The Properties of Operators
1- linear operator
L Ay, +y,)=Ay, + Ay,

ii. Alay)=aAy  a isconstant

2- Commutation
C=[A4,Bl=AB-BA

If the operator € = 0 or [4, B| = 0 then C is called Commutator operator, and 4, B are

called Commute operators

fC#0 = [4,B]#0
AB-BA+0

AB#BA Notcommutator operator

3- Unit operator

If the operator € = 1 then C is called Unit operator.
Example 8: Prove that the operator € = [aa—x,x] Is Unit operator.

Solution:
If the operator € = 1 then C is called Unit operator

C =[4,B]
=AB—-BA
hd :[i.,x]_ﬁi-Y_xg
X OX X

A 0 0

Cy(x)= {fbcx - xax}‘//(x)
0 0

=% (w(x)— X (w(x))
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Cy(x) =y (x)
C=1

H.W.
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Prove that C =[x, —]——
ox

Example: Show that [X,p ]=i#

Solution:
é=[%.p,]
c=Xp.—px
¢ = x(—ih g) + :hi(fé)
ox X

ey(x) = {a%(—fhﬁwmﬁ(f)}w(x)

cw(x) = & (=il ‘g( oy, ha 2y
9
Y(x) = x <—Lh g( )) + ihg(xl/)(x))
P (x) l/J( )

CY(x) = —ihx P + ihp(x) + ihx ——

cY(x) = ip(x)
ih is the eigen value to the operator ¢

P

Example 10: Show that [H, %] = %px

2

[H, X|=H%-%H Where ﬁ:’zh V2 +V(x,v,z) and

m

[H, Ry =(HX-3H)y
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[H, .%]W - <|[(h VZ + V(x,y,z))x —X(_ i
2m 2m
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2
= Sy V() X LV -V (.2
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=——Vxpy +x—Viy
m

By using
V=1 0 +7 0 +k 0

~tox ey T %z
Vi = V- (Vxp) = V- (xVy + 1Y) = xV3y + L—l'b
_ h? o

2 — | _ 2 R 2
[H,x]z,b—zm< x VA — 2=+ xV 1/J>
o h2oy —ihy | oY\ —ih
7.8 =~ 5 = (- 5y) = S
4- Variance

VZ+ V(x,y,Z))}t//

o _ Y
a— XVl/)‘l‘lZa

The deviation in the measured of the operator A from its expected value (4)

AA = (A —(4))?)
Prove that AA = \/((A — (A))2) = \/(42) — (4)?

mm2=«A—m»%=j¢%A—m»wwr
=f¢%ﬁ—zmm+o®%¢m

= jz,b*Azz/) dr—ft/;*ZA(A)z/J dr+f1/1*(A)21/J dr
(A%) — 2(ANA) + (A)? = (A%) — 2(A)* + (A)°

(A4)?
(A4)? = (A%) — (4)*

So that AA = /(A?%) — (A)?
1- The variance in position



(A0)" =(x") = ()’
%) =[y &y dx
) =([y 3y dv)?

2- The variance in momentum
(Ap,)* =(p2)—(p,)’
(P2 =" ply dx
(py =([v p.w dxy’
Or
Ax= ((x—{x})2 >h, Ap = <{p—{p))3>

1/2

Example 11: Consider a particle of mass m, in the quantum state ¥ (x, t) = Ae~a(mx*=it)/h

h
Where a, A are constant. Prove that, AxAp, = >

Solution:
First, Normalize the wave function,

IZ o) Ylx, t) dx =1

joo (A*e=atme®+i)/h) (ge=atmx®=i/nY gy = 1

o —2amx? /[ _2amx?
|A|2j e~ * dx=2|A|2j e h dx =1
—00 0

Leta = —

2|A|2f (e=*) dx =1
0

0
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Usefullintegral J- X" e~ dx = — T (n -zl_ ) I <§> =T
0 2a 2
o 1 [
j (e—axz) dx = _\[:
0 2N«
Then

s
AR 2=



1
) a ] ] 2am\4
|A|* = |— and the normalize constant is |A| = (—h)
T T

() = [2, " (O P(x, 0) dx = [ (JAle™aMmx"+iD/M)x (|A]ealmx*~iD/N) dy

—-2amx

2
(x) = A% [* (eT )x dx=0  (Integral of odd function)
(x)=0
(x?) =[S, 9" (0 Ox2 Y(x, ) dx = [ (1Al o> +i0/M)x2 (|A]e~e0mx*~ID/R) dx

(.X'Z) = |A|2f (e_“xz)xz dx = 2|A|2j (e_axz)xz dx
—00 0

. [ee] _axz 2 _i E
From table of integrals [~ (e™**")x? dx = — |-

(%) = 14F* 20(\/7 \/a I 2a  4am

<x2>_<x>2=jL_O=JL

4am 4am

(py) = m%(x) =0 (becouse (x) =0)

(02) = [2, 0" e OG0 Y, 1) dx = [, G 0) (=ih2) x ) dx

o _a(mx?+it)\ g2 _a(mx?—it)
= —hzj Y*(x, t) z,b(x t) dx = —th <|A|e R )—2<|A|e R

ox

, a o _axz_l.a_t 62 _ax2+l.a_t
= —h* [— e 2 h)=—l|e 2 h)dx
TJ)_o 0x
, [@ o _axz_l,a_t d [d _axz_H,a_t
= —h* |— e 2 h)l—|—e 2 "R |dx
TJ_o dx \dx
a (® _ocxz_ia_t d _ax2+l.a_t
—h? —f e” 2 'hA|—|—axe 2z TR | dx
TJ)_o dx

a ([ _ax?_at _ax? at
—h? Ef e 2 ' |((ax)?—a)e 2 "R dx
—oo

) as



— —tha\/g U ax? e~ax’ dx—f e —ax? dx]
0 0

. © _gx2. 2 1 T O a2 _ 1 |m
From T —integrals [~ e *x dx—a\/; and [ (e=*") dx—;\/;

o2y = thfl\/ﬁ 1\/ﬁ_ | 1]_h
Px! = N7laNa 2V = g~z T em

Ap, = /(p2) — (py)? = Vham

h h
Ap,Ax = Vham ’ﬁ =3

Hermitian operator

If the operator A satisfy the condition [ * Ay dr = [(Ay)  dr is called Hermitian
operator.

Example 12: Prove that p, is Hermitian operator?

Operator p, is said to be Hermitian when satisfying the relation:

[ wpewax = [ Gy ax

[¢e] X oo . . a . . a
j_oow,b Dy dxj_oolp (—Lha>1/1dx = —lhj_ooz,b (a)tpdx
using integration by parts method, lety* = u Z—fdx = dv

Ij‘udv=uv[: — Ij;vdu
Then,v=v¢y , du =2—fdx

—mf:lp* (aa—x)zp dx = —ihp"PIIZ + ik | al/;

(0]

dx

[ee] . a . [ee) . a * [ee) A .
= O+.[_Oo1/)<1ha1/) ) dx = .[_Ool[)<—lhal/)> dx = f_ootp(pxzp) dx
So that p,, is a Hermitian operator.

0 .-
H.W.: Is the operator Py Hermitian operator



Example 13: Prove that the eigen value correspond to any Hermitian operator are real
quantities

So, we need to prove the eigen value a equal its conjugate, a = a*
AY =ayp and AY* = a*y*

Multibly, from the left, the first equation by v*, and the second equation by 1 and integrated
them for the all space.

Assume, v is a normalized wave function

[ (Ap)dr = [¢p*(ap)dr =a [P*pdr =a (1)
[¥(Ay) dr = [playp)dr=a [yyp dr=a  (2)
By subtracting equations (1), (2)

jl/)*(/il/}) dr — j yb(Av,b)*dr =a—a’

Since A Hermitian operator then [ *(Ay) dr = [y(Ayp) dr

And a = a® That’s mean the eigen value are real quantities



