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Non-Linear Vibration

If any term of the equation of motion is not linear (second or more degree), then
vibration is nonlinear

Examples:
Simple pendulum:
mi*6 + mglsinf = 0

When 0 is small, then sin € is approximated as = ¢
Better approximation near O is given by

0 — /6

. 63
mi*0 + mgl(H - —) =0
6,

or
f + wj(0 —+6°) =0

Another example, is nonlinear spring



F =k,x+k,x* | s0 the equation of motion is given by:

mX + Kk X +k,x* =0

f(x)

{a) Soft spring (b) Hard spring

Solution Methods

1. Exact Method: Only possible for few cases
2. Approximate Analytical Methods
3. Approximate Numerical Methods

Approximate Analytical Methods
Poincare Method

Given that the nonlinear terms in the equation are associated with a parameter a,
the solution may be expressed by:

X(1) = Xo(t) + aX|(1) + a?Ty(1) + &Fy(1) + -

1) As a approaches zero, the solution reduced to linear solution
2) When o is small, the higher terms converge rapidly to zero such that few
terms yield reasonable accuracy



Solution of Pendulum problem

¥+opx+ax®=0 Witha=—w(2,/6

By using only two terms of the solution:

(¥o + aky) + 0d(xo + ax)) + a(xg + ax;)? = 0
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If the terms containing a”. «”. and o are neglected, then:

Xp t wyxg =0
.o ‘ 2 3
X1 T woXp = — Xy

xo(t) = Agsin (wgt ~ ¢
The solution of the first equation is given by: Yolf) o sin (@t + &)

Substitute the solution in the second equation yields:
X| + whx; = —Adsin’(wot + @)

- —Aﬁ,[% sin (wyf + ) — % sin 3(wyf + (,b)}

With
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x(t) = xo(t) + axy(t)

; 3at , Aa
— AO Sln(w()’ ol d)) + _A() COS((U()’ + (l)) —_ - sin 3((00’ + d))
8wy 3wy

Lindstedt’s Perturbation Method
Assumes the angular frequency is a function of amplitude A,.

x(1) = xo(t) + ax(1) + a®xy(t) + -+

w® = ) + aw|(Ay) + Pwy(Ay) +

.s p) 3
X +owpx ~ax” =0
To solve pendulum problem, , assume only two terms:

x(t) = xo(t) + axy(t)

5

.
w” = wy + aw(Ay)

Substituting in the equation of pendulum, we obtain:

(8]

Xo + axy + :w3 — awi(Ag)][xo + ax;] + a[xg + ax;]” =0

Or:
. 2 . 2 ) .3 " o
.\() T W .‘() i 3 (Y((l) \l i 5 .\() - (l)].\() T \])
+ a?(3x1xf — wyx;) + (3xtxy) + a*(x7) =0
Neglecting terms containing o?, o o yeilds
..\:() E 3 (1)2.\'() — 0

2 3 :
X1 T WXl = —Xg T W1Xp



The solutions are:

xo(t) = Ay sin(wt ~ @)

o

X tiax =— [Au sin(wt + d)”3 + (z)][A()Sin(wt : 3 d))]
= —3 A} sin(wt + ¢) + LA} sin 3(wt + &)
+ wAg sin(wt + @)

The first and third term of the above equation cause secular motion (resonance
condition) which violate the truth that the motion is bounded, so the terms can be
eliminated by imposing:

w| = iAf,
Which Leads to
.. 2 3 . ] 3 .
X + o'x; = ;Apsin 3(wt + @)

Hence the solution for x; is given by:

Ay

xi(r) = Ay sin(wt +~ ¢y) — s sin 3(wt + @)

Rw”
Let the initial conditions be X(0) = A, and x(0) =0
We force Xo(t) to satisfy the initial conditions, so that

x(0) = A = Agsin @, x(0) = 0 = Apw cos ¢

Ap = A and & =

|9

Which yields:

Since the initial conditions are satisfied by xq(t), then x,(t) and its derivative are
initially zero:



A3

_ - 3 Ay .
x1(0) =0 = A;sind; — 5 sin 3¢
| 1 [ ”

3w~
13
Ap
=

w*

11(0) =0 = Awcos ¢, — (3w) cos 3¢

In view of the known relations A, = A and ¢ = /2, the above equations yield

)
A = —( ,) and b =

3w,

N

The total solution will be:

L.

x(1) = Agsin(wt + ¢) — ;2 Q,sin 3wt + @)
o

with

2 2 3 49
w” = wj + a;Aj

Ritz-Galerkin Method

The solution is found by satisfying the nonlinear equation in average. Let the
equation be given as

E[x] =0

An approximate solution is represented by

\(I) = al(bl([) + (lz(bp_([) e and)n(’)



Where ¢, are prescribed time functions and constants a,, are weighting factors.
When the approximate solution is substituted in the nonlinear equation E[x], we
obtain an approximate equation which must be minimized.

The coefficients are found by solving the equations resulting from minimization
the following integral:

-
/ E°[t] dt
0 , where 7 is the period of motion.

Minimization gives a set of simultaneous equations:

% 2 " i ('E[I}
: (/ E—[r]dr) = 2/ E[t]—dt = 0,
dai \ Jo Jo oa;

Example: pendulum equation

Using a one-term approximation, find the solution of the pendulum equation

:
T > o
E{x] = x + wpx — FX} =0

By using a one-term approximation for x() as

x(r) = Agysin wt



5 |
E[x(1)] = —w Ay sin ot + wg[AO sin wt — gsin3w1

~

x
1 _ Wy 3 .
= (wg — gw%A%)AO sin ot + HAS sin 3wt

The Ritz-Galerkin method requires the minimization of
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0

LY X i 1 , w(?j _
— di = wi — w* — — wiA3 |Ap sin wf + —A} sin 3wt
A 94, /0 [( 0 8(00 0 70 w 24 0

3 ] ,
X [(w% g = ngA%) sin wt + gw(z)A(z) sin 3wt] dt = 0

1 3 T
A0<w3 C W - gngg)(wg W - gwgfxg) / sin? et df
0

243 T
WAy 5 2 3 5.9 y :
+ W) — 0 — ngAG sin wt sin 3wt dt
0

| , 1 !
-+ gwﬁA;‘;(wg - w? - gw(sz(Z))/ sin wf sin 3wt dt
0

4 45 p7
whA7
+ 20 1 in23wtdt = 0
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The nonzero integrals are obtained from the first and last terms only:



A {<(02 — w? — leAz)(wz — w? — 3(02A2> — w(}A[ﬁ] =4y
Ay 0 3 040 0 3 00 192

The non-trivial solution is given by:
> 94 1 49 } 22 5
wt + (U"(Uﬁ(jA(’) — 2) + wf,(l — gl T %Aé> =0

The solution of the above equation is given by:

-

w? = wi(l — 0.147938A3)

w? = wj(1 — 0.352062A3)

Only the first value satisfies minimization of E[x] while the second one causes
maximization of E[x].



