
  

The Properties of Operators 

1- linear operator 

 
2- Commutation 

 

If the operator �̂� = 𝟎  or [�̂�, �̂�] = 𝟎 then �̂� is called Commutator operator, and �̂�, �̂� are 

called Commute operators 

 

3- Unit operator 

If the operator �̂� = 𝟏  then �̂� is called Unit operator. 

Example 8: Prove that the operator �̂� = [
𝜕

𝜕𝑥
, 𝑥]  is Unit operator. 

Solution: 

If the operator �̂� = 1  then �̂� is called Unit operator 

 

 

 



  

 

H.W.  

 

 

 

�̂�𝜓(𝑥) = 𝑥 (−𝑖ℏ
𝜕𝜓(𝑥)

𝜕𝑥
) + 𝑖ℏ

𝜕

𝜕𝑥
(𝑥𝜓(𝑥)) 

�̂�𝜓(𝑥) = −𝑖ℏ𝑥
𝜕𝜓(𝑥)

𝜕𝑥
+ 𝑖ℏ𝜓(𝑥) + 𝑖ℏ𝑥

𝜕𝜓(𝑥)

𝜕𝑥
 

�̂�𝜓(𝑥) = 𝑖ℏ𝜓(𝑥) 

𝑖ℏ  is the eigen value to the operator �̂� 

Example 10: Show that [�̂�, �̂�] =
−𝒊ℏ

𝒎
�̂�𝒙 

 

 



  

 

By using, 

 𝛁 = �̂�
𝜕

𝜕𝑥
+ 𝑗̂

𝜕

𝜕𝑦
+ �̂�

𝜕

𝜕𝑧
 

∇2𝑥𝜓 = 𝛁 ∙ (𝛁𝑥𝜓) = 𝛁 ∙ (𝑥𝛁𝜓 + �̂�𝜓) = 𝑥∇2𝜓 + �̂�
𝜕𝜓

𝜕𝑥
+ �̂�

𝜕𝜓

𝜕𝑥
= 𝑥∇2𝜓 + �̂�2

𝜕𝜓

𝜕𝑥
 

[�̂�, �̂�]𝜓 =
ℏ2

2𝑚
(−𝑥 ∇2𝜓 − 2

𝜕𝜓

𝜕𝑥
+ 𝑥 ∇2𝜓) 

[�̂�, �̂�] = −
ℏ2

𝑚

𝜕𝜓

𝜕𝑥
=

−𝑖ℏ

𝑚
(−𝑖ℏ

𝜕𝜓

𝜕𝑥
) =

−𝑖ℏ

𝑚
�̂�𝑥 

 

 

 

4- Variance 

The deviation in the measured of the operator �̂� from its expected value 〈𝐴〉 

∆𝐴 = √〈(𝐴 − 〈𝐴〉)2〉 

Prove that  ∆𝐴 = √〈(𝐴 − 〈𝐴〉)2〉 = √〈𝐴2〉 − 〈𝐴〉2 

 

(∆𝐴)2 = 〈(𝐴 − 〈𝐴〉)2〉 = ∫ 𝜓∗(𝐴 − 〈𝐴〉)2𝜓 𝑑𝑟 

= ∫ 𝜓∗(𝐴2 − 2𝐴〈𝐴〉 + 〈𝐴〉2)𝜓 𝑑𝑟 

= ∫ 𝜓∗𝐴2𝜓 𝑑𝑟 − ∫ 𝜓∗2𝐴〈𝐴〉𝜓 𝑑𝑟 + ∫ 𝜓∗〈𝐴〉2𝜓 𝑑𝑟 

(∆𝐴)2 = 〈𝐴2〉 − 2〈𝐴〉〈𝐴〉 + 〈𝐴〉2 = 〈𝐴2〉 − 2〈𝐴〉2 + 〈𝐴〉2 

(∆𝐴)2 = 〈𝐴2〉 − 〈𝐴〉2 

So that  ∆𝐴 = √〈𝐴2〉 − 〈𝐴〉2 

1- The variance in position 



  

 
2- The variance in momentum 

 
Or  

          

Example 11: Consider a particle of mass m, in the quantum state 𝜓(𝑥, 𝑡) = 𝐴𝑒−𝑎(𝑚𝑥2−𝑖𝑡)/ℏ 

Where a, A are constant. Prove that,  ∆𝑥∆𝑝𝑥 ≥
ℏ

2
 

Solution: 

First, Normalize the wave function, 

∫ 𝜓∗(𝑥, 𝑡)
∞

−∞
 𝜓(𝑥, 𝑡) 𝑑𝑥 = 1 

∫ (𝐴∗𝑒−𝑎(𝑚𝑥2+𝑖𝑡)/ℏ)
∞

−∞

(𝐴𝑒−𝑎(𝑚𝑥2−𝑖𝑡)/ℏ) 𝑑𝑥 = 1  

|𝐴|2 ∫ (𝑒
−2𝑎𝑚𝑥2

ℏ )
∞

−∞

 𝑑𝑥 = 2|𝐴|2 ∫ (𝑒
−2𝑎𝑚𝑥2

ℏ )
∞

0

 𝑑𝑥 = 1  

Let 𝛼 =
2𝑎𝑚

ℏ
 

2|𝐴|2 ∫ (𝑒−𝛼𝑥2
)

∞

0

 𝑑𝑥 = 1  

𝑼𝒔𝒆𝒇𝒖𝒍𝒍 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍                     ∫ 𝒙𝒏

∞

𝟎

𝒆−𝜶𝒙𝟐
𝒅𝒙 =

𝟏

𝟐 𝜶
𝒏+𝟏

𝟐

 𝚪 (
𝒏 + 𝟏

𝟐
)                       Γ (

1
2

) = √𝜋 

∴ ∫ (𝑒−𝛼𝑥2
)

∞

0

 𝑑𝑥 =
1

2
√

𝜋

𝛼
 

Then  

|𝐴|2√
𝜋

𝛼
= 1 



  

|𝐴|2 = √
𝛼

𝜋
     𝑎𝑛𝑑 𝑡ℎ𝑒 𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑖𝑠 |𝐴| = (

2𝑎𝑚

𝜋ℏ
)

1
4
 

〈𝑥〉 = ∫ 𝜓∗(𝑥, 𝑡)�̂�
∞

−∞
 𝜓(𝑥, 𝑡) 𝑑𝑥 = ∫ (|𝐴|𝑒−𝑎(𝑚𝑥2+𝑖𝑡)/ℏ)𝑥

∞

−∞
(|𝐴|𝑒−𝑎(𝑚𝑥2−𝑖𝑡)/ℏ) 𝑑𝑥  

〈𝑥〉 = |𝐴|2 ∫ (𝑒
−2𝑎𝑚𝑥2

ℏ ) 𝑥
∞

−∞
 𝑑𝑥 =0   (Integral of odd function) 

〈𝑥〉 = 0 

〈𝑥2〉 = ∫ 𝜓∗(𝑥, 𝑡)𝑥2∞

−∞
 𝜓(𝑥, 𝑡) 𝑑𝑥 = ∫ (|𝐴|𝑒−𝑎(𝑚𝑥2+𝑖𝑡)/ℏ)𝑥2∞

−∞
(|𝐴|𝑒−𝑎(𝑚𝑥2−𝑖𝑡)/ℏ) 𝑑𝑥  

〈𝑥2〉 = |𝐴|2 ∫ (𝑒−𝛼𝑥2
)𝑥2

∞

−∞

 𝑑𝑥 = 2|𝐴|2 ∫ (𝑒−𝛼𝑥2
)𝑥2

∞

0

 𝑑𝑥 

From table of integrals ∫ (𝑒−𝛼𝑥2
)𝑥2∞

0
 𝑑𝑥 =

1

4𝛼
√

𝜋

𝛼
        

〈𝑥2〉 = |𝐴|2
1

2𝛼
√

𝜋

𝛼
= √

𝛼

𝜋
 

1

2𝛼
√

𝜋

𝛼
=

1

2𝛼
=

ℏ

4𝑎𝑚
 

∆𝑥 = √〈𝑥2〉 − 〈𝑥〉2 = √
ℏ

4𝑎𝑚
− 0 = √

ℏ

4𝑎𝑚
 

〈𝑝𝑥〉 = 𝑚
𝑑

𝑑𝑡
〈𝑥〉 = 0      (𝑏𝑒𝑐𝑜𝑢𝑠𝑒 〈𝑥〉 =0) 

〈𝑝𝑥
2〉 = ∫ 𝜓∗(𝑥, 𝑡)(�̂�𝑥)2∞

−∞
 𝜓(𝑥, 𝑡) 𝑑𝑥 = ∫ 𝜓∗(𝑥, 𝑡) (−𝑖ℏ

𝜕

𝜕𝑥
)

2∞

−∞
𝜓(𝑥, 𝑡) 𝑑𝑥  

= −ℏ2 ∫ 𝜓∗(𝑥, 𝑡)
𝜕2

𝜕𝑥2

∞

−∞

𝜓(𝑥, 𝑡) 𝑑𝑥 = −ℏ2 ∫ (|𝐴|𝑒−
𝑎(𝑚𝑥2+𝑖𝑡)

ℏ )
𝜕2

𝜕𝑥2

∞

−∞

(|𝐴|𝑒−
𝑎(𝑚𝑥2−𝑖𝑡)

ℏ )  𝑑𝑥 

= −ℏ2√
𝛼

𝜋
∫ (𝑒−

𝛼𝑥2

2
−𝑖

𝑎𝑡
ℏ )

𝜕2

𝜕𝑥2

∞

−∞

(𝑒−
𝛼𝑥2

2
+𝑖

𝑎𝑡
ℏ )  𝑑𝑥 

= −ℏ2√
𝛼

𝜋
∫ (𝑒−

𝛼𝑥2

2
−𝑖

𝑎𝑡
ℏ )

𝑑

𝑑𝑥

∞

−∞

(
𝑑

𝑑𝑥
𝑒−

𝛼𝑥2

2
+𝑖

𝑎𝑡
ℏ )  𝑑𝑥 

= −ℏ2√
𝛼

𝜋
∫ (𝑒−

𝛼𝑥2

2
−𝑖

𝑎𝑡
ℏ )

𝑑

𝑑𝑥

∞

−∞

(−𝛼𝑥 𝑒−
𝛼𝑥2

2
+𝑖

𝑎𝑡
ℏ )  𝑑𝑥 

= −ℏ2√
𝛼

𝜋
∫ (𝑒−

𝛼𝑥2

2
−𝑖

𝑎𝑡
ℏ )

∞

−∞

((𝛼𝑥)2 − 𝛼)𝑒−
𝛼𝑥2

2
+𝑖

𝑎𝑡
ℏ  𝑑𝑥 



  

= −2ℏ2𝛼√
𝛼

𝜋
[∫ 𝛼𝑥2 𝑒−𝛼𝑥2

∞

0

 𝑑𝑥 − ∫  𝑒−𝛼𝑥2
∞

0

 𝑑𝑥] 

From  Γ − integrals    ∫ 𝑒−𝛼𝑥2
𝑥2∞

0
 𝑑𝑥 =

1

4𝛼
√

𝜋

𝛼
   and ∫ (𝑒−𝛼𝑥2

)
∞

0
 𝑑𝑥 =

1

2
√

𝜋

𝛼
 

〈𝑝𝑥
2〉 = −2ℏ2𝛼√

𝛼

𝜋
[
1

4
√

𝜋

𝛼
−

1

2
√

𝜋

𝛼
] = −2ℏ2𝛼 [

1

4
−

1

2
] = ℏ𝑎𝑚  

∆𝑝𝑥 = √〈𝑝𝑥
2〉 − 〈𝑝𝑥〉2 = √ℏ𝑎𝑚 

∆𝑝𝑥∆𝑥 = √ℏ𝑎𝑚 √
ℏ

4𝑎𝑚
=

ℏ

2
 

Hermitian operator 

If the operator �̂� satisfy the condition ∫ 𝝍∗�̂�𝝍 𝒅𝒓 = ∫(�̂�𝝍)
∗
𝝍 𝒅𝒓  is called Hermitian 

operator. 

Example 12: Prove that 𝑝𝑥 is Hermitian operator? 

Operator �̂�𝑥 is said to be Hermitian when satisfying the relation: 

∫ 𝜓∗�̂�𝑥𝜓 𝑑𝑥 = ∫(�̂�𝑥𝜓)∗𝜓 𝑑𝑥 

∫ 𝜓∗�̂�𝑥𝜓 𝑑𝑥
∞

−∞

∫ 𝜓∗ (−𝑖ℏ
𝜕

𝜕𝑥
) 𝜓 𝑑𝑥

∞

−∞

= −𝑖ℏ ∫ 𝜓∗ (
𝜕

𝜕𝑥
) 𝜓 𝑑𝑥

∞

−∞

 

 using integration by parts method, let 𝜓∗ = 𝑢   ,    
𝜕𝜓

𝜕𝑥
𝑑𝑥 = 𝑑𝑣  

 

Then, 𝑣 = 𝜓    ,   𝑑𝑢 =
𝜕𝜓∗

𝜕𝑥
𝑑𝑥  

−𝑖ℏ ∫ 𝜓∗ (
𝜕

𝜕𝑥
) 𝜓 𝑑𝑥

∞

−∞

= −𝑖ℏ𝜓∗𝜓|−∞
+∞ + 𝑖ℏ ∫ 𝜓

𝜕𝜓∗

𝜕𝑥
 𝑑𝑥

∞

−∞

 

= 0 + ∫ 𝜓 (𝑖ℏ
𝜕

𝜕𝑥
𝜓∗)  𝑑𝑥

∞

−∞

= ∫ 𝜓 (−𝑖ℏ
𝜕

𝜕𝑥
𝜓)

∗

 𝑑𝑥
∞

−∞

= ∫ 𝜓(�̂�𝑥𝜓)∗ 𝑑𝑥
∞

−∞

 

So that �̂�𝑥 is a Hermitian operator. 

H.W.: Is the operator  
𝜕

𝜕𝑥
  Hermitian operator 



  

Example 13: Prove that the eigen value correspond to any Hermitian operator are real 

quantities 

So, we need to prove the eigen value a equal its conjugate, 𝑎 = 𝑎∗   

�̂�𝜓 = 𝑎𝜓    𝑎𝑛𝑑 �̂�∗𝜓∗ = 𝑎∗𝜓∗     

Multibly, from the left, the first equation by 𝜓∗, and the second equation by 𝜓 and integrated 

them for the all space. 

Assume, 𝜓 is a normalized wave function 

∫ 𝜓∗(�̂�𝜓) 𝑑𝑟 = ∫ 𝜓∗(𝑎𝜓) 𝑑𝑟 = 𝑎 ∫ 𝜓∗𝜓 𝑑𝑟 = 𝑎  (1) 

∫ 𝜓(�̂�𝜓)
∗
𝑑𝑟 = ∫ 𝜓(𝑎∗𝜓∗)𝑑𝑟 = 𝑎∗ ∫ 𝜓𝜓∗ 𝑑𝑟 = 𝑎∗ (2) 

By subtracting equations (1), (2) 

∫ 𝜓∗(�̂�𝜓) 𝑑𝑟 − ∫ 𝜓(�̂�𝜓)
∗
𝑑𝑟 = 𝑎 − 𝑎∗ 

Since �̂� Hermitian operator then ∫ 𝜓∗(�̂�𝜓) 𝑑𝑟 = ∫ 𝜓(�̂�𝜓)
∗
𝑑𝑟 

And  𝑎 = 𝑎∗  That’s mean the eigen value are real quantities 


