
Eigenvalues and Eigenfunctions of 𝑳𝟐 and 𝑳𝒛 

We note that the expression for 𝐿𝑧 is simpler than those for 𝐿𝑥 and 𝐿𝑦. Therefore, it is 

convenient to obtain simultaneous eigenfunctions of 𝐿2 and 𝐿𝑧. 

 

 

The subscript 𝑙 is attached to 𝑚 for later convenience. Substituting for 𝐿2 from (7.10) into 

(7.11), we obtain 

   

This equation can be solved by using the method of separation of variables. We write 

   

Substituting in (7.13), multiplying by 𝑠𝑖𝑛2𝜃/𝑌(𝜃, 𝜙) and rearranging, we obtain 

    

The variables have separated out, and therefore, each side must be equal to a constant. We take 

this constant to be 𝑚𝑙
2 for reason which will become clear soon and obtain the following 

ordinary differential equations: 

 

Equation (7.15) can be immediately solved to give 
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Taking 𝐴 = 1 √2𝜋⁄  , we obtain the normalized solutions of (7.15): 

     

It can be easily shown that these functions form an orthonormal set. That is, 

   

 

    

Spherical Harmonics 

After solving equation (7.16) and using (7.14) we obtain the common eigenfunctions of the 

operators 𝐿2 and 𝐿𝑧 as 

 

These functions are known as the spherical harmonics.  

Where,  

𝑙 is called the orbital angular momentum quantum number. 𝑙 = 0, 1, 2, 3, … 

𝑚𝑙 is called the magnetic quantum number for a given 𝑙, there are only (2𝑙 + 1) possible 

values of 𝑚𝑙,  𝑚𝑙 = −𝑙,−𝑙 + 1,… , 0,… , 𝑙 − 1, 𝑙 

𝑃𝑙(𝜉) denoted, Legendre polynomials, where 𝑙 is the degree of the polynomial. 

 

…(7.17) 

 

…(7.18) 

 

…(7.19) 

 

…(7.21) 

 

…(7.20) 

 

…(7.22) 

 



 

The spherical harmonics satisfy the orthonormality condition 

 

 

 

The first few spherical harmonics are given in Table: 
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