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Example: Consider the distribution of x is

x, |1 2 3 4 5 6

p(x;) |1/36 3/36 5/36 7136 9/36 11/36




Find the mean and variance of x.

The solution:
The mean is E(X) = u, = X1 x; p(x;)

Z 1le(x)

= (5¢) +2(55) +2(3) +4(58) + 5 5) + )

6

() = ) xFp(x)

i=1

= (1)? ( ) + @ <336) +® (356) +@ (376) T ) <396)
+ (6)? (;) = 21.97

=4.47

The variance of x =var(x)=62= E(xz)—(E(x))Z
= 2197 — (4.47)?> = 1.99
Example: Suppose the continuous distribution function is:

0<x<1
0.wW

1,
Fe0 ={,
Find the mean and variance of x.

the solution:

2
The mean of x = u, :E(x):folxdx:%|1:%_g:%

0
1 35117 _1 0 _ 1
iy s 21
2
The variance of x = o7 = E(x?) — [E(x)]* = % — E] = %

Example: Let the probability mass function of x be given by

X -1 0 1 2

P(x) 1/8 3/8 1/4 1/4




Find the mean and variance of Xx.

The solution:
The mean is E(X) = u, = X7 x; p(x;)

= Zall x Xi p(xl)

= (-1)(1/8)+(0)(3/8)+(1)(1/4)+(2)(1/4)
=5/8

n

() = ) xtp(x)

i=0
= (12 () + 02 )+ () + @2 (3) = 11/8
The variance of x = 67 = E(x?) — [E(x)]?

=11/8-[(5/8) ]?=0.98

Example: Suppose the continuous distribution function
is:

_(1/10, 20<x<30
f(x)—{ 0, o.w

Find the mean and variance of x.

The solution:

2
The mean of x=p, = E(x) = f2300x *%dx = (%) * [x? ;8]
1 (30)% —(20)?
TR
30 1 1 3130 1 [(30)3—(20)3 1
E(x*) = 20 Xt * 00X = (E) * [x? 20] BECH [f] = 6333

The variance of x = 67 = E(x?) — [E(x)]? = 633% — [25]% = 8%

Example: A random variable X has the probability
distribution shown in the table below

X 2 4 6 8




P(x) Tk 5k 3k

a) Calculate the value of the constant k.
b) Find Var(x).

Solution:

a) To find k, the sum of the probability must be 1 so

Tk+5k+3k+k=1
16k=1

~k=1/16
b) The probability table now is

X 2 4 6

P(x) 7716 5/16 3/16

/16

E(x) = 2%7/16+4*5/16+6%3/16+8%1/16=60/16
E(x2) = 4*7/16+16*5/16+36%3/16+64*1/16=280/16

280 60,

Example: Let x have the p.d.f.

§@+1L _1<x<1

, 0.W

f(X)={

Show that p, =3, 0,2=

Solution: yx::E(X)z_E&x*%(x4-1)dx
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=31G+D -G+l =33
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The moment generating function (m.g.f) of a random variable X, is a function M x (t) defined
as

M x (t) = E[e™*].
Then for discrete distribution M x (t) = E[e™] =Y » €™ (%)
And for continuous distribution M x (t) = E[e*™*] = f:: e™ f(x)dx

Where t € real numbers



We can obtain all moments of X from its m.g.f:
M X (t) =E (e%)

To find E(X)

amx (t) .
= ML)

~ E(x) = M (t =0)

To find E(x?)

d*Mx (t) .
gz = M (1)
~E(x?*) =M, (t=0)

To find E (x*)
d*M x (t)
dtk

~ E(xk) = MF(t = 0)

= M (t)

Example: If the function of x is:

1
- x = 2,48,16
p(x) = {4
0, 0.wW
1) Find the moment generating function of x.
2) Find the variance of x.

The solution:
1) Mx (t) = E[e®] = Xau ™ p(x) = e*? G) + e G) + et G) et G)

_ G) [e2 + et + Bt + ¢161]

dM x (t)
dt

= My(t) = (5) [26% + 4e* + 8e® + 16¢19]

2) 7

E(x)=M,;(t=0)=G)[z+4+8+16]=ﬂ=7.5=ux

4

d*M x (t) "N —
dtx2 =M, (t) = (

) [4€2 + 16e* + 64¢% + 256¢16]

L

E(x?*) = M, (t = 0)

(3) [4 + 16 + 64 + 256]= 85



The variance of x = 67 = E(x?) — [E(x)]?> = 85 — (7.5)* = 28.75

Example: Find the moment generating function of the random variables whose
probability density is given by

_ (e, x>0
flx) = { 0, other wise
And use it to find the variance of x.
The solution:
Mx () =E ()= [ e* e ¥ dx = [ e ™1 Ddx = (1__1t) e~ x(1=0) 06) =0- (1__1t)
. M J— 1
~Mx(t) = a=0
aMx@) . . (QA-0p@O-OEH 1
i M= (1-1t)? S a-0? o
CEQ) =M (t=0=01-0)2=1"2%=1
2
THO M) = (-2 =71 = 201 - 1)

“Ex®)=M/(t=0)=2(1-0)3=2(1)3=2
The variance of x=0Z = E(x?) — [E(x)]? =2 - (1)’ =1
Some Special Discrete & Continuous Distributions:

1-Discrete Uniform Distribution — adadiall alaiiall a5 53l

1
P(x)=N x=aa+1l,a+2,..,.a+N—-1
1+ S aal o de¥)aall = N s
l1+a-a+N-1=N

_N+1 N?2 -1

— 2:
H=""H ¢ 12

Example: Suppose that we numbered five balls from 1 to 5, and we selected one ball at
random. Let x be the number of the selected ball. Find the Probability mass function of x?

the solution:

x=1,2,34,5



N=5-1+1
=~ The probability mass function of x is: p(x) = % x=1,2,3,4,5

2- Continuo Uniform Distribution: il alaiiall a5 5l
f(X) = m , a<x<

_a+b

U= UZZM

2 ’ 12

Example: If x is uniformly distribution over (0,10), calculate the P(3 < x < 8).

The solution: f(x) = % , 0<x<10

8-3 5

_ 1
2

dx=i|8= = =
1013 10 10

8
1
P(3<x<8)=jﬁ
3
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3-Poisson distribution:
The Poisson distribution is defined as follows:

e )X

P(x) = x=012,--

x! ’
where 4 > 0 is some constant. This countably infinite distribution.
The mean & variance for Poisson distributionis, u=21 , o¢2=21

Example: The average number of homes sold in a specific city, is 2 homes per day. What is
the probability that exactly 3 homes will be sold tomorrow?

The solution: A=2, x =3
e—Z X
P(x) = = , x=01.2,--
253
P(3) = =X = 0.180

3!
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4- Bernoulli Distribution: (A0 &5

Px)=p*1-p)'™* , x=01

2 —

H=Dp 0" =prq



5- Binomial Distribution: () (53 25 55) daesil a5
n
Bp) =P =( )p*@-p"™ ,  x=012-n

u=np 0% = npq

Example: A fair coin is tossed once. Call the outcome a success if a head is rolled. Find the
Probability mass function of x?

The Solution:
Px)=p*A-p'™* , x=01

P = () (1-)7 . x-od
x=1, P =) (1-9"7" =7, sl sehiladcl
x=0, P@=)"(1-0"7" =2, U biad g
Jae sl = (A5 @Y glaa (o n 3daa e
Example: A fair coin is tossed 6 times. Call the outcome a success if a head is rolled.

a) Find the Probability mass function of x?

b) Find the probability that exactly two heads occur?

a) B(n,p) = P(x) = (’;)px(l —p)" x=012-,n

6—x

1\ _ _ (8 (LY 1 —
(o)== ()0 657 . emorsas

) B(6.) =Py = () (1) (1-1) =L
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A =np o Eun B pma p oS Latie (Cpaall (53) dae sl a5 i s L 8 () gl g3 a3 55 ey

Example: Suppose 300 misprints are distributed randomly throughout a book of 500 pages.
Find the probability that a given page contains exactly 2 misprints?

The solution:
e 0 o (e Bl b il e 3 ] e il olRaY) sae ) i g

p =$=@m@g&s”¢d@/



n = 300

5 sl w5l Gy sl 50 T Jamind i pasd § pia ) Of Cua

A=np =300 * 0.6

500

_ (0.6)2e7%6
p(x) ===, — =~ 01

Example: Suppose 2% of the items made by a factory are defective. Find the probability p
that there are 3 defective items in a sample of 100 items.

The solution: The binomail distribution with n =100 and p = 0.02. Since p is small, we use
the poisson approximation with A = np = 2.

_e?@° _
p(x) = TR 0.180
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6- Exponential Distribution: =) sl

f(x) = Ae™ y x>0
1 , 1
H=3 . =z

Example: Suppose that the length of a phone call in minutes is an exponential random
variable with parameter 1 = % If someone arrives immediately ahead of you at a public

telephone booth, find the probability that you will have to wait a) more than 10 minutes. b)
between 10 and 20 minutes.

clalal Lo (add Jaas 130 A = 1/10 daleadl ao sl ) siie paria s @8I dpiiled) LSl J sk o il
20 510 ox e (.38 10 Ge ST (1 WY1 ) jlaal ol Jlaial (e Cangli ¢ ale Cila @liS 85 il

ALd
The Solution:

_ (el 1y e R P o P N § i
a)p(x>10)—f105e 0 dx = —e 10 10~ [e 0 —e 10]— [0—e ' ]=e"" =
= =037
el ~ 271828
b) p(10 < x < 20) = f1200%e—%x dx = —e~ 0¥ 18 =— [e_% — e_%] =—le?—e7] =

1 1

=0.37-0.14 = 0.23

-1 —27 —
e l—e? = —
[ ] 2.71828  (2.71828)2
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Example: The number of years a radio function is exponentially distribution with parameter
A= % Jones buys a used radio, what is the probability that it will be working additional work

after 8 years?
Sl g 8 any Lilia) Slae Jaiy

The solution: p(x > 8) = f8°° de ™™ dx = f8°° Lo=g% gy = — f8°° %e—éx dx = —e~ 5 ‘;’ _

— [e_% — e‘g] = [e‘g — e_%] =[et—0]=e!
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Gamma Distribution: LS & 558
/lae—lxxa—l
f(x) =———FF0i, 0<x <o
Iy
I, =(a—1)!
_a > _ G
=z o =%
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Standard Normal Distribution (sbdll cankall a5l 7 e Gl

P(a < x < b) 13layl sthadll S 134

_ _ b — _ h— _
P(a EITR. ‘“) P( —n_ b ‘”)=P( ‘”)—P(a ”)
a a a a a

-F (51 (!

Example: Let x~N(2,25), Find P(0 < x < 10)

— . a—u x—u b—p\ 0-2 x—2 10-2Y
TheSqutlon.P(O<x<10)—P(a < < )—P(5 <—<- )—

g g
P(—04<z<16)=P(z<16)—P(z<—-04)=P(z<16)—(1-P(z<04)) =
0.9452 — (1 — 0.6554) = 0.6006

Example: Let x~N(3,4),Find P(x < 4)



dl

x—u<4—3

o 2

1
P (Z < E) = 0.6915



