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PRELIMINARIES

Sets and Intervals
Definitions:
Set: is a collection of objects, and these objects are the elements of the set. If .S
is a set, the notation @ €S means that a is an element of §, and a ¢.§ means that
a is not an element of S. If § and T are sets, then S UT is their union and
consists of all elements belonging either to S or T (or to both § and T). The
intersection S (T consists of all elements belonging to both S and T. The
empty set (null set) ¢ is the set that contains no elements.
Some sets can be described by listing their elements in braces. For instance, the
set A consisting of positive integers less than 6 can be expressed as:
A={1,2,3,4,5}.
Another way to describe a set is to enclose in braces a rule that generates all the
elements of the set. For instance, the set
A= {x:x1s an integer and 0 <x <6},
is the set of positive integers less than 6.

Subset: if each element of a set 4 is a member of a set B, then A is a subset of B
and we write Ac B. If the set B contains at least one element that is not a

member of 4, then A4 is a proper subset of B and this situation is indicated by
AcB.

Real numbers (R): are numbers that can be expressed as decimals, such as

-3/4=-0.75000...., 1/3=0.3333...., J2=1.4142....
The dots .... in each case indicate that the sequence of decimal digits goes on
forever. The real numbers can be represented geometrically as points on a
number line called the real number line. R = {-o0, +o0}

-OO< |0 ;FOO
Real number line

These are four special subsets of real numbers:

1. The natural numbers (/V): consist of zero and positive integer numbers
only. N=1{0,1,2,3,----,+0}.

pA The integer numbers (I): consist of positive and negative integer
numbers only. / = {-c0,----,-3,-2,-1,0,1,2,3,----,+00}.

3. The rational numbers, namely the numbers that can be expressed in the
form of a fraction m/n, where m and n are integers and n#0. Examples
are:

1/3, -4/9, 200/13, and 57=57/1.
The rational numbers are precisely the real numbers with decimal
expansions that are either



(a) terminating (ending in an infinite string of zeros), for example,
3/4=0.75000... or
(b) eventually repeating (ending with a block of digits that repeats over
and over), for example,
23/11 =2.090909.... = 2.09.
4.  The irrational numbers, they are characterized by having
nonterminating and nonrepeating decimal expansions. Examples are:

m,~2,3/5, log,, 3,sin 41°,2“/§.

Interval: is a set of all real numbers between two points on the real number line
(it is a subset of real numbers).

1. Open interval: is a set of all real numbers between A&B excluded (A&B are
not elements in the set). (A, B) = {x: A <x <B}.
-00, [ ) 4o

<

A\d— X ————>/B
2. Closed interval: is a set of all real numbers between A&B included (A&B
are elements in the set). [A, B] = {x: A <x <B}.

-004 [ ] o

<

AL<——— x ———»'13
3. Half-open interval: is a set of all real numbers between A&B with one of the
end-points as an element in the set.

-0 L 1+
a) (A, B] = {x: A<x<B} B »
Ae— x —>
b) [A, B) = {x: A<x <B} -0¢. [ —°
A«— x —B
Types of intervals
Notatien Set description Type ‘ Picture N
(a, b) {xla <= x = b} Open !
] b
[a. ] {x]a = x = b} Closed
1 h
[a, D) {xla = x =2 b} Half-open
o li
(. D] {xla < x = b} Half-open
{a. ™) {x]x = a} Open .
<l
[a. ) {x|x = a} Closed
o
(=, b) {x|x < &} Open ;
(=, b] {x|x = &} Closed ;
(=, o) R (set of all real
numbers) Both open
and closed
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Examples: Solve for x the following
L {x:0<x<5}U{x:1<x<7}
Sol: From the number line:

(0,5) % O( )5 T
1,7) % ¢ i
7

(0,5)U(1,7) “—— T
0 7

. The interval is {0 <x <7} or (0,5) U(1,7) =(0,7).

{xxx<1}N{x:x =0}
l: From the number line:
(-0,1) ~Xe

2.
So

[0,00) "%

—

(-0,1)U [0,00)%%

-

. The interval is {x: 0 < x < 1} or [0,1).

3.{x:x<0}N{x:x>0}
ol: From the number line:

o

('0090) -Oof >
0

tgo

-0, /
(0, o0) L C
0

(-20,0) (0,00)=¢ %

o

¢
0

Inequalities: At some times it is not sufficient to say that two numbers a and b
are unequal. We can say something about unequal such as a is greater than b (a
> b) if and only (a — b) is positive and a is less than b (a < b) if and only (a — b)

is negative.

Rules for inequalities: If o, b, and ¢ are real numbers, then:

l.a<b=a+c<b+c

2. a<b=a-c<b-c

3.a<bandc>o0 = ac<bc

4. a<bandc<o = ac> bc
Special casea < b = -a>-b
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5. a>0:>l>0
a
1 1

6. If a and b are both positive or both negative, thena <b = —> =
a

Solving inequalities: The process of finding the interval or intervals of
numbers that satisfy an inequality in x is called solving the inequality.

Examples: Solve the following inequalities and show their solution set

1. 3+7x < 2x-9
Sol:3+7x-3<2x-9-3 = Tx<2x-12= TIx 2x <2x — 12 -2x
= 5x<-12 = x<-12/5

The solution set is (-c0,-12/5]. -004 ] +g0
~12/5
2. 7<52-5x<9
Sol: 7-2<2-5x-2<9-2 =  5Z-5x<7 =5/(-5) < -5x/(-5)<7/(-5)
= -1>2x>-75=> -1<x<-7/5
The solution set is (-7/5,-1]. -0 [ ] +0
> J
705 -1
3. x*<4

Sol:x*<4=x*-4<0 = (x-2)(x+2)<0
Let(x-2)(x+2)=0 = either(x-2)=0 = x=2
or (x+2)=0=x=-2

2
Sign of (x -2)  -0Q¢__T7=7=77==mmem- |_t++ +o
-2
Signof (x +2)  -00q =ozon-- |ttt 40
&) 2
Sign of (x - 2)(x +2) 00 tt+++ A J o

. The solution is {x: -2 <x <2} or [-2, 2].

4. x*-3x> 10

sol: x*-3x—10>0 =(x-5)(x+2)>0

Let(x-5)(x+2)=0 = either(x-5)=0=>x=5
or (x+2)=0=x=-2

-2
Sign of (x+2) -og =7m===- I e e e e e e e
The solution set is +5
Sign of (x-5) -0 | tH+t++++ Joo
(0,:2) U5, o). . PR *
Sign of (x-5)(x+2) -oozf+++++> """" (b oo
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s =D+ o

x-3
Sol:
=+
Sign of (x-1) -0 |__tHttt+ joo
2
Sign of (x+2) -0gq ======= [0 s e e e e e i
+3
Sign of (x-3) -00, | +++ oo
-2 +1 +
. (x—1)(x+2) -0Q======" [ttt L}f+++ $00
Sign of ————~—= N L J \ i
(x-3)

- The solution set is {x: -2 <x <+1} U {x: x> +3}
or ['2a+1] U(+3: OO)

6. 25

6
x-1"
Sol:
This inequality can hold only if x > 1, because otherwise 6/(x — 1) is
undefined or negative.
625x-5 = 1125x = 11/52x or x<11/5

. The solution set is the half-open interval (1,11/5].

Absolute value: The absolute value of a number x, denoted by x’ , 1s defined by
the formula:
X if x>0
H- {7
-X. if x<0 ____l— 5[ = 5-*-0:“_':3—1 :iw
Example: Finding absolute values. ’ o] - _04‘ s ’
B=3,[0/=0, |-5|=—(-5)=5. L S M

1 4

Geometrically, the absolute value of x is the distance from x to 0 on the
real number line. Since distances are always positive or 0, we see that [xl >0 for
every real number x, and ]xl =0 if and only if x = 0. Also !x - y‘ is the distance
between x and y on the real line.
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I. |—a|=|a| A number and its additive inverse or negative have
the same absolute value.

2. |ab| = |al||b| The absolute value of a product is the product of
the absolute values.

al la| The absolute value of a quotient is the quotient

B b |&] of the absolute values.

4. |a + b|=|a|+ |b| The triangle inequality. The absolute value of the
sum of two numbers is less than or equal to the
sum of their absolute values.

Absolute Values and Intervals

If a is anv positive number, then

5. |x|=a if and only if x = +a

6. |x|<a ifandonlyif —a <x < gq

7. |x|> a ifandonlyif x> g or x < —q

8. |x|=ua ifandonlyif —a=x =a

9. |x|=a ifandonlyif x=a orx = —a
Examples:

1. Solve the equation |2x - 3! =1

Sol: 2x—-3=#1 =  either2x—-3=1=2x=4=x=2
or 2x-3=-122x=2=x=1

. The solutions are x =1 and x = 2.

2. Solve the inequality |2x - 3| <1

Sol: 2x—3|$1 = —-1<2x-3<1 = 2<2x<4 = 1<x<2

. The solution set is the closed interval [1,2].

3. Solve the inequality |2x - 3| >1

Sol: 2x-3‘21 = either 2x-321 = 2x24 = x>2

or 2x-3<-1= 2x<2 = x<I1
- The solution set is (-00,1] U[2, ).

4. Solve the inequality IS _2 <1

X

5=

X

<1:>-1<5—-Z<1:>-6<—Z<-4
X X

Sol:

:>3>—1—>2_—_> 1/3<x<1/2
x

. The solution set is the open interval (1/3,1/2).
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5. Solve the inequality|x -3+ +2|<11.
Sol. Recall the definition of absolute value:

y=pl=x* = {-:

if x>0

if x<(0

x -3 ifx-3>0 x-3
It follows that: lx—3|={ = {

(x-3) ifx-3<0 -x+3

Similarly, ~ |x+2|= { =

x4+ 2 fx+2>0 {x+2
-x+2) ifx+2<0

-x-2

These expressions show that we must consider three cases:

x<-2, -2<x<3 and x>3
Case I: if x < -2 we have fx—3l+|x+2’ <11
-x+3-x-2<11
-2x<10
x>-5

Case II: if -2 <x < 3 we have lx—3[+]x+2[ <11

—Xx+3+x+2 <11
5<11 (always true)

Case III: if x > 3 we have Ix—3]+lx+2[ <11

x-3+x+2 <11
x<6

if x>3
if x<3

if x>-2
if x<-2

Combining cases I, II, and III, we see that the inequality is satisfied when

-5<x<e.

So the solution is the interval (-5, 6).
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Functions

Definition:
A function f is a rule that assigns to each element x in a set 4 exactly one
element, called f(x), in a set B.

** The set 4 is called the domain of the function f T

& The numberf(X) or y is the value Off atx. .x“'l.’/‘;. —
< The range of f'is the set of all possible values of f{x) T
as x varies throughout the domain. ) ; .

% x & y are variables.
** x is called the independent variable.
*** yis called the dependent variable.

Domain (D)): is the set of all possible inputs (x-values).
Range (Ry): is the set of all possible outputs (y-values).
To find Domain (D)) and Range (R)) the following points must be noticed:
1. The denominator in a function must not equal zero (never divide by Zero).
2. The values under even roots must be positive.

Examples: Find the domain (D)) and range (Ry) of the following functions:
1

Loy=flx)==
X

Sol: denominator must not equal zero > x %0 = De={x: x # 0}.
To find R;: convert the function from ¥ =f{x) into x = f{y).

“¥=1 = Re{y:y#0}, or R=R\{0}, or Ry= (-0, 0)U (0, co).
Yy
2. y=f(x)=~/4—x

Sol: The values under even roots must be positive
= 4-x>0=4>x
- De={x: x<4}.
To find R;: convert the function from y=fx)into x =£y).
y= Vi-x = Y =4-x
= x=4-)? >
Rf: R.
But the values of y must be always positive, we must exclude negative values,
=  Rr={y:y>0}, or Ry = [0, ).

3. y=f(x)=1-x2

Sol: The values under even roots must be positive

= 1-x*>0= x> = <1 = eitherx<1,or x<1 = x>-]
k) Dr={x:-1<x<1}.

To find Ry: convert the function from y=fx) into x=£fy).

= 000009



y=\/1—x2 :>y2 =1-x?
= x? =l—y2 :>x=i\/1—y2

So the values under even roots must be positive

1-3*>0 = 5 >-1 =)' <1l > eithery<1,or -y<1 =y>-1

s R={y:-1<y<1)}.

But the values of y must be always positive, we must exclude negative values,
= Rf={yOSySI}

4. y=f(x)=—L

V9 - x?
Sol: The values under even roots must be positive and the denominator must not
equal zero, so:
9-x*>0 = -x2>-9 =x’<9 = eitherx <3,or x<3 = x> -3
- Dr={x: -3 <x<3}.
To find R;: convert the function from ¥ =f(x) into x = f{y).

1

Y= 1 = yz— = 9—x2—i = x2—9_.l_
V9 - x? 9-x? Y y’
2 2 '9 2__1
= x2::9y2 L = X = 9y2 ! = x=i_“y‘
Y Yy Y

The values under even roots must be positive, so:
N -1>0=17>1/9 = eithery > 1/3,0r -y>1/3 = y <-1/3

= &= (oo, -13]U[173, o), i ////_'ll//3 P HLB 4
The denominator must not equal zero = y =0 "R . ] i [ —+
But the values of y must be always positive; we must exclude negative Valdes,
=  R~=[1/3,©), or R={y: 1/3 <y <0},
5. y=/f(x)=—"
' x?-9
Sol: denominator must not equal zero = x*-9#0 = x#43 =D,=R\ {-3, 3}.
To find R;: convert the function from Y =fx) into x = f{y).
y(x2—9)=1 = P -9y=1 = x=+ w—
Y
The values under even roots must be positive, so = L0y > 0.
C R = _ -1/9
“Ri= (~00, -1/97U (0, o0). Sign of (1+9y) -oa, | H o
Or R,=R\(-1/9, 0].
0
Sign of () -C0g ot Foo
Sign of o0, ] /-? ........... ,(r)+++++++ 400
(1 +9 y) ) J \ o
Y
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“6. Y= fx)=—l-x

Sol: The values under even roots must be positive:
1-x°20 = (1-x)(1+%2>0

s De=[-1,+1] 1
To find R, : convert the Sign of (1-x) -0 T+ttt v $00
function from y = f{x) into x = 1

). Sign of (1+x) -og, == |t o
y=—l-x? = y?=1-x? 1 1

> =loy s a=Rfi7 Signof (Iax) (1) <o, [t ] oo

The values under even roots
must be positive:
1-’20 = (1-»)(1+y»)>0
= Ry=[-1,+1]
But the values of y must be always negative; we must exclude positive values,
= R/=[-1,0]..
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Chapter One
Graph of Functions (Graph of Curves):

To graph the curve of a function, we can follow the following steps:
Find the domain and range of the function.

Check the symmetry of the function

Find (if any found) points of intersection with x-axis and y-axis.

Choose some another points on the curve.

o W o

Draw s smooth line through the above points.

Symmetry Tests for Graphs:

If fix,y) = 0 is any function then:
1. Symmetry about x-axis: If fx,-y)=f(x,y)
2. Symmetry about y-axis: If f-x,y)=fx,) It is called an even function.

3. Symmetry about the origin: If f{-x,-y)=f(x,y) It is called an odd function

Examples 1: Check the symmetry of the graph of the following curves:

1. y=fx)y=x*

sol.:  flxy) =x*y=0

5o () fix,-y)=x- (<) =0 = . fx)=x+y=0%Axy) noto.k.
(i) f-x)= (%)% y =0 = . Axy)=x-y=0=Axy) 0.k
(#ii) f-%,-p)= (x)*-(-)=0 = . Ax)=x+y=0+£xy) not o.k.

So the function has symmetry only about y-axis. It is called an even function.

2. y=fx)=x

Sol.  fixy)=x>y=0

S () )= x- (<) =0 = . fx9)=x+y=0#Afxy) noto.k.
(i) f-x,y)= (x)*- y =0 = .flxy)=-x-y=0+#£xy) not o.k.
(#ii) f-%,-p)= (x)*-(-)=0 = . flw-p)=x+y =0 (multiply by -1)

=  Ax-y)=x-y=0=Axy) o.k.

So the function has symmetry only about the origin. It is called an odd function.

Mathematics- Preliminaries
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Chapter One

3.7 +4

Sol. fixy) =" —=*+4=0

S (DA% -p)= () =2 +4=0 = . fix)=)* x*+4=0=flx,y) 0.k.
(id) flx,)= y* —(=x)*+4=0 = . Axy)=)y P x*+4=0=fx,y) 0.k.

(iii) fl-x,-y)= (-¥)* =(=x)*+4=0 = . Axy)=y* x"+4=0=fix,y) 0.k.

So the function has symmetry about x-axis, y-axis and the origin.

DEFINITIONS Even Function, Odd Function

A function y = f{x) is an
even function of x if f-x)=£x) symmetry about y-axis
odd function of x if f{-x) = -Ax) symmetry about origin

for every x in the function's domain.

Examples 2: Recognizing Even and Odd functions
o fi=x"Even function:  (-x)’=x*for all x; symmetry about y-axis.
o fx=x*+1 Evenfunction: (x)?+l=x*+1 for all x; symmetry about y-
axis.
o Afx)=x Odd function: (x)= x for all x; symmetry about the origin.
o flx=x+1 Notodd: f-x)=-x+1, but -Ax)=-x-1. The two are not equal.
Noteven: fl-x)=-x+1, but fix)=x+1. for all x # 0.

(a) (b}

Example 3: Sketch the graph of the curve y=fx) =21

Mathematics- Preliminaries
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Chapter One
Sol.: Step 1: Find b, g, of the function?

Dy=(-00,00);
To find Rs: we must convert the function from y=f(x) into x=Ay).
y=x2-l = x2=y+1 x=¢\/;ﬁ
So y+120 = y=-1 =  R=[-1,0)
Step 2: Find x and y intercept?

To find x-intercept put y=0 =  x*-1=0 =  x’=tl
So x-intercept are (-1,0) and (+1,0).

To find y-intercept put x=0 = y=0-1= y=-1
So y-intercept is (0,-1).

v -

Step 3: check the symmetry:
S = ()*-1= - 1= fx)
- ) = 1)= - X1 1)
So it is an even function ( it is symmetric

- N W & o e
T T T T T T T

about y-axis).

Step 4: Choose some another point on the = E S

curve.

Step S: Draw smooth line through the above points.

Homework: Draw the following functions:

1. y=f(x)=3x*+2 2. x*+y* =1

3. y' =4x-1 4. x=y’

5. y=[x]; for-3<x<3 6. y=x—[x]; for-2<x<2
7. y=4-x

Mathematics- Preliminaries
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Chapter One

Shifting, Shrinking and Stretching:

Shift formulas: (for ¢ > 0)
Vertical shifts
y=1fx)+c or  y-c=fx) shifts the graph of fup by ¢ units.
= fx)-c or  ytc=flx) shifts the graph of fdown by ¢ units.
Horizontal shifts

y=fx+c) shifts the graph of fleft by ¢ units.
¥=flx-c) shifts the graph of fright by ¢ units.
Shrinking, Stretching and Reflecting Formulas:
(forc>1)
y=c f{x) Stretches the graph of /¢ units along y-axis.
= : f(x) Shrinks the graph of f'c units along y-axis.
c
y=flcx) Shrinks the graph of /'c units along x-axis.
y= F (f) Stretches the graph of f¢ units along x-axis.
c
(for ¢=-1)
y=-fx) Reflects the graph of facross the x-axis.
V=f=x) Reflects the graph of facross the y-axis.

Example 1: The graph of y=-Jx is a y=Viy A
reflection of y=+/x across the x- |

axis, and y=+-x is a reflection

across the y-axis.

Example 2: Shift the graph of the function
fx)=x*; if D={x: 2 <x <3} and Ry={: 0 <y < 9}.
(a) one unit right. (b) two units left.
(c) one unit up. (d) two units down.
Sol.: (2) Shifting the function f{x) one unit right:
g00) = flx-1) = (x-1)* and Dy={x: -2 <x-1 <3}={x: -1 <x <4}

Note: In case of horizontal shifts, the range of the function will not be changed.

Mathematics- Preliminaries
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Chapter One

x y=f)=x* x-1 y=g(x)=(x-1)

2 4 - -

-1 1 -2 4 8-
0 0 -1 1

1 1 0 0

2 4 1 1

3 9 2 4
4 - 3 9

(b) Shifting the function f{x) two units left:

L 1

h(x) = flx+2) = (+2)? and Dy={x: -2 <x+2 < 3}={x: -4 <x 21} "

9
8
7
6
sk
4
3
2
1
t
1

2

Note: In case of horizontal shifts, the range of the function will not be changed.

X y=flx)=x" x+2 y=h(x)=(x+2)

; - : 4

e N B — st

-2 4 0 0

K| 1 1 1

0 0 2 4

1 1 3 9

2 4 - - [

3 9 . - . . . 2

(c) Shifting the function f{x) one unit up: N AN A

w) =f)+1 =x* +1 and R,={y: 0 <y-1 <9}={y: 1 <y < 10}

Note: In case of vertical shifts, the domain of the function will not be changed.

X y=fx)=x" y=w(x)= x*+1 i W)=+
-l 1 2 :
0 0 1 ;
1 1 2 s
2. 4 S 4
3 9 10 }
(d) Shifting the function f{x) two units down: SRR N

Mathematics- Preliminaries
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Chapter One
q(x) =fx)-2 =x" -2 and R~{y: 0 <y+2 <9}={y: -2 <y <7}

Note: In case of vertical shifts, the domain of the function will not

be changed.

y

X =fl)=x" y=q(x)=x"-2

-2 4 2

i e . I T

1 1 I S \
2 4 2

3 9 7 \\ )

- N W A & 9 o
T T T T T T T

J&)
)=f(x)-2

L,
/234

Example 3: Sketch the graph of the curve y=fx) = |x|
Sol.: Step1: Find Dy, R of the function?

y=f(x)=|x|={_xx Z: ig
=  DF(-0,) and  R~=[0,00);
Step2: Find x and y intercept?
To find x-intercept put y=0 =  x=0
To find y-intercept put x=0 = =0
So x- and y-intercept is (0,0).
Step 3: check the symmetry:
J(=x) = |-x=fx|= fx)
- fix) =-|x|# fix)
So it is an even function (it is symmetric about y- s~ wenx<s
axis).

Step 4: Choose some another point on the curve.

X1y
1]1
212

"OJP
Ry
ool
au/
T

S)=x when x>=0

Step S: Draw smooth line through the above SR

points.

Mathematics- Preliminaries
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Chapter One

Example 4: Use graph of the function y=Jx| to sketch the graph of the following

functions, then show their domains and range

(@) y=lx+1]
Sol.

y=lx+l|={

_{(x+1) if x>-1

-x=1 if x<-1

x+D) if (x+1)=0
—(x+1) f (x+1)<0

Shifting the function y=|x| one unit left.
Dy=(-0,00) and R~=[0,0)
(b) y=h|+2

st i[5, 4 002

Shifting the function y=Jx| two up.
Dy=(-e0,0) and Rj=[2,00)

(©) y=-]

—(®)=-x if (x)20

-(=x)=x if (x)<0

Reflecting the graph of the function y=N

Sol y=f(x) =-lxl={

across x-axis.

Dy=(-o0,00) and R/=(-o0,0]

(d) y=2-{1-x|
Sol. y=2-|1-x{=-|1-x]+2|=-|x-1[+2

[ =Gx=D+2 i -0
- G-)+2 i x-1<0

Mathematics- Preliminaries

J)=(x+1) when x+1<0 fG)=x+1 when x+I>

Se)=xt2 whenx<0 S(x)=x+2 when x>=0

J(x)=x when x<0 Je9=x whenx>=0

B

S(x)=x+1 when 7 S)=x+3 when x>=1

'
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Chapter One

{—x+3 if x21

x+1 if x<1

Reflecting the graph of the function y=[x| across x-axis, then shifting it one
unit right and two units up.

Dy=(-o0,00) and Ry=(-0,2]
(©) y=1-p+]| v
Sol. y=1-pe+1|[=-x+1]+1 2t
_{ —(x+D)+1  if (x+1)20

—(=(x+1))+1 if (x+1)<0

X

PR— L 1 X 2
2 -1 1 2 3 4

(x)=x when x>=1

—-X lf x>-1 fo)=x+2 when x<-1
x+2 if x<-1

Reflecting the graph of the function y=lx|

across x-axis, then shifting it one unit left

and one unit up.

Dj=(-o0,0) and R=(-o0,1]

Example 5: 1If f(x)= \/Z—_x? which has D~[-2,2] and R~[0,2], shrink and stretch it
horizontally by two units and then
sketch the original and resulting
functions

Sol.: (a) shrinking:

S)=sqrt(4-x*2)

)=sqrt(4-(2x)*2)

g(x)=f(c.x)=\/:t—(2x)2 =a—4x =21-x*

Dg={x: 2 <2x <2}={x: -1<x <1}

Note: In case of horizontal shrinks, the range af

of the function will not be changed. 2t
(b) stretching: y
4t
2 2
g<x>=f(f)=\/4—(f2=\/4—"—=\F6 * 16—+ |
c 2 4 4 2
Dg={x: -2 £x/2 £2}={x: -4<x <4} OIS/ =sqri(d-(v2)"2)

Sfe)=fqri(4-x"2)

Mathematics- Preliminaries
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Chapter One
Note: In case of horizontal stretches, the range of the function will not be

changed.

Example 6: Repeat the above example but here shrink 2
and stretch the function vertically.

Sol.: (a) shrinking:

S(x)=sqrt(4-x"2)

glx) = %f (x)= ?12- N Mfmﬂ-xw

R~{y:0= 2y <2}={y:0<y=< 1} 2 n B " 2

Note: In case of vertical shrinks, the domain of Ar

the function will not be changed. *

y

2(x)=2%(x)=2*sqrt(4-x"2)

(b) stretching:

g(x) =¢f (x) =24 -x*
R={y: 0<y2 <2}={y: 0 <y <4}

S(x)=sqrt(4-x"2,

Note: In case of vertical stretches, the domain of the

function will not be changed. * z ; :

Example 7: Use the graph of the function sk

y=f(x)=v1-x" to sketch the graph of

the following functions:
1. y=g(x)=~1-4x’

_S_()_l_,.: y= \/1 —4)(;2 = \/T— (2x)2 1.0 05 “olo 05 o

I=g(x){(2%)

This function may be obtained by shrinking asl

the function f(x)=v1-x> by two units horizontally (g(x) = f(2x) ).

2
X

=h(x)=.]1—=—
2. y=h(x) 9

Mathematics- Preliminaries (3 5)
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Chapter One

\/:__ = \F (__) 2.0

This function may be obtained by stretching o ﬁ; '

yeh()=f(73)
y) )
=452y, o x

the function f(x) — '1_x2 by three units -30 25 20 IS -1.0 -05 0‘? 0.5 1.0 1.5 20 25 30

-0.5

horizontally (A(x) = f(-gi)).
3. y=w(x)= %\ll—xZ
Sol.: y=w(x)= %\/1 -x

This function may be obtained by shrinking the y

function f(x)=+v1-x* by three units vertically ( 45 et
1 35 3

h(x) = §f (x)). | o

20F v:‘:
2 3
4. y=q(x)= 4\/: 1y
| p‘; Qﬂlﬁ)ﬂx) :

Sol.: y=4(x)= 4F_4F e I

This function may be obtained by stretching the function f(x)=+1-x* by

two units horizontally and four units vertically (g(x)=4./ (%) ).

Homework:
1. Sketch the graph of the following curves by shifting, reflecting,

shrinking and stretching the graph of the given functions

appropriately.

(a) The given function y=x’ RN y;
() y=1+(x-2) (i) y=2-(x+1)* !
(i) y=-2(x+1)*-3 (iv) y=(1/2)(x-3)*+2
() y=x2 + 6x (vi) y=x2 +6x-10

(b) The given function y = Jx

Mathematics- Preliminaries e ‘
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(i) y=3-x+1
(m)y=%J}n

(¢) The given function y = 1
X
. 1
1 [
@ vy ——
(ifi) y=2-——
x+1

(d) The given function y=|x|
() y=[xt+2|-2

(i) y=|2x-1]+2

(e) The given function y = Vx

(i) y=1-24x
(iif) y=2+Vx+1

(i) y=1++x—-4

(iv) y=—+3x

.. 1
(i) y=1—
- X

) x—1
(iv) y=—
X

(if) y=1-|x-3|

(iv)y =~x?—4x+4
=Jx-2? =px-2

y=H

(if) y=¥x-1-3
(iv) y=-VYx-2

_ Shrink and stretch the following functions along both x-

2 -1 1 2

v =0 =x43

axis and y-axis by (3/2) units then sketch the resulting function.

(@) +)y =4,
(b) 24% + y*12 =6,

(c) y=3x" = 2x +1,

Mathematics- Preliminaries

DF{x: -2 <x <2}
RE{y:2<y=<2}
DF{x: -2 <x <3}
Re{y:-2<y= 2\/-6_}
DF{x: -1 <x <2}

6
R={y:

— <y<9
g =V }

P
~
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Limits and Continuity

LIMITS AND CONTINUITY
Limits

Definition:
If the value of f{x) can be made as close as we like to L by taking the
value of x sufficiently close to a (but not equal a), then we write:

llmf(x) =L,

X—=>a

which is read "the limit of f{x) as x approaches a is L".

Properties of limits:

1.If f(x)=k, then |im/f(x)=k, where a and k are real numbers.

2. Sum rule: LI—IE[ ]:1—();)+ H®)]= E-IE Hix+ LEE £ x).

3. Difference rule: £1_I,I}[ [ = f(x0)]= %cl—gl;l fi(x)- EE} f(x).

4. Product rule: lim[/i(®)-/2()] = lim /1(%) - lim /3 (%) -

5. Constant multiple rl);:: Eg}k f(x)=k x;;)n f(x) ’x-m where £ is a constant.
6. Quotient rule:  lim 2 8 =lim 1)/ lim /2¥), lim /,(6) %0

7. Power rule: £1_13[ f (x)]% =[£i_r)13 f (x)]% , provided that EE f(x) is a real

number (if s is even, we assume ]im f(x)=> 0).

xX—>a

* Polynomials:  lim(c, +cx +c,x°....c,x") = ¢, +ca+c,a’...c,a" .

X—=>a

* Sandwich theorem:
If g(x) < f(x) < h(x) are three functions such that:

limg(®)=limh(x)=L, then [im/f(x)=L.

X—=>a xX—>a X—a

Note: Indeterminate quantities: (% , had , 0—00, 0%*wm).
0

Example: Find the limits of the following:
1. limx* —4x=2"-4%2=4-8=-4,

x—2

2. limx’ +2x? —3x+4=1+2*1>-3*1+4=4,

x—1

o Gx-1)? (3*1-1)* 2* 1
3. lim = ==

o (x+1) 1+1 27 2
4. -4  2°-4 0
C T 5x46 22-5%2+46 0

(Indeterminate quantities)
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Limits and Continuity

So 1im & Dx+2) _,. (+2) _2+42_4 _

o -3) A (x-3) 2-3 -1
5.1imx2=22=9
w2 4xt—4 A22-4 0
=1im‘/—_‘/__ i Jx—2Jx-2 _ - Ji—2 _2-2_ 0 _
D12 +hr-2vx+2 =2x+2 V242 4

6 Jx=2 _2-2 0

(Indeterminate quantities)

. =— Indeterminate quantities
M= =% 470 ( 1 )

=1 x-2 — lim x=2

I )(x+2) o x—24x—2(x+2)

1 1 1 1
=13 - = - =w = the limit does not exist.

I = 12 2-2(2+2) 0*4 0

7.1 x-1 171 0 (Indeterminate quantities)

im =

1 x243-2 12+3-2 0
r x-1  x*+3+2
=lim

o1 Alx?+3-2 x*+3+2

(x-D(Wx* +3+2)

(Multiplying both the numerator and

denominator by the conjugate factor)

(x— 1)(\/x +3+2) _ (x—l)(«/xz +3+42)

=lim =lim

x—1 x2 +3-4 x—1 x—)l (x-—l)(x+l)
C (Wxr+3+2) V124342 4
x>l (x+1) x+1 2
. sin3x _, sin3x .3 sin 3x
8. =lim =1im *==3*]im =3*1=3
x—0 X x>0 X 3 x—0 X
. tanx . sinx/cosx _  sinx, ., 1 1
9. =1lim =lim / =lim *lim =1*-=1
x—0 X x—0 X x>0 X x—0 COS X 1
10.=1lmzosx Let z=—-x, soas x>—=>z—0
X-—)% —— x
2
cos(——2z) .
. . sinz
hm——z—— =lim =1
z—0 zZ z->0 zZ
. l-cosx ., l-cosx, l+cosx _ . 1-cos’x
11. =1im = lim =lim———
0 X 0 X l1+cosx x>0 x(1+cosx)
8. 9 .
. sin” x . Sinx sin x 0
= = 1*
lxl—%l x(1+ cosx) lxlgl X 1x1—>0 (1+cosx) 1+1
52 2
Example: Giving that 1- 7 <u(x) <1+ —; for all x # 0, find [imu(x).
x—0
. x? x?
Sol.: Since fyml-—=1 and |jjl+—=1,then
x—0 4 x—0 2
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the Sandwich Theorem implies that jy u(x) =1.

x—>0

Right-hand limits and left-hand limits
One sided vs. two sided limits
Definition:

A function f{x) has a limit as x approaches c if and only if the right-hand
and left-hand limits at ¢ exist and are equal. In symbol:

lim/f(»)=L < limf(x)=L and |im/f(x)=L

x—=c x—=ct x—=c”

Example: Discuss the limit properties of the function f{x) which shown in

figure. .
Sol.: [
-Atx=0 |im/(x) =1 Yy =f(x)
x—0* 2 A
lim f(x) does not exist (because the function / \\
x—07 16 i 8 k%)
is not defined to the left of x = 0) .
R R
-Atx=1 [imf(x)=0 even though 1) =1
x—1"
lirlr} F(x)=1

lim f(x) does not exist, because the right-hand and left-hand limits

x—1

are not equal.

-Atx=2 |imf(x)=1

x—2"

lim f(x) =1

x—=2"

lim f(x) =1 even though f(2) =2
x—=2

-Atx =3 limf(x)=2

x—3"

lim/f(x)=2

x—-3*

lim/(x) =/ (3)=2

-Atx=4 [imf(x)=1 even though f4)=0.5

x—4"

lim f(x) does not exist, because the function is not defined to the

x—>4*

right of x = 4.
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Example: Check the existence of the limit of the function f{x) at x = 1,
2x + 1 -1 <x<1
po={”
x/2-3 1<x<4
Sol.: 1im f(*) =1lim2x+1=3.

x> x—>1"
lim f(*¥)=limx*/2-3=-2.5.
x—>1t x-1t

Since the right-hand and left-hand limits are not equal, thus the limit does
not exist at x = 1.

Limits Involving Infinity:
These are the limits that include x - o or x — — and lim f{x) = o or
lim f{x) = -o0.

Let y= Ed then ‘X;
X WL
Ll L = o o
Ay One-sided limits = the oy

1 limit does not exit L

2' hm—z—oo [ R T T M e
x>0 X a4 B 1 2 3 4 °°
.1 af

3. lim==0 \ L
x—>+0 X !
.1 -

4. lim—=0 i
x—>-0 X

Example: Find the limits of the following:

1 1
L. limG+-)=lim5+1lim—=5+0=5

X—>0 X X—>00 x—0 X
2.1 x I x/x 1 11 }_
T Tx+ 4 e Tx/x+4fx T 4fx T+0 7

Note: In rational functions divide both the numerator and denominator by the
largest power of x in the denominator.

3. 1 2x2—x+3_1, 2x2/x2—x/x2+3/x2_, 2—1/x+3/x2_2—0+0_g_
e 3245 3245l e 345/x’ 340 3
2 2/ _ o0 — . .
4, 1im4x 3=1im4x E: 3/x=1im4x 3/x=4 © O=oo:>the limit does not exit.
X—>00 3x X—>00 3x/x X—>0 3
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. 5x+3 Sx/x* +3/x* . 5/x+3/x2_0——0_9__
> limy 5 im0
Summery for Rational Functions

a) lim < =0 if deg(f) < deg(g)
X—>to0 g()C)

b) 1imZ™ is finite  if deg(f)=deg()
X—>t0 g(.X)

c) 1mf (¥ ; is infinite  if deg(f) > deg(g)
x—to (X

6 -
?im e T Im G en

As x — +w, the values of x under consideration are positive, so we can replace
x| by x:

\/SCT/]xI . \/;T/\/—— m

=1 .
I o 6)/]  sore (3x—6)/x =lim- T3

VxZ 42 . Vx?+ /]x[
b lim e = im G (e =D
As x— -, the values of x under consideration are negative, so we can
replace x| by -x:

Vit +2 /3] _ x4+ Ve +2/4x Vit2/x® 1

:};-w (Bx~ 6)/|] o 3% —6)/(—x) }Jﬂo( 3+6/x) 3

\/x2+2 - Vx?+ /|x| (Slncew/— ).

Sll’l X
7. im——

x>0 X

Remember that —1<sinx <1. Dividing the inequality by x yields
-1 L sinx _ 1
X X X

. .1
lim-—-=0 and lim—=0

x>0 X x—0 X

sinx _ (Sandwich theorem)

S im

X—>0

8. limxsin—l—
x

X—>00

Let x=—1— — z=l
z x

When x - « = z—>0

000032
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1.
S lim—sinz =1
z-0 Z

9. lim\/x2+6x+1—\/x2+x (00 —0)

X—>0

*«/x2+6x+l+x/x2+x

lim\/x2 +6x+1—\/x2+x = lim\/x2 +6x+1 —«/x2 +Xx

x>0 e Nx? +6x+1+/x7 +x
. (P +6x+D)-(x* +x) I x> +6x+1-x*—x I dx+1
=]im =]im =lim
ooy x2 +6x+1 +Vx2 +x o 46x+1+Vxl +x oo x2 +6x+1+x% +x
. S5x/x+1/x 5 5 5
=]im [x+Y =—=

x> [x?[x? +6x/x% +1/x* +x/xz/x2+x/x2=\/1+0+0+w/1+0=T:I 2
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Continuity:

Continuity at a point
- A function y =f(x) is continuous at an interior point ¢ of its domain if:

lim /() = /() Yo, o o 4

- A function y = f (x) is continuous at a left ¢ ¢ b

end-point a of its domain if:

lim f(x) = f(a)

- A function y =f{x) is continuous at a right end-point b of its domain if:
lim f(x) = f(b)

x—b"

Discontinuity at a point
If a function f{x) is not continuous at a point ¢, we say that fx) is
discontinuous at ¢ and call ¢ a point of discontinuity of f{x).

Continuous Functions
A function is continuous if it is continuous at each point of its domain.

The Continuity Test
A function y = f{x) is continuous at x = ¢ if and only if it meets the
following three conditions:

1. flc) is defined (c lies in the domain of ).
2. limf(x)exists (fhas a limit as x—-c).
3. im/f() = f(c) (The limit equals the function value at ¢).

X—>C

Example: Discuss the continuity conditions of the function f{x) which shown in
figureatx =0,x=1,x =2,x=3,x=1.5,
and x = 4.

Sol.: ¥ =f(x)

-At x = 0 (left end-point) “

F(0)=1 N 4 %\3

393
I
)

lim /() =1 . .
*lim /() = f(0) =1 ) S R N e

So it is continuous at the left end-point (x = 0).
-Atx = 1 (interior point)
A =1
limf(x)=0

x=1"

limf(x) =1

x-1*
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= lim f(x) does not exist, because the right-hand and left-hand limits are not
x-1

equal.

So it is discontinuous at x = 1.

-At x = 2 (interior point)

f2)=2
liI%’_lf(x) =1, 1ir2r+1f(x) =1

- lim f(x) =1

li_l;l;l fx) = f(2)

So it is discontinuous at x = 2.

-At x = 3 (interior point)

f3)=2
lilg‘_lf ) =2, 1ir31} f(x)=2
S limf(x) =2

x—3

li_r>r31f(x) =f(3)=2

So it is continuous at x = 3.
-At x = 1.5 (interior point)

f1.5)=1
li¥r51_f(x)=1, li?}f(x):l
]Lrlr} f(x)=1

lil}}f(x) = f(1.5) =1

So it is continuous at x = 1.5.
-At x = 4 (right end-point)
f4)=0.5
limf(x) =1

x—4"

S lm f(x) # f(4)

x—4"

So it is discontinuous at right-end point (x = 4).

Example: Determine whether the following functions are continuous at x = 2.

x* -4

1. f(x)= o
Sol.: f{2) is not found (2¢ D, )

So the function is discontinuous at x = 2.

x’ -4

X#2
2. f(x)={ x=2

3 x=

annng
i b

e

)



Sol.: f2)=3
2 e
fiinE =2 g EDEHD) g 999y
-2 x — 2 Xx=32 x—=2 x—2
L f(2)# 11_1}21 f(x)
So the function is discontinuous at x = 2.
x* -4 2
X
3. fx)= { ¥=2
4 x=2
Sol.: [2)=4
2 —
Em® = 4
=2 x— 2

< f(2) =1lim £ (x)

So the function is continuous at x = 2.

Limits and Continuity

Example: Test the continuity of the following function at x = 1:

x* x<l1
o

x

'5 x>1
Sol.: f(1)=-}—

2
}ci_g}f(x)=)1:i_{lr}x2 =)’ =1

1

. . X
i fg)=ims =2

lim f(x) is not found (the left-hand and right-hand limits are not equal).

So the function is discontinuous at x = 1.
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L'Hopital's Rule
Indeterminate forms 0/0, co/c0

Suppose that f(a) = gl{a) = 0, that f and g are differentiable on an open inter-

val [ containing @, and that ¢’'(x) # Oon/ Lf x # a. Then

tim 1% _ i L6
x—a g{x) xwag{}

assuming that the limit on the right side exists.

Examples:
oyl 3X T SIRX 3 — cosx|
@) lim=——= == g+
S
& I 2471 e
(b) ;%“Tf L= 2 IIH =7
X}
Examples:
. VIi+x—1-x/2
{a) hm = 3 i
x>} xX“
_ o 20+ 972 2
= 2
= lim A + S
{h} i:m-—-%p—r
=0 x
= lim | — cosx
=0 3yt
= Em sinx
sy OX
= [ Sosx _ 1
S 6

Indeterminate forms 0.0, o -

Examples:

Hm —oeX
{a) x—(zj2r 1 + tanx
secxytanxy

= lm —=—= &m sinx=1
{72 seex x—{=/2}
i 4
. . x — 2x . I — 4dx . -4 2
(b) Iim ———— = lim — = lm —=-3%
o AYT - 3y o S O 3
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(©)

; .1
lim | xsiny;
s X
P 3 3 LU A
= lim | +sink
h—s0* \ B

= §
(d)

. 1 1
lim{ —— — ¥
v\ Sinxy X

Hx— 07, thensinx — 0" and

.l m%_;m e *
smnx =

Similarly, if x — 07, then sinx — 0™ and
1 i

s o e - 00— (=) = 00 4+ 00,
siny -

| 1 _ x~— sinx
siny ¥ xsinx

Then apply I"'Hépital's Rule to the result:

St =1 = ¥, 2. 3
r—0\sinxy Y/ Ly xsinx

. 1 — cosx
= lim ——
x-+{} SINX -+ XCOSX

= K -

i sinx O
—sf} 2CO8X — xsinxy 2

Indeterminate forms 1°, «°, 0°
DEFINTION: Iff imln f(x)=L.
Then: lLm f(x)=e'

Example: Show that lim 1+ %)% =e.

Sol.: Let f()=(1+x" = Inf(x)=h1+xn¥ =i}n(1 +Xx)= L)
x x

Indeterminate form)

- lim In f(x) = lim 20* %) _ _?; (

=87 =07 X
1 1
By L'Hopital's Rule . fim 239 _ ypy 440 _ (1+0) _ % -1

3 X e | i

Therefore tim f(x)=lm1+x)" =¢' =¢ ok.
x-30" x=0"

= ().
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Examples: Find the limits of the following:

1. lim(sec® 2x)°°% = (sec’ (2 0))™"* = 1* (indeterminate form)
tH

Sol.: Let y = (sec® 2x)='
: Teot?3x 3 3lnsec2xy
In y = In(sec’ 2x)°* = In(sec 2x)** ¥ = 3cot? 3xInsec2x = ——
fan” 3x
3lnsec2x 3lnsec2*0 3mInl 0O T TP T
= = =— (also indeterminate form)

s limn y = lim —— =
x50 =0 fan” 3x tan® 3% 0 0
sec 2xtan2x* 2
3 . tan2x 0
- im— SeC =X =lm—_ ==
=0 tan3xsec 3y O

0 2 tan 3xsec? 3x *3

2sec’ 2x

= lim P
=0 tan 3x *[2 sec 3x ¥ sec 3x tan 3x * 3] + sec? 3afsec? 3x* 3]

= lim 2sec” 2x 2sec?0 2% 2
=0 Gsec’ 3xtan” 3x + 3sec” 3x 6sec2 Otan’ 0+3sec’0 6%0+3%1 3
2 . e
slimly== = lim y = lim(sec’ 2x)™ 3 = ¥
x50 3 x50 x50
A%, [_L‘ (1) , ‘
2 im =1 = 119/ =1® (indeterminate form)
x—
] %_{1—2 % _1} 1 Inx
Sol.: Let y=x*" = my=hs"V=—_mx=""—_
x-1 x-1
~limhly= e I ('ﬂse indeterminate form)
x5 =l x—-1 1-1 O
7
=t 1 1
(L
slmy=limat* =gl =e
x—1 x=
inn | (tan x) ™ = oo? (indeterminate form)

“2

In{tan x)

In y = In(tan x)*** = cosx In(tan x) =
gec x

. In(tanx) Ine _ =
+lm Iny = lim (tanx) _ — (also indeterminate form)
% _}E % _)g Secx o oL
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sec’ x 1
secy

= lim —80X__ _ jim T = jiy €OSX

X x—-}E

T secxtanx T fan” X "—33?;_ [ sinx )
\cosx )

— B

= lim ——=lim ——=
oL COSX sin’x . r7sin”x

1 cos™x . cosxy O
1

oo lim y = lim (tanx)™* = =1
P

2
< -

4, lim x™* = 0° (indeterminate form)

x=0

i in . Inx
Sol.: Let y=x™" = mIhy=x""=sinxlnx=
csex

. ., Inx 0 -« . . . ,
slimlny = lim =—= (also indeterminate form)
*30 =0 oscxy ® 0
1
1'4"{:(' .‘-

=lm——=lim—=>— = lim

w ¥
—-sm x 0

0 —csexeoty w0 I cosx =0 xcosx O

siny sinx

0

., —2sinxcosx . —sin2x §]
= lim , = lim - = =
=0 —xrsmy+cosxy ~_ysinxy+cosy 0O+1
Slimy=lim ™t =% =1

a=0" x—=0
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Differentiation

DIFFERENTIATION

Derivatives:

Derivatives are the functions which are used to measure rates at which
things change. We define derivatives as limiting
values of average change, just we define slope of ¥

curves as limiting values of slopes of secants. ¥ = f(x) 5
I y=f) e e ), If
LAY = f(x+ Ax) - f(x) / j“' ; Ay fx+ A%)- fix
So, slope of secant PQ=Ay- ACALS IR ACY e //:*/
o Ax S Pw A LT
As Q—P then slope of secant PQ will equal to slope ' 7 ]
of tangent of the curve f{x) at P and Ax—0 " , L .
x x+ Ax

= slope of tangent of

- lim slope of secant PO=2Y = 0 m L&t A’C) S _

Ax—)

the curve fx) at P. And this is called the defimtlon of derivative of the
function f{x) and this denoted by y’, /'(x) ,—g ,% f(x),and D_f(x).

d + Ax) —-
oo =2 2 lim S (x + 4x) f(x).
dx -0 Ax
The process of calculating a derivative is called differentiation. We
consider that the derivative is found if the limit exists and finite at a certain
point.

Example: Find the derivative of the function f(x)==x?using the definition of

derivative.
2_ .2
Sol ——f(x) f(x+Ax) f(x) lim(x+Ax) X
Ax—0 Ax
2
i DA AT - AQur ) (2x+ Ax) = 2x.
Ax—0 Ax Ax—0 Ax Ax—0

Example' Using the definition of derivative, differentiate 7(x) = /x .

Sol f<x+Ax>-f<x> - Axr A —x  JrrAx
—f(x) = lim %
Ax—>0 Ax—0 Ax \/x+Ax+I

- lim x+Ax X - lim Ax — lim

AJHOAx(\/x+Ax+«/—) Ax—>0Ax(\/x+Ax+«/—) 250 (\[x + Ax +J_)
1

=(J¥+J¥)=zd¥'
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Differentiation

Laws of derivatives:

1. %c =0, where c is a constant.

2. ix" =nx""
dx

3. If U and V are two functions of x then:

d du

(a) E(C *U)=c*— where c is a constant.

dx’
d dU _dVv
(b) S WUFV)==2F.
4 gy y @V U
(c)dx(U V)=U—+V—=.
i n _ n~1*dU
(d) il Lt
y 4 _y s
(o1 iy el

Example: If y =x*+7x*-5x+4, find gxz

dyd
dx

Sol.: ( )+ (7 )——(5 )+——(4)

=3x +2*7x—5+0—3x +14x-5.

Higher order derivatives:

s a dy . . .
The derivative: y' = ;’v is the first derivative of y with respect to x. The

first derivative may also be a differentiable function of x. If so its derivative:

72
5 d dy y
—(——)

x
is the second derlvatlve of y with respect to x. If y™" is also a differentiable

function of x, its derivative:
w_d (5" = d (dzy) dy
y = ’
. 22 23
is the third derivatlve of y with respect tox. The names continue as you
imagine with
d a_d d7y dy
dx(y )—dx dxn—l)_dxn’
is the n™ derivative of y with respect to x for any positive integer .

V'=

Example: The first four derivatives of y = x* —3x* +2 are:

First derivative: y' = 3x% —6x.
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Differentiation

Second derivative: y" =6x-6.
Third derivative: y" =6.
Fourth derivative: y" =0.

The function has derivatives of all orders, but the fifth and subsequent order
derivatives are all zero.

Implicit differentiation:

In some cases, it is difficult or impossible to solve y = f{x), so to find %

for such cases, implicit differentiation will be use.

Example: Find % of the following:
1. x*+y*=1.

Sol.: 2x+2y*%=0 = 2y*%=—2x > = > ===,

2. 2y =x* +3x)?
dy dy 2 dy dy 2 dy 2
Sol.: 2= =2x+3x2y=)+3y* = 2% 6% — 243 = Z(2-6xy)=2x+3
el x(yl) y e 0B~ = 25+3y z( xy)=2x+3y

2
- Q: 2x+3y

dc  2-6xy
Example: Find 42 if 25 -3,
Xample: Fin e I 2x°=3y° =7.
Sol.: to find —dl:
dx
2x*-3y’=7 = 6x2—-6y@}-= = 6yiJi=6x2
dx dx
2 2
== 6y-2—z=6x2 —Z—z=%{—=x7=y‘ where y # 0.
2
We now apply the Quotient Rule to find % ory”.
2
2.dy 2 2. &
d dy  d 52 y2x)-x“ (=) 2xy-x"(—)
S0y =—( =) Y
de dx’ dxy y ¥
_2xyt—x*

3

Y
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Differentiation

The Chain Rule:
If y=f@w); u=g(x), and the derivatives -Zl and % both exist then the
u
composite function defined by 7(g(x)) has a derivative given by:
b _dydu
dx du dx
Example: Let y =vu?+1; u =l+x2, find %
X
Sol.: D _ddu
dx du dx
dy 2u u du 1
2= = ;=4 2x
du N2+l u?+1 dx X’
( +x%)

3. *(2x-1)=

1
- S NS ¥ TP
dx 2
u’ +1 x ‘/(1+ 22 41 *
X

Another solution:

Find y,u = y(u(x)) = 1f(l+x2)2 +1

2( +x7)* (-——+2x) (——+x2)*(2x—xl—2)
‘/( +x°)* +1 \/(l+x2)2+1
X

Example: If y = (3x* -7x+1)°, use the chain rule to ﬁnd%

@JI@

Sol.: We may express ¥ as a composite function of x by letting:
y=u’ and w=3x*-7x+1
So, EZ Zy % = 5u"*(6x~7) = 5Gx°=Tx +1)* (6x-7)

Derivative of Parametric Equations:

If y= /(@) and x = g(r), and the derivatives % and % both exist, then:

dy ., dy/ar

& dx/dt
a’y d d ' ' dt
and —i—)=—-(—y)=l— '/
dx dx dx  dx/dt

Example: Find %, if y=r-1and x=2r+3.

dy _dy/dt

Sol.: & dd
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Differentiation

So ==, and @_2
dt dt
@/__g_t_x—3
ax 2 2
Another solution:
From x=2r+3 find r= x;’
-3V
Then y=(x ) -1
2
Ldy (x—?) «1_x-3
Cdx 2 )2 27
. dzy . 2 3
Example: Find —=-, if x=r-¢* and y=r-¢.
dx
Sol.: iix—:l—Zt and Q=1—3t2
dt dt
dy |, dyld 1-3t
.‘.——:y = =
dx de/dt 1-2t

And Q:M

dc®  dx/dt
@ _A=20)(60)-(1-3*)(=2) 6% +6t+2
dx (1-21)? -2y
LAYy a6+ 6142
ot dx)dr 1-20)°

Tangent and normal lines:

Example: Dose the curve y=x*-2x2+2 has any horizontal tangent? If so,

where?

Sol.: The horizontal tangents, if any, occur where the slope dy/dx is zero. To

find these points, we should

1. Calculate dy/dx : Zx—y =4x’ —2(2x) = 4x° —4x T

2. Put @ o S 4y —4x =0
dx

3. Solve the equation ddx_y =0 for x.:

y

4 —4x=0 =  4x(x*-1)=0 o
either 4x=0 = z=0
or x*-1=0 = x=zI
So the curve has horizontal tangents at x =0, x=-1 and x = 1,
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Differentiation

The corresponding points on the curve (calculated from the
equation y = x* - 2x* +2) are (0,2), (-1,1) and (1,1).

Example: Find the tangent and normal to the curve x? —xy+y* =7 at the point
(-1,2).
Sol.: We first use the implicit differentiation to ﬁnd% .

X’ —xy+y?=7

dy dy dy
2x — — g +2 _._=0 = = 2y-— =y-2
x—(x y)+2y Qy-x)=y-2x

LAy _y-2x
T 2 y—x
We then evaluate the derivative (slope of the curve) atx =-1andy =2 to
obtain:
dy _Y=2x _2-2(-1) 2+2 4

dxl_y 2y-x 22)-(-1) 4+1 5
So the tangent to the curve at the point (-1, 2) is:

Y-y =mar-x) = y—2=§(x—(—1)>

4 4 4
= =—x+—+2 = LYy=E—=x+—.
5 5 5 5

And the normal to the curve at the point (-1, 2) is (slope of normal
is (-1/m)):

y-n=mix-x) = y—2=—§(x—(—1))

=> ———S—x——5—+2 = ' ———5—x+—31
YETRY Y CYETYRTY

1. isinu=cosu*——zi.
dax dx

2 2 AU ]
Jo—ldnu =seC U —.
dx

d d du
5. —secu =secu.tanu *4/— . ) —cscu.cotu * —,
dx dx dx
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Applications of Derivatives

APPLICATIONS OF DERIVATIVES

1. Analysis of Functions:
a. Increase, Decrease and Local (Relative) Extrema:

* Definition: (Increasing, Decreasing Functions)

Let f'be defined on an interval / and let x; and x, be any two points in I;
1. If f(x)< f(x,) wheneverx, <x,, then fis said to be increasing on /.
2. If f(x) > f(x,) wheneverx, <x,, then fis said to be decreasing on L

3. If f(x) = f(x,) forall x, and x,, then fis said to be constant on L

¥ y y

ﬂk ? ) A
decreasing constant

if(x 1) :;f(xz) '

: ::f(x ) )
fx) ) ' !
—> X ' : > X ! : —4>
X1 X2 X1 X2 X1 X2
fxr) < ) ifx1 < xy fxr) > flx) ifx1 < x3 k1) = fixp) for all x; and xy
Graph has +ve slope Graph has -ve slope Graph has zero slope
M 2) 3)

* Theorem: (First derivative test for increasing and decreasing)

Let fis continuous on [a,b] and differentiable on (a,b);
1. If f(x) > 0 at each pointx € (a,b), then fis increasing on [a,b].
2. If f(x) < 0 at each pointx e (4,b) , then fis decreasing on [a,b].
3. If f((x) = 0 at each pointx e (4,) , then fis constant on [a,b].

* Definition: (Local Minima, Local Maxima)
A function f has a local maximum value at interior point ¢ of its domain if

fix)<flc)  forall x in some open interval containing c.
A function f has a local minimum value at interior point ¢ of its domain if

fix)>flc)  forall x in some open interval containing c.

* Definition: (Critical Point)
An interior point of the domain of a function £ where f is zero or undefined

is a critical point of /-

* Theorem: (First derivative test for local extrema)
Let c is a critical point of . Moving across ¢ from left to right;
1. If f” changes from negative to positive at c, then fhas a local minimum at
C;
2. If £ changes from positive to negative at c, then f'has a local maximum at
c; '
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Applications of Derivatives

3. If f” does not change sign at ¢ (that is, f~ is positive on both sides of ¢ or
£~ is negative on both sides of ¢ ), then f'does not have a local extremum

at c;
c C o
Sign of “(\-jj)b Sign of f° “(*;i \}b
Local minimum Local maximum
¢Y) )

------------ . +44C ++++
Sign of f a(\: \ )b— Sign of £~ a(F/'c —~ >b
fhas no local extremum

3

* Theorem: (Second derivative test for local extrema)
Let f'is twice differentiable at c;
1. Iffi(c) =0 and f'(c) > 0, then fhas a local minimum at x = c.
2. Iff(c) =0 and f"(c) <0, then fhas a local maximum at x = c.
3. If f(c) = 0 and f""(c) = 0, then the test fails. The function /' may have a
local maximum, a local minimum, or neither atx = c.

Example: Find the intervals on which the following functions are increasing and
the intervals on which decreasing, and also locate the maximum and
the minimum.

(@) f(x)=x"—4x+3

Sol.: f'(x)=2x-4=2(x-2)

Putf =0 = 2(x-2)=0 = x=2 (critical point)

Since fis continuous at x =2 Sign of f—IT 2

. . . 1gn o <4+ ® —>
-, f is decreasing on (-,2], decreai~y _~Tnirease
and f'is increasing on [2, ). Local minimum

f(2)=2"-4*2+3=-1

- (2,-1) is a minimum point.

Or by second derivative test:

f"(x)=2>0 , so fhas minimum point at x =2.

(b) f(x)=x"
Sol.: f'(x) =3x"
Put f'(x)=0 = 3x’=0 = x=0 point (critical point)

Since fis continuous at x =0 0
bt bt

-. f is increasing on (-0,0],

and fis increasing on [0, o).

So f is increasing over entire interval (-00, 00)
thus fhas no local extremum at x=0 .

fhas no local extremum
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Applications of Derivatives

Or by second derivative test:
ffx)=6x =  ["(0)=6(0)=0« No indication.

(¢) f(x)=3x" -15x"

Sol.:
f(x)= 3* x 15*—?—3:“/3
= 5x° —-10x"l/3
= 2%7_32 Sign of f° -0 <i+++++,0 ---------- 12 g0
Putf =0 = 5—(-’;/;32—)=0 ﬁ?tﬁ
at =

=>x-2=0 => x=2
And £~ does not exist (undefined) at x=0.
Since the function is continuous at x=0 and x=2 then,
~.fis increasing on (-0, 0] and [2, ).
and f'is decreasing on [0,2].
At x=0 = f£(0)=30)"-150)" =
~.(0,0) is a local max.
At x=2 = f(2)=32)" -152)" =-14.287
~.(2,-14.287) is a local min.
Or by second derivative test:
N 10 _ 10 10 10(x+1
f"(x)= By S B = ™ YA :-3—(?73—)
. 10(0+1 , . : o
£"(0) =-3—(—(W3—) = 7"(0) does not exist, so this test 1s failed.

f'2)= 1—39(122%1) =3.96>0 , so the function has a min. point at x=2.

Example: If y=2+x%*, find the critical points and recognize them.
Sol.:
, 2 a2
=—X = —
Y73 ®/x
The derivative does not exist (undefined) at x=0.

So there is a critical point at x=0. -
POMILALA= e el e 0 iiq N

_ _ 23 _ Sign of f~ <
At x=0 . = f (0) 2+ (0) 2 . f decre% /nvcrcase
(0, 2) is a minimum point. Local minimum

Example: Find the absolute maximum and minimum values of y=x"* on the
interval -2 <x <3.
Sol.: y=x"
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Applications of Derivatives

_2 ap_ 2
Y73 TR
But y' is undefined at x=0. The values of the function at this one critical point
and the endpoints are:
Critical points value: ~ f0)=0
Endpoint values: A-2)= (-2)"* = 43, bsotate masimam:
£3) = (3)2/3 —gl”3 | also a local minimum

local maximum
°,

We conclude that the function's maximum value is 9 N \

=y'#0,

¥y

3k

taken on at x=3.
The minimum value is 0, taken on at x=0.

L L
\abso,ute min’imum; 3
also a local minimum

b) Concavity and Inflection Points (I.P.):

* Definition: (Concave up, Concave down)
If fis differentiable on an open interval /, then f'is said to be;
e Concave up on [ if /" is increasing on /.
e Concave down on [ if /" is decreasing on /.

* Theorem: (Second derivative test for concavity)
Let fbe twice differentiable on an open interval [;
1. If"(x) > 0 on I, then f'is concave up on /.

2. If f(x) < 0 on I, then f'is concave down on I.

* Definition: (Inflection Point)

A point P on a curve y=f(x) is called an inflection point (/.P.) if fis
continuous there and the curve changes from concave up to concave down or
from concave down to concave up at P.

* Let f be continuous and twice differentiable at x=c. If f"(c) = 0 or undefined,
then f may have an inflection point at x=c.

Example: Find the intervals on which the following functions are concave up
and concave down, then, if any, locate the inflection points.
(a) f(x)=x—4x+3
Sol.: f'(x)=2x-4,and f"(x)=2>0
Since f"(x)>0 for all x, the function fis concave up on the interval (-00,00)
also f"(x)=0 for all x, the function f* dose not have inflection points.

(b) f(x)=x"
Sol.: f'(x):3x2,and f"(x)=6x [()P_
Put /"(x)=0 = 6x=0 = x=0 Sign of f*—— ottt

= y=0'=0 Concave down  Concave up
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Applications of Derivatives

So, fis concave down on (-0, 0),
and fis concave up on (0, ).
(0, 0) is the inflection point.

(¢) f(x)=sinx on [0, 27]
Sol.: f'(x)=cosx,and f"(x)=-sinx
Put f"(x)=0 = -sinx=0 = x=7 LP.
. = y=sinz=0 Signoff‘£< —————— gttt BT
So, fis concave down on (0, 7), Cotioave down  CofiGave up
and fis concave up on (7, 27).
(7, 0) is the inflection point.

(d) f(x)=3x"+4x> —12x* +2
Sol.: f'(x)=12x* +12x* —24x
£"(x)=36x>+24x—24

LP. LP.
Put f"(x)=0 = 36x*+24x-24=0 122 0.55 . ..
= 3x’+2x-2=0 Sign of /¢ — ’ ”
—BF+B*-44C codre” e o
X = 24 ’

where 4=3, B=2,C=-2
—2F 22 -4%3%(22)  -1F47

SoX =

2%3 3
Either x = '1;‘/7 =-122 = y=-16.36
Or x= ”1;ﬁ ~0.55= y=—-0.68

So, fis concave up on intervals (-0,-1.22) and (0.55, ),
and fis concave down on interval (-1.22,0.55).
It has I.P. at points (-1.22,-16.36) and (0.55,-0.68).

¥ %
Example:Ify=—3—+?—6x+8,ﬁnd:

(a) Critical points.
(b) The intervals in which the function increases and decreases.
(c) Maximum and minimum values of y.
(d) The intervals in which the function is concave up or concave down.
(e) The inflection points.
Sol.:
(a) Critical points:

X X 3x2  2x 2
=2 4+ —6x+8 = Y ="t"=-6 = Yy =x"+x-6
¥=372 =3 Y *

000031



Applications of Derivatives

Put y'=0 = x*+x-6=0 = (x+3)(x-2)=0,
either x+3=0 = x=-3 = y=43/2
or x-2=0 = x=2 = y=2/3
- The critical points are (-3, 43/2), (2, 2/3).
(b) Increasing and decreasing intervals:
e The function increases on intervals: (-, -3] and [2, ).
e The function decreases on interval: [-3, 2]
(¢) Maximum and minimum values: 3 )
e The function has max. value of (y) Signoff i i — - AT oo
atx =-3 = ¥ = 43/2 increase decrease min,  increase
e The function has min. value of (y) hax atx=2
atx=2 = y=2/3.
Or by second derivative test:
y'=x>+x-6 P> y'(x)=2x+1
y"(-3) =2(-3)+1=-5<0 « There is a max. value at x=-3.
1"(2)=2(2)+1=5>0 <« Thereisa min. value at x=2.

(d) Concavity intervals:

y'=2x+1
Put y"=0 = 2x+1=0 _]'11/)'2
_(x) ______ w
L oeo L 13 Sign of /et
2 12 Concave down  Concave up

e The function is concave down on interval: (-0, -1/2).

e The function is concave up on interval: (-1/2, o).
(e) The inflection point is (—%,%).
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Applications of Derivatives

2. The Mean Value Theorem
Rolle’s Theorem: Let y=f(x) is continuous on the closed interval [a,b] and
differentiable on the open interval (a,b). If

fa)=Ab)=0,
then there is at least one number ¢ in (a,b) at which
f()=0.
3
W \
fle) = 1 fie) =0
,{y f {¢ ]} = f) ;;——lﬁ(':'
4 v = flo) 7T e =0/ v = f{x)

ol fa c b i Ol a ¢ €
4 %

() (b)

Example: Does Rolle's Theorem is applicable on the following functions. If so,
find the value or values of c.
l. y=2x-x% [0,2]
Sol.: 1. The function is continuous on [0,2].
2. y'=2-2x is differentiable on (0,2).
3. £(0)=2%0-0>=0 and f(2)=2%2-2"=0 ok
- Rolle’ s Theorem is applicable on this function on [0,2].
To find the value of c: Puty” =0

s 2-2x=0 = 2x=2 = x=%=l

ne=1
3
2. y= %——-3x; [-3,3]
Sol.: 1. The function is continuous on [-3, 3].
2. y=x"-31s differentiable on (-3,3).

3. =

. Rolle” s Theorem is apphcable on this functlon on [- 3,3].
To find the values of c: Puty” =0
A o320 = x*=3 = x=Ff3

¢, =—3 and ¢, =473.

=27 ,9=0 and f(3)—(3) _33)=2L-9=0 ok
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Applications of Derivatives

Finding Solution of Equations: 1 .0)
4
Corollary': Suppose that: / ‘
1. fis continuous on [q,b], and differentiable on (a,b). f” E

2. fla) and f{b) have opposite signs. 1% ,
3. f# 0 between a and b. Loy
Then fhas exactly one zero between a and b.

4 b

B )

0

Example: Show that the equation x* +3x+1=0 has exactly one real solution on
the interval [-1,1].

Sol.: Let y= f(x)=x" +3x+1 Y

Then the derivative £ (x) =3x* +3, SO | /

1. fis continuous on [-1,1], and differentiable on (-1,1). /

2. fl@=f)=D’+3(-D+1=-3<0 (negative) /

F(B) = F() =)’ +3(1) +1=5>0 (positive) o yEO A

Thus f{-1) and A1) have opposite signs. = 5

3. f'(x)=3x*+3 is never zero (because it is the sum of |

two positive numbers).

So corollary' is applicable on this function and the Vel-3)

above equation has exactly one real solution on (-1,1).

N

%

|

et [ s e i o . s
-
+

Example: Show that the equation x*+3x+1=0 has exactly one real root
between a=-2 and b=-1.
Sol.: Let y= f(x)=x"+3x+1
Then the derivative £ (x) =4x” +3, s0
3. fis continuous on [-2,-1], and differentiable on (-2,-1).
4. fa)=f(-2)=(=2)" +3(=2)+1=11>0 (positive)
f(B) = () =D +3(-D+1=-1<0 (negative)
Thus f{-2) and f{-1) have opposite signs.

3. When f(x)=4x*+3=0 = x3=143 = x=31F43z—0.91¢(—2,—1)

Thus f* (x) # 0 on (-1,-2).
So corollary' is applicable on this function and the above equation has
exactly one real root on (-2,-1).
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Applications of Derivatives

The Mean Value Theorem (M. V. T.):

Suppose y=flx) is continuous on the closed interval [a,b] and
differentiable on the open interval (a,b). Then there is at lest one point ¢ in (a,b)
at which

IO-1@ _
=qa

Example: Is the M. V. T. is applicable on the following functions. If so find the
value or values of c.
1. f(x)=x-2sinx; 0<x<2r7
Sol.: 1. f(x)=x—-2sinx is continuous on [0, 27].
2. f(x)=1-2cosx 1is differentiable on (0, 27).
. The M. V. T. is applicable on [0, 27].
To find c:
o) = f(b;—f(a)
—-a
where f(b)= f(n)=2r-2sin2zx=27-0=27
f(a)=f(0)=0-2sin0=0-0=0
and f'(c)=1-2cosc, thus:

1-2cosc = i
7-0

— 1-2cosc=1 = 2cosc=0 = cosc=0

Sc= $ﬂ; n=13.5..
2

L= Z and ¢ = 3% on the interval [0, 27].
2 2

2. f(x)=x"; [-8, 8]
Sol.: 1. f(x)=x"= x> is continuous on [-8, 8].
2. f(x)= %x“‘“ = —3—5—; is not differentiable x =0 € (-8.8).

- The M. V. T. is not applicable on [-8, 8].

3. f(x)=x"; [0, 8]
Sol.: 1. f(x)=x"*= 3x* is continuous on [0, &].

2. (%)= —i—x"/ ? o= —3-5_; is not differentiable x = 0 ¢ (0,8)
So it is differentiable on (0,8)
- The M. V. T. is applicable on [0, 8].

To find c:
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Applications of Derivatives

£(e) = b (b;—f (@)

=]
where f(b)= f(0)=0" =0
fB)=f®)=8"=4

. 2 ,
and f (C) = -372-', thus:

2 4-0 2 1 i~ 3 3\ 27
= = == = ife== = c=|=| ==—=0.421875

e 8-0 e 2 e 4 ( ) 64
Note: If f(x) is continuous on [a,b], the Max.-Min. Theorem for continuous
functions tells us that /° has absolute maximum value (ma/ ) and absolute
minimum value (min/” ) on the interval, the equation:

. b)-f(a
f(c):f(; S( )’
=]

gives us the inequality:

min f‘S Msmaxf‘
' b-a
Example: Estimate f{1) if /*(x) = : ! - and f{0)=2.
-x

Sol:a=0= fa)=A0)=2

b=1= fAb)=A1)="

1nin..f‘S I_gb?):l—ga_)gmaxf‘
-a

1 Sf(1)—2S 1
5-0? 1-0 51

1 1
SS/0-2<7

0.2+2< f(1)£0.25+2
22< f(1)£2.25
Carollary2: If £(x) = 0 for all x in an interval (g, b), then ~ *
f=C, for all xe (a, b), where Cis a constant. =0
S
f (x)=C } }Y} C
_— L J
& i h X
\~=.»f;~(' T P
Corollaryj: If f(x) =g (x) for all x in an interval (g, b), then f-g ju
is constant on (a, b); that is f{x) = g(x)+C, where Cis 1, i
a constant.
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Transcendental Functions

Transcendental Functions These are functions that are not algebraic. They include the

trigonometric, inverse trigonometric, exponential, and logarithmic functions, and many
other functions as well.

Trigonometric Functions

y v
Ve \ 1 7N 7N\ A T 7 ! lf.,v" ~ 3w
\37 \ 2/ | 2/ 2
LN 1 \\{ I v'/ | \\1 > X I \\1‘ LY N1y
—‘n'\ A0 = Na \ \ / [° n / \ /
\4, \/ \ ik T\
(a) flx) =sinx

(b) flx) = cosx

Graphs of the sine and cosine functions.

Exponential Functions

y = 10" v= 10"
12+

10+

Graphs of exponential functions.
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Logarithmic Functions

Graphs of four logarithmic functions.

Algebraic Functions Any function constructed from polynomials using algebraic oper-

ations (addition, subtraction. multiplication, division, and taking roots) lies within the
class of algebraic functions.

¥ y=x'"x-4) -
P , v v=xil-x)"
\ / v=3(x2- ¥ ! /
’?‘ B / - _1 /f
\r ’ y /
N ‘ s
/ \ /
iy ' \ e / ~/
! Y > X Y Y, > X SR > X
2 ] -1 o] 1 /10 51
N / 7
J
2f s
2 \ ,/‘ )!g -
AW /
{a) (h) (<)

Graphs of three algebraic functions.
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Inverse Functions

A function that undoes, or inverts, the effect of a function f is called the inverse of f.
Many common functions, though not all. are paired with an inverse. Important inverse
functions often show up in applications.

The symbol f ' for the inverse of f is read “f inverse.” The “—1"in f ' is not an
exponent; f '(x) does not mean 1/ f(x).

The process of passing from f to f ' can be summarized as a two-step procedure.

Solve the equation v = f(x) for x. This gives a formula x = f~'(v) where x is
expressed as a function of y.

Interchange x and v, obtaining a formula y = f'x) where f7! is expressed in the

conventional format with x as the independent variable and y as the dependent
variable.

. . 1 .
EXAMPLE Find the inverse of y = 5x + 1, expressed as a function of x.

Solution

. 1
1. Solve for xintermsofy: v = 3x = 1

2. Interchange xandy: v = 2x — 2.

The inverse of the function f(x) = (1/2)x = 1 is the function f~'(x) = 2x — 2. (See
Figure 1) To check. we verify that both composites give the identity function:

() = 2(:13.\‘ + l) —2=x+2-2=x
“Ix Lhe 9 - o
JUN) =32~ + 1 =x—1+1=x
A) y= 2.“ - 2
sy=x
/7 ///
4 ’/-l" l
oy = s+
2 ]
F z
1 L7
/’/ //
L | .
—2 . I
// “'2"'
7

FIGURE 1 Graphing the functions f(x) = (1/2)x + land f '(x) = 2x — 2

together shows the graphs’ symmetry with respect to the line y = x .
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Properties of Logarithms

THEOREM —Algebraic Properties of the Common Logarithm For any numbers
x> 0andy > 0, the common logarithm (base a) satisfies the following rules:

1. Product Rule: log, xv = log,x + log, v
i 2. Quotient Rule: logu.:‘l: = log,x — log, ¥
‘ 3. Reciprocal Rule: 108‘;_3‘- = —log, ¥ |
4. Power Rule: log, " = ylog, x

5. Equality Rule: If [log, m =log,n] Then [m =n]

i

| THEOREM —Aigebraic Properties of the Natural Logarithm For any numbers
- b = 0and x = 0, the natural logarithm satisfies the following rules:

1. Product Rule: Inbx = Inb + Inx

b

- 2. Quotient Rule: InT=Inb —lInx

1 ]

| 3. Reciprocal Rule: L= —lnx

3. Reciprocal Rule: ny = —Inx

4. Power Rule: Inx" = rinx

i

IOYOWGYVI | Z. Selve Ror 2C. c\ecX Jour 5o VAo

\oB(ALx—7)=\q3&3X+H)

From the equeliry rule (2 x—7) =C3x+W)

J2X = 3R =i+ T =D X =18 = K=72

i

CM@CK:

4
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/ tan x dx

sin ¥ I = —du
cos x¥ = u
—Injul + C=—In

S
|cosx|

cosx| + C

In + C = In|secx| + C.

il

cosx dx du
cot ¥ d.\' —_—= S—
J sinx o

Inju + C=In|sinx, + C=—Inescx + C

I

/ sec xdx =

To integrate sec x, we muluply and divide by (sec x + tan x)

{sec x + tanx) sect X + secxtan x
secxdy = [ secx —————dx = —— dx
(sec x + tanx) secy + tanxy

=/%i: Inju + C=In|secxy + tanx| + C

/ csc xdy =

For csc x, we multiply and divide by (¢sc x + cotx)

(csc x + cotx) cscix + escxcotx
cscxdy = [ esex — dx = e dx
N (cscx + cotx) . CSC X + cotx

= /—'—“‘1-’1 = —~In|ul + C=—Infescx + cotx| + C

w/6 w3 w3
5 du 1
tan 2x dx = tanu5 =3 tan u du
JO ] = “J i

(In2 —Inl) =

In2
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Exponential Functions

Exponential Functions Functions of the form f(x) = a'. where the base a > 0 is a
positive constant and @ # |, are called exponential functions. All exponential functions
have domain (—2>¢. ) and range (0. 2). so an exponential function never assumes the
value 0. The graphs of some exponential functions are shown in Figure |
y y

v 1ot A L
12 1
10

2

T

10+
8
6

(a) (h)
Figure | Graphs of exponenual functions.
If @ is any positive number other than 1, the function a* is one-to-one and has a nonzero

derivative at every point. It therefore has a differentiable inverse. We call the inverse the
logarithm of x with base « and denote it by log, x.

DEFINITION  For any positive number a = 1.

log,, x is the inverse function of a".

The graph of v = log, x can be obtained by reflecting the graph of v = a* across the
457 line y = x (Figure 2).  When a = e, we have log, x = inverse of ¢' = Inx.

Figure 2 The graph of 2" and its inverse, log, .
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The Inverse of In x and the Number e

The function In x. being an increasing function of x with domain (0. x) and range
(—>. ). has an inverse In"' x with domain (—>, ) and range (0. x). The graph of
In"! x is the graph of In x reflected across the line y = x. As you can see in Figure 3.

lim In"'x = x and lim In"'x = 0.

X0 x—r—00

The function In"! x is usually denoted as exp x. We now show that exp x is an exponential
function with base ¢.The number e was defined to satisfy the equation In (e) = 1.

SO e = exp(l).

v
1\

SH y= In l"~

= _\'r_()lin)‘ —-__-? X _:\0363

A

oF e =7

[ B
(3= 0 g

Figure 3. The graphsof v = Inx and v = In ' x = expx. The numbereis In ' I = exp(1).

DEFINITION  For every real number x. we define the natural exponential
function to be ¢' = exp x.

Inverse Equations for ¢ and In x

Inx _

e X (all x = 0)

In(e') = x (all x)
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Laws of Exponents

Even though e* is defined in a seemingly roundabout way as In"! x. it obeys the familiar
laws of exponents from algebra. The following Theorem 3 shows us that these laws are
consequences of the definitions of In x and ¢*.

THEOREM 3 For all numbers x. x;. and x,, the natural exponential ¢* obeys the
following laws:

1. en-e72 = et ® 2. €* = 2 f
e' |

el . . - A . i’

3. PO & 4. (e“Y = e™. if ris rational .

The Derivative and Integral of ef
4

If « is any differentiable function of x, then

i e = eu‘_i'_‘
dx dx’

The general antiderivative of the exponential function

/ e“du = e + C

The Derivative and Integral of a“

If @ = 0 and u is a differentiable function of x. then @“ is a differentiable func-
tion of x and
d du

—a" = a“"Ina—. 3
dx dx )

w g At
a'du = — — C. 4)
Ina
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