1l-iw) 1-iw 14+io (1+iw)?
F)=—2 42 4 ¢

Yoo —1"T1+iw 1+ iw)?

F(w) =

f(t) = —Aet + Be ' + Cte™t
Laws
Iff(t) » F(w)
1- time shift
f(t—a).u(t—a) > e "*F(w)
2- Frequency shift

46



f(t)et@ - F(w F a)

b-
f(t).cos(at) — [F(a) —a)+ F(w+ a)]
c-
f(t).sin(at) - le [F(w—a) — F(w+ a)]
3_
dm np
= f(©) = (i0)"F (@)
4-

ff(t)dt—> Flo)

Ex. Find inverse F.T for F(w) = (iw)%e~ !

Sol.

47



e —alw|

Ex. Find inverse F.T for F(w) = —

iw

Sol.
t
a
t) =
f© J t2 + a?
Ex. Find inverse F.T for F(w) = lezw
Sol.
sinw [ sinw
F(w) = = —

w? iw
t

f)=i JU(t)dt , <1

Ex. Find inverse F.T for F(w) = f;:
Sol.
g 3w . 1
Flo) =g =e™ [a)z +1

() =e =31yt - 3)
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. i 2
Ex. Find inverse F.T for F(w) = e~'%® [Sm—w]

7
Sol.
1-
e 4@ - y(t —a)

2-

sin] _ sin* () el _ el

[a)z ]_’ oz it Tl s
3-

];:1—' > | ut—a), t—al <2
_(w=0)?

Ex. Find inverse F.T for F(w) = e 2
Sol.

1- Modulation

ict
_t2

F(w) = e_Twz,f(t) =e 2

—t2 '
f(t) =ez2 .e't
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sin(w—3)

Ex. Find inverse F.T for F(w) = —/—

Sol.
1_

sin(w —3)  sin(w—3) _ lsin(w - 3)

o) =09 " 3w=3 3 (0-3

2- modulation

i3t

1 sinw
_,..o

1
Fw) = 3. f© =300 It <1

w

(0 _! U(t).eBt |t < 1
3 .ef3t,
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Finite difference method

The finite-difference method is way of obtaining a numerical solution to
differential equations. It does not give a symbolic solution.

Start with the grid

] 1 1 | I i | -
| T T T T T |

g =d X X2 X3 X4 An-lxy =k

1- type of finite differences

A- Forward differences

Ify = f(x)

Xo Yo = f(x0) = fo
xy=x+h , yi=fx)=h
Xa=x1+h, y=f)=1f
Xn=Xnath . ya=fO0) =/

h:x”_xo
n
Af(x) = flx+h) = f(x)
Ayo =y1 — Yo
Ayy =Yz =)
Ay, =y3 =2
Ay, =y —y, 1=12,,3,...., n—1

AZJ’O = A(Ayo) = A(y; —yo) = Ay1 —Ayo =y, —¥1 — Y1 + Yo
=Y, — 2y + Yo

Az)’1 =AAy,)) =A, —y1) =Ay, — Ay, =y3 =y, =yt )
=y3— 2y, +¥1

51



A%y, = A(AYy) = Ayir — AY: = Vigz — 2Yie1 + Vi (=012 ....n—-2
A3y, = A%y, — A?%y; i=012; ...,n—3

Aty, = A3y, 1 — A3y, i=012; ...,n—4

X Vi Ay; A%y, A3y; A*y;
Xo Yo
Ayq
X1 V1 A%y,
Ay, Ay,
X2 Y2 Ay, Ay,
Ay, Ay,
X3 V3 A%y,
Ay
X4 Va

2- Backward Differences
Vi(x) =f(x) - f(x+h)
~ Vyi=yi— vy, i=n,.001
V2y, = V(Vy) =V — yic1) = VY — Vyiy, = n,..2
=Yi = Vi-1 ~ Yi-1 T Vi
=Yi—2Yi-1 + Vi
iy, = V(V2y) = V(¥ — 2yi-1 + Yi2) = VY — 2Vy, 1 + Vy
=Y = Yi-1— 2(Vi-1 = Yi-2) + Yi2 — Vi3
=Yi = 3Yi-1 +3Yi—2 + Yi-3
Or
iy, = V2(Vy;) = Vy; + V2y, 4

Vty, = V3(Vy) = V3y;V2y; 4
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Find Approximate expressions for the derivatives

ylx+h) = y(x)
h

¥ix) =

yixth) —y(x) (Difference ~ h)

""-.-
=
2

M (Difference ~ h)

""-.-
=
2

. Yx+h)—yx—h)

! . o o 2
Vix) o (le'ferenw h )
r r
I Vix+h)—=y(x)
Y & 2
vixdh)=vlx) B ylx)=v(x=h)
- h h
h
' h) =2y (x=h
= ) ::(;] il (Difference ~ hz)
Discretize the Problem
I. Determine a grid x,. n=0,... N.

I~

In the differential equation,
vix+h) —y(x—h)

2h

I'EP[HEE }-"”{L.l':l with ."'|:-1'+ h}' — z:r(f] +}"{I - h] ‘
3. In the resulting equation, replace x with x;.
4. In the resulting equation,

replace y(x,) with y,,

TEPIHEE :""{-rn - h) = _'}‘{.I'" ]} with ¥a-1-

replace v(x, +h) = y(x,.1) with v, |

replace y'(x) with

Ex. Solve the following equation by use finite difference.
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d’u 1du u

dr? * rdr 12
Where u(2)=0.008, and u(6.5)=0.003. find u as function of r. use 4nodes to
do the problem

Sol.

du

Ui T Y
dr

. h

d’u 1ldu u

— +
dr?2 rdr 71?2

Ujpg — 2U; + Ui N Tup —w w 0
h? ;. h 2
T ;

Node1l u,=u(2)=0.008....1

Node 2, i=1
u2_2u1+u0+ 1u2_u1 u1 _0
1.52 3.5 1.5 3.52
0.44444u, — 1.161u, + 0.63492u, =0 L2
Node 3, i=2
U, —2Uu, +u 1u, —
3 2 1 4z 3~ Uy . % —0
1.52 5 1.5 52
.3

0.44444u, — 1.0622u, + 0.57778u; = 0
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Node 4, i1=3

1
0.44444
0

“ uy = 0.008,

Exact sol.

u; = u(6.5) = 0.003 .

0 0 Ug 0.008
—1.161 0.63492 Wl_| O
0.44444 -1.0622 0. 57778 Uz 0

0 0 01 Us 0.003

u, = 0.005128, u, = 0.003778,  u; = 0.003

U=qcr+cy/r

0.015634
u=915%X10"r + ——
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