Chapter Five

The Orbital Angular Momentum in Quantum Mechanics

7.1 The Orbital Angular Momentum Operator and its Cartesian Components

Classically, the angular momentum L of a particle with respect to some fixed

origin O is defined as

L=rXxp

(7.

where p is the momentum of the particle and r is its position vector with respect to
O. Thus L is a vector which points in a direction at right angles to the plane

containing r and p.

The Cartesian components of L are

L\' = VP: — :p_v
L,=zpy —xp;
Lz - xp1 — VP«

...(7.23)
...(7.2b)
...(7.20)

The corresponding quantum mechanical operators are obtained by replacing
P, Px, Py and p, by the respective operators representing them. We have

L=-ih(rxV)
and
L. =—ih yi - zi
' dz  dy
L, =—ih Zi - Jc3
' ox 0z
L_=—ih Jt:i —yi
) dy =~ ox
(Angular momentum operators)

Commutation Relations

Let us now obtain the commutation relations between L,, L, and L. For this we
use the basic commutation relations between position and momentum operators,

..(73)

...(7.43)

...(7.4b)

...(7.4c)



[xs p‘(] - [}"a p:l-‘] - [Z, pz] = ih
with all other pairs (for example x and p,) commuting. We have
[Lxs I“k] - L\' L\ o L1 L\
= (yp: — zpy) (2px — xp2) — (2px — Xp2) (Yp: — zp))
= VP:ZPx — VP; XP; — :py P« + Zp}' XP; — ZPx)VP:
T Ipx ZPy T XP; YP: — XP: ZDy
- yp.\'(pzz - sz) + p_vx(zpz - pzz)
- (sz _pz:) (xp_v -V x)

= [z, p.] (xpy, — yp2)
= ihL,

In similar fashion we obtain the values of the commutators [Z,, L,] and
[L., L,]. Putting all the three together, we have

[L,,L,]=inL, ...(7.53)
[L,.L.]=ihL, ...(7.5b)
[L,,L,]=ihL, ...(7.5¢)
(Commutation relations)

We find that the operators representing any two components of the orbital angular
momentum do not commute. In other words, if a system of particles is in an
eigenstate of one of the components, it cannot be in an eigenstate of either of the
other two components.

Let us now consider the operator representing the square of the magnitude of the
orbital angular momentum:



Let us evaluate its commutator with L,:
[LE: L\] - [L%. + L% + L‘?;a Lr] (76)
Since [L2, L] = 0, we get

[Lza L\] - [L%s L\] + [L%, I‘\]
= Ly[Ly, L] + [Ly, Li]Ly + Lo L;, L] + [Lz, Li]L:
= —ih(L, L, + L, L))+ ih(L, L, + L, L))
=0

In a similar manner, we can show that L,, and L, also commute with L?. Thus,

[*,L]=[1",L,]=[",L,]=0 (1.7

This shows that the magnitude of the orbital angular momentum and any one of its
Cartesian components can be simultaneously measured precisely. Therefore, it is
possible to find simultaneous eigenfunctions of L? and any one of L, and L, or L,.

Angular Momentum Operators in Spherical Polar Coordinates

P (x,v,z or r, 6, ¢)

The spherical and Cartesian coordinates of a point P are related as

x=r sin 6 cos ¢

(7.
y=rsin 0 sin ¢ (78)
z=rcos 0

with 0 <7 < e, 0 <0< 7, 0 < ¢ <21 After some straightforward but lengthy
algebra, it can be shown that



Lx=fh(sin¢a—2+cot9cos¢%J ...(7.93)

J,Z—ih[cosqi:%—cotﬂsinqba—a‘p) ...(7.9b)
9

L. =—ih— ...(7.9c

-==ihgs (7.9c)

1 9(. ,0 1 2°
2= _p2 — 60— — ...(7.10
L Lin@ 00 (sm 39]-‘- sin 6 8(}52} (7.10)




