Reflection operator

Is the operator that when it operates on such function it rotates around the origin
R (x) = (=)

Since Y(—x) = ay(x) as defined with parity relation

Then RyY(x) = a P(x)

And RRY(x) = Ray(x) = a®>yP(x)

a’?=1 and a=+1

The eigenvalue of parity is +1

And the eigenfunction of the reflection operator will be

Even Function f(—=x) = f(x)
Examples: f(x) = x? then f(—x)=(-x)?=x%=f(x)
y(x)=cosx

y(=x) =cos(—x)
y(=x) =cosx = y(x)

Odd Function f(—x) = —f(x)

Examples: f(x) = x3 then f(—x)=(—x)3=—-x3=—f(x)
y(x)=snx
y(=x) = sin(—x)

Y(=x)=—sinx=—y(x)

Exercise: If H(x) = H(—x), Prove that the reflection operator commutes with the Hamiltonian
operator, i.e. [H,R] = 0.

Solution:  R(H(x)¢(x)) = H(—x)P(—x) = H(x)P(—x) because H(x) = H(—x)
Then ﬁ(ﬁ(x)t/)(x)) = H(x)Ry(x)
And RHY(x) —HRY(x) =0 or (RH—HR)Y(x) =0

Exercise: Prove that the Reflection operator R is Hermitian operator.



R to be a Hermitian operator it must satisfy the following relation,
jlp*(ﬁlp) dr = f W(Ry) dr

By using x-direction then, the right-hand-side will be:

| w@@Rw@) dx = [ v @) dx

By changing the integration factor from x to —x and dx = —dx

So, the integral will be,

f Y (0 W(—x)) dx = — f W (0 W®) dx = — j ($(=x)) Y(x)dx
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Since — ="

j (0 (Rp(0) dx = j (Rp(x)) P()dx

=~ R is Hermitian operator.

Exercise: Find the probability current density to the wave function y(x, t) = 3k e*** where k
IS a constant.

probability current density is,

= _ih * x
jar,t) = T (P"VY — Yyyr)
vy = i(3k eh¥) = 3ikZek* vy = i(3k e hr) = —3ikZe k¥
dx dx

h | | | |
j _.(3k e—lkx(gikzeth) — 3k elkx(—Sikze_lkx))

- 2mi
9hk3

Jj = i(9ik3 +9ik3) =
2mi

Exercise: Show that, the linear momentum p,. of a free particle is a constant of motion.



Solution: To be a constant of motion, it must satisfy the relation, i(px> =0

d = —ih f d h f d v oY dr
de \Px) = v reTt [ Y axae ot Ox ]
By using the Schrédinger equation and its complex conjugate, where v (x) = 0 for a free particle,
R _ aw_ 1 _in® gy o - gy
thoe =HY = o =3HY ihor =) = —-=Hy
To replacei—iJ and il respectlvely we get,
d()— f*aHd fH*alpd—f*aEd+JE*a¢d
= | [ WS- rwax - [y 22 dx| = = [ — (Epyax + [ Ey) ZE dx

=5 [ v Shax— [ 2l ] -

Then (p,) = constant of motion

Exercise: Determine whether any of the following functions are physically acceptable in

guantum mechanics.

1) e ™ in the interval [0,c0]  physically acceptable
Because: Single Valued, Continuous, Finite,

2) e * in the interval [—oo, 0] not acceptable
Because: It can't be normalized in the interval [—oo, oo]

3) sin~1(x) in the interval [—1,1] not acceptable

Because: It is a multi-values function in this interval (sin‘l(l) = %% 427, ...

4) Si“x(x) in the interval [0, o] acceptable

sin (x)

Because: lim
x—0 X

=1 [finite.

5) e~*l in the interval [—oo, 0] not acceptable

Because: The first derivative is not continuous.



Exercise: The wave function of particle rotates in a circular path is given by, ¥, (x) = \/;eme

wheren = 0,+1,+2,...and 0 < 6 < 2m. Prove that, these functions are an orthonormal group.
Solution: The orthonormal condition is, fOZ" Y (0)Y,(0)do = 6.,

Omn =0for m#=n,8,,, =1for m=n

j lpm (9)¢n(9)d9 j \f —lm@f inf do = — —Lm@ ein@ do

2T

1 [
e“(m‘n)e do = —J cos(m —n) 6do + —J sin(m —n) 6 dé
21 21

T 2m
0

For m # n then
Sn = % (sin(m —n)0]3" — i (—cos(m —n) 8]3™ =0 Orthogonal condition
For m = n then
i J."sin(0)8dg = 0

Smn = 5= [ cos(0)0dO = — [ do == =1 Normalization condition

Home Works:

1- If the functions ¥, and i, are solutions of the Schrodinger equation for a particle, then show
that a,y,+a,y,, where a, and a, are arbitrary constants, is also a solution of the same
equation.

2- Show that the expectation value of a physical quantity can be real only if the corresponding
operator is Hermitian.

3- Show that the normalization integral is independent of time.



