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the speed albernatwely as

_ds _ . As_ . [(A%)' +(Ay)’ +(A)")"
gy At e

whxch reduces to th expression on the right of Equation 1.10.5.

auonwuha,wehave

dv _d°r
=—= 1.10.
A A i
In rectangular components,
a=ii+jij+ki (1.108)

Thus, acceleration is a vector quantity whose components, in rectangular coordinates, are
the second derivatives of the positional coordinates of a moving particle.

EXAMPLE 1.10.1

Projectile Motion
Let us examine the motion represented by the equation

2
r(t)=ibt+j[ct—%)+k0

This represents motion in the xy plane, because the z component is constant and equal
to zero. The velocity v is obtained by differentiating with respect to ¢, namely,

Ay =ds
v-g—lb+1(c—gt)

The acceleration, likewise, is given by

dv

dt

Thus, a is in the negative y direction and has the constant magnitude g. The path of
motion is a parabola, as shown in Figure 1.10.3. The speed v varies with ¢ according to
the equation

2]1!2

o=[b*+(c-gb)
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Figure 1.10.3 Position,
velocity, and acceleration

vectors of a particle

(projectile) moving in a

parabolic path. 0

EXAMPLE 1.10.2

Circular Motion
Suppose the position vector of a particle is given by
r=1b sin ot + jb cos ot

where @ is a constant.
Let us analyze the motion. The distance from the origin remains constant:

Irl=r=®"sin® ot +b* cos’ wt) > =b
So the path is a circle of radius b centered at the origin. Differentiating r, we find the
velocity vector

v= % =iba coswt - jbw sin wt

The particle traverses its path with constant speed:
v=|v]= b cos® ot +b*af sin® wt) 2 =bw
The acceleration is

dv

a=—=-ibo’sinwt - jbo’ coswt

In this case the acceleration is perpendicular to the velocity, because the dot product of
v and a vanishes: :

v a=(bwcos wt)(—-ba sin ) + (-bwsin a)t)(—!:v(o2 cos wt) =0
Comparing the two expressions for a and r, we see that we can write

a=-0'r
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Figure 1.10.4 A particle
moving in a circular path
with constant speed.

so a and r are oppositely directed; that is, a always points toward the center of the cir-

cular path (Fig. 1.10.4).

EXAMPLE 1.10.3

Rolling Wheel
Let us consider the following position vector of a particle P

r=r;+r;
in which
r =ibwt +jb
1y =ib sin @t +jb cos wt

Now r, by itself represents a point moving along the line y = b at constant velocity,
provided @ is constant; namely, ' :

v, =—t=ibw

The second part, r,, is just the position vector for circular motion, as discussed in
Example 1.10.2. Hence, the vector sum r, + r, represents a point that describes a circle
of radius b about a moving center. This is precisely what occurs for a particle on the rim
of a rolling wheel, r; being the position vector of the center of the wheel and r, being
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Figure 1,10.5 The \/

cycloidal path of a particle 0 =
on a rolling wheel.

Figure 1.10.6 Velocity vectors for various
points on a rolling wheel.

the position vector of the particle P relative to the moving center. The actual path is a
cycloid, as shown in Figure 1.10.5. The velocity of P is

© v=v;+vy=i(bw+bacos ot) - jbwsin wt

In particular, for @t =0, 27, 47, . . ., we find that v=i2bw, which is just twice the veloc-
ity of the center C. At these pomts the particle is at the uppermost part of its path.
Furthermore, for @t =, 3, 57, . . ., we obtain v =0. At these points the particle is at
its lowest point and is instantaneously in contact with the ground. See Figure 1.10.6.

-9
141| Velocity and Acceleration
in Plane Polar Coordinates

It is often convenient to employ polar coordinates r, 8 to express the position of a parti-
cle moving in a plane. Vectorially, the position of the particle can be written as the prod-
uct of the radial distance r by a unit radial vector e,:

r=re, (L1L1)
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EXAMPLE 1.11.1 Y o
A honeybee hones in on its hive in a spiral path in such a way that the radial distance
decreases at a constant rate, r =b — ct, while the angular speed increases at a constant

rate, 6 =kt. Find the speedas a function of time.
e

Soiufioh:
Wehave # =~c and # = 0. Thus, from Equation 1.11.7,
v=—ce,+ (b —ct)kte,

v =[c* + (b - ct)’ k)2
which is valid for t < b/c. Note that v =¢ both fort =0, r=b and for t = b/lc, r=0.

EXAMPLE 1.11.2
On a horizontal turntable that is rotating at constant angular speed, a bug is crawling
outward on a radial line such that its distance from the center increases quadratically
with time: r=bt*, 6= wt, where b and ware constants. Find the acceleration of the bug.

Solution: .
We have # =2bt, ¥+ =2b, 6 =@, 6 =0. Substituting into Equation 1.11.9, we find
a=¢,(2b - bt*of) + ¢g[0 + 2(2bt) )]

=b(2 - Fal)e, + dbote,

Note that the radial component of the acceleration becomes negative for large ¢ in this
example, although the radius is always increasing monotonically with time. |
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