
4.3 One-Dimensional Finite Square Well (First Type) 

 

Consider a particle of mass m moving in this potential with energy E. 

Case One: When 𝑬 < 𝑽𝟎.  The particle is confined in a bound state. 

Inside the well the time-independent Schrödinger equation is 

 

 

Since 𝑉0 > 𝐸, the quantity 𝐾2 is positive. Therefore, the general solution of this equation is 

 

The wave function should not become infinite as 𝑥 ⟶ ±∞. Therefore, we must take 𝐶 = 0 for 

𝑥 < −𝑎 and 𝐷 = 0 for 𝑥 > 𝑎. So, the wave function can be written as 

 

The requirement that 𝜓(𝑥) and 
𝑑𝜓

𝑑𝑥
 be continuous at𝑥 = −𝑎 gives 
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Equations (4.50) and (4.52) give 

 

Equations (4.51) and (4.53) give 

 

Equations (4.54) and (4.56) yield 

 

unless 𝐴 = 0 and 𝐶 = 𝐷. Similarly, Equations (4.55) and (4.57) yield 

𝑘 tan 𝑘𝑎 = 𝐾 

unless 𝐵 = 0 and 𝐶 = −𝐷. 

Eliminating K from (4.58) and (4.59) leads to 𝑡𝑎𝑛2𝑘𝑎 = −1 which is not possible because both 

k and a are real. Therefore, these two equations cannot be valid simultaneously.  

We have two classes of solutions: 

 

Eigenfunctions 
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It is interesting to note that the eigenfunctions extend into the classically forbidden region 

|𝑥| > 𝑎. The distance through which they extend is roughly 𝐾−1 = ℏ/[2𝑚(𝑉0 − 𝐸)]1/2, which 

increases as the energy E of the particle increases. 

Parity 

It may be noted, as in the case of the infinite square well, that the eigenfunctions of the first 

class have even parity, satisfying 

𝜓(−𝑥) = 𝜓(𝑥) 

and the eigenfunctions of the second class have odd parity, satisfying 

𝜓(−𝑥) = −𝜓(𝑥) 

This division of eigenfunctions into even and odd types is due to the fact that the potential 

energy is symmetric about the origin, that is, 𝑉(– 𝑥) = 𝑉(𝑥). 

Energy Levels: The energy levels can be found by solving the equations (4.60) and (4.61) 

numerically or graphically. 

 

 

 

 

 

 

 

 

Figure: Graphical determination of the energy levels for a square well potential. 

 As, 𝜉 = 𝑘𝑎 , 𝜂 = 𝐾𝑎  and 𝛾 = √2𝑚𝑉𝑜𝑎
2/ℏ2 

…(4.63) 

 



4.4 One-Dimensional Finite Square Well (Second Type) 

 

It should be noted that the potentials in First type and Second type differ only in the origin of 

the energy scale and are, therefore, physically equivalent. 

We shall discuss the case 𝐸 < 0 which gives rise to bound states. Inside the well the time-

independent Schrödinger equation is و 

 

Here |𝐸| = −𝐸 is the binding energy of the particle in the well. Since  𝑉0 > |𝐸|, the quantity  𝛼2 

is positive. Therefore, the general solution of this equation is, 

 

 

The general solution of this equation is, 

 

The wave function should not become infinite as 𝑥 ⟶ ±∞. Therefore, we must take 𝐶 = 0 for 

𝑥 < −𝑎 and 𝐷 = 0 for 𝑥 > 𝑎. So the wave function can be written as, 
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Imposing that 𝜓(𝑥) and 𝑑𝜓 𝑑𝑥⁄  be continuous at 𝑥 ± 𝑎 and doing the same treatments as in the 

previous section, we obtain two classes of solutions: 
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