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The Natural Logarithm Function 
  Rules of arithmetic logarithms :- for any 𝒙 > 0 𝑎𝑛𝑑  𝒚 >0 and any exponent n: 

 

1. 𝒍𝒏(𝒙 ∗ 𝒚) = 𝒍𝒏 𝒙 + 𝒍𝒏 𝒚  

2. 𝒍𝒏 (
𝒙

𝒚
) = 𝒍𝒏 𝒙 – 𝒍𝒏 𝒚  

3. 𝒍𝒏(𝒙𝒏) = 𝒏 𝒍𝒏 𝒙 

4. 𝒍𝒏 (
𝟏

𝒙
) = − 𝒍𝒏 𝒙  

5. 𝒍𝒏( √𝒙
𝒏

) =  
𝟏

𝒏
𝒍𝒏 𝒙 

 

 

Derivative of Natural Logarithm Function  
  If 𝒖 is a differentiable function of 𝒙 ,  and 𝒇 = 𝒍𝒏(𝒖) then the derivative of  𝒇 is :- 

 

𝒅𝒇

𝒅𝒙
=

𝒅

𝒅𝒙
(𝒍𝒏(𝒖)) =  

𝒖ˊ

𝒖
 

 

Examples:- Find derivative of the following functions:- 

 

1. 𝒚 = 𝒍𝒏 (𝟓𝒙) 

       𝒚ˊ =
𝟓

𝟓𝒙
=  

𝟏

𝒙
 

 

 

2. 𝒚 = 𝒍𝒏 (𝟓𝒙𝟐 + 𝟖)   

         𝒚ˊ =
𝟏𝟎𝒙

𝟓𝒙𝟐+𝟖
 

 



3. 𝒚 = 𝒍𝒏(𝒕𝒂𝒏𝟑𝒙)   

        𝒚ˊ =  
𝟑𝒕𝒂𝒏𝟐𝒙 ∗𝒔𝒆𝒄𝟐𝒙

𝒕𝒂𝒏𝟑𝒙
=  

𝟑 𝒔𝒆𝒄𝟐𝒙

𝒕𝒂𝒏 𝒙
. 

 

4. 𝒚 = 𝒍𝒏(𝒔𝒊𝒏(𝟐𝒙))   

         𝒚ˊ =  
𝟐 𝒄𝒐𝒔 𝟐𝒙

𝒔𝒊𝒏 𝟐𝒙
= 𝟐 𝒄𝒐𝒕 𝟐𝒙 

 

5. 𝒚 = 𝒍𝒏(𝒍𝒏 𝟐𝒙)   

           𝒚ˊ =  
𝟐

𝟐𝒙

𝒍𝒏 𝟐𝒙
=  

𝟏

𝒙 ∗𝒍𝒏 𝟐𝒙
 

 

6.𝒚 =  𝒔𝒊𝒏−𝟏(𝒍𝒏 𝟐𝒙)  

           𝒚ˊ =  
𝟏

√𝟏−(𝒍𝒏 𝟐𝒙)𝟐
∗

𝟐

𝟐𝒙
 

 

7. 𝒚 = 𝒍𝒏(𝒄𝒐𝒔−𝟏(𝒙))   

        𝒚ˊ =  

−𝟏

√𝟏−𝒙𝟐

𝒄𝒐𝒔−𝟏 𝒙
=  

    −𝟏     

√𝟏−𝒙𝟐
 ∗  

𝟏

𝒄𝒐𝒔−𝟏(𝒙)
. 

 

The Exponential Function (𝒆𝒙) 

 
    Exponential function :defined as the inverse of the natural logarithm function . 

 

 Law of exponential function (𝒆𝒙)  for all real numbers 𝒙  and 𝒚 : 
 

1. 𝒆𝒙+𝒚 =  𝒆𝒙 ∗ 𝒆𝒚 

2. 𝒆𝒙−𝒚 =
𝒆𝒙

𝒆𝒚
 

3. 𝒆−𝒙 =  
𝟏

𝒆𝒙
 

4. (𝒆𝒙)𝒚 =  𝒆𝒙∗𝒚. 

 

 

Derivative of exponential function:- 

 
If 𝒖(𝒙) is a differentiable function of 𝒙 ,  𝒂nd let 𝒇(𝒙) =  𝒆𝒖(𝒙) , then the derivative 

of 𝒇 is :- 

 



𝒅𝒇

𝒅𝒙
=  

𝒅

𝒅𝒙
(𝒆𝒖) = 𝒆𝒖 ∗  

𝒅𝒖

𝒅𝒙
 

 

Examples: Find  𝒚ˊ of  the following functions: 

1. 𝒚 =  𝒆𝟑𝒙                     𝒚ˊ =  𝒆𝟑𝒙 ∗ 𝟑 = 𝟑𝒆𝟑𝒙 . 

 

2. 𝒚 =  𝒆𝟓𝒙𝟐+𝟏                𝒚ˊ =  𝒆𝟓𝒙𝟐+𝟏 ∗ 𝟏𝟎𝒙 = 𝟏𝟎𝒙 ∗ 𝒆𝟓𝒙𝟐+𝟏. 

 

𝟑. 𝒚 = 𝒄𝒐𝒔 (𝒆𝟐𝒙)           𝒚ˊ = −𝒔𝒊𝒏 (𝒆𝟐𝒙) ∗ 𝒆𝟐𝒙 ∗ 𝟐 = −𝟐𝒆𝟐𝒙 ∗ 𝒔𝒊𝒏 (𝒆𝟐𝒙). 

 

4. 𝒚 = 𝒆𝒕𝒂𝒏(𝟐𝒙)                  𝒚ˊ = 𝒆𝒕𝒂𝒏 𝟐𝒙 ∗ 𝒔𝒆𝒄𝟐(𝟐𝒙) ∗ 𝟐 = 𝟐 ∗ 𝒔𝒆𝒄𝟐(𝟐𝒙) ∗ 𝒆𝒕𝒂𝒏 𝟐𝒙. 

 

5.𝒚 = 𝒆√𝒙                          𝒚ˊ = 𝒆√𝒙 ∗ (
𝟏

𝟐√𝒙
) 

 

6. 𝒚 = 𝒆
(𝒔𝒊𝒏 𝒙+ √𝒙

𝟑
)
           𝒚ˊ = 𝒆(𝒔𝒊𝒏 𝒙+ √𝒙

𝟑
) ∗ (𝒄𝒐𝒔 𝒙 +  

𝟏

𝟑 √𝒙𝟐𝟑 ). 

 

7. 𝒚 = 𝒕𝒂𝒏−𝟏(𝒆𝟑𝒙)            𝒚ˊ =
𝟏

𝟏+(𝒆𝟑𝒙)𝟐
∗  𝒆𝟑𝒙 ∗ 𝟑 .   

 

8. 𝒚 = 𝒆𝒔𝒊𝒏−𝟏 𝒙              𝒚ˊ = 𝒆𝒔𝒊𝒏−𝟏 𝒙 ∗
𝟏

√𝟏−𝒙𝟐
 . 

 

The General Exponential Function  

 
    If a  is a positive number, then     𝒂𝒙 = 𝒆 𝒍𝒏𝒂𝒙

=  𝒆𝒙𝒍𝒏𝒂   for example  

    𝟐√𝟑 =  𝒆√𝟑𝒍𝒏𝟐 . 

 

Derivative of General Exponential Function: 

 
If 𝒂 > 0  and 𝒖  is a differentiable function of 𝒙 , then 𝒂𝒖 is a differentiable 

function of 𝒙 and: 

 

 
𝒅

𝒅𝒙
𝒂𝒖 =  𝒂𝒖 ∗ 𝒍𝒏 𝒂 ∗

𝒅𝒖

𝒅𝒙
 

 

 



Examples: Find 𝒚ˊ of the following functions:  
 

1. 𝒚 = 𝟑𝟐𝒙−𝟓                  𝒚ˊ = 𝟑𝟐𝒙−𝟓 ∗ 𝒍𝒏 𝟑 ∗ 𝟐             

  
 

 2. 𝒚 =  𝟓𝒔𝒊𝒏 𝒙                𝒚ˊ =  𝟓𝒔𝒊𝒏 𝒙 ∗ 𝒍𝒏 𝟓 ∗ 𝒄𝒐𝒔 𝒙 

 

 

3. 𝒚 =  𝟓√𝒙                 𝒚ˊ = 𝟓√𝒙 ∗ 𝒍𝒏 𝟓 ∗  
𝟏

𝟐√𝒙
 

 

 

4. 𝒚 =  𝒙𝟐 ∗ 𝒔𝒊𝒏 (𝟐𝒙𝟐
)  

𝒚ˊ = 𝒙𝟐 ∗ 𝒄𝒐𝒔(𝟐𝒙𝟐
) ∗ (𝟐𝒙𝟐

∗ 𝒍𝒏𝟐 ∗ 𝟐𝒙) + 𝒔𝒊𝒏 (𝟐𝒙𝟐
) ∗ 𝟐𝒙 . 

 

 

5. 𝒚 = 𝟐𝒔𝒊𝒏𝒉 𝒙                 𝒚ˊ = 𝟐𝒔𝒊𝒏𝒉 𝒙 ∗ 𝒍𝒏 𝟐 ∗ 𝒄𝒐𝒔𝒉 𝒙 . 
 

  

6. 𝒚 =  𝒙𝒙 =  𝒆𝒍𝒏𝒙𝒙
=  𝒆𝒙𝒍𝒏 𝒙 

𝒚ˊ =  𝒆𝒙𝒍𝒏 𝒙 ∗ (𝒙 ∗
𝟏

𝒙
+ 𝒍𝒏 𝒙 ∗ 𝟏) 

     =  𝒆𝒙𝒍𝒏 𝒙 (𝟏 + 𝒍𝒏 𝒙) 

     = 𝒙𝒙(𝟏 + 𝒍𝒏 𝒙) . 
 

 

7. 𝒚 =  𝒕𝒂𝒏−𝟏(𝟐𝟑𝒙𝟐
) 

 𝒚ˊ =  
𝟏

𝟏 + (𝟐𝟑𝒙𝟐
)𝟐

∗  𝟐𝟑𝒙𝟐
∗ 𝒍𝒏 𝟐 ∗ (𝟔𝒙). 

 

 
 

 


