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Chapter Five

Quasi – Newton Methods

Lecture 3



Theorem (3):

If

1: 𝑿𝟎 in 𝑹𝒏 is arbitrary.

2: 𝑯𝟎 is an arbitrary 𝒏 × 𝒏 symmetric positive definite matrix.

𝟑: 𝒇: 𝑹𝒏 → 𝑹 𝒊𝒔 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒇 𝑿 =
𝟏

𝟐
𝑿𝑻𝑨𝑿 + 𝒃𝑻𝑿+ 𝒄,𝒘𝒉𝒆𝒓𝒆 𝑨 𝒊𝒔 𝒂𝒏

𝒏 × 𝒏 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒅𝒆𝒇𝒊𝒏𝒊𝒕𝒆 𝒎𝒂𝒕𝒓𝒊𝒙, 𝒃 is an 𝒏 × 𝟏 vector 

𝒂𝒏𝒅 𝒄 𝒊𝒔 𝒂 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓.

4: 𝑿𝟏, 𝑿𝟐, ⋯ , 𝑿𝒌 𝒂𝒏𝒅 𝑯𝟏, 𝑯𝟐, ⋯ ,𝑯𝒌, 𝟏 ≤ 𝒌 ≤ 𝒏 are generated from 

𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 (𝟐).

Then

𝒂: 𝒔𝒊
𝑻𝑨𝒔𝒋 = 𝟎, 𝒊 ≠ 𝒋, 𝒊, 𝒋 = 𝟎, 𝟏,⋯ , 𝒌 .

𝒃: 𝑯𝒌𝑨𝒔𝒊 = 𝒔𝒊 , 𝒊 = 𝟎, 𝟏,⋯ , 𝒌 − 𝟏 .



Notes (2):

1: Theorem (3) shows that the DFP method is a conjugate direction 

method.

2: From Theorem 𝟑 – 𝒃 , with 𝒌 = 𝒏, we see that 𝑯𝒏𝑨 has 𝒏

eigenvectors 𝒔𝒊, (𝒊 = 𝟎, 𝟏,⋯ , 𝒏 − 𝟏) each of which corresponds to the 

eigenvalue unity.

3: From Theorem 𝟑 – 𝒂 , 𝒘𝒆 𝒔𝒆𝒆 𝒕𝒉𝒂𝒕 𝒔𝒊, (𝒊 = 𝟎, 𝟏,⋯ , 𝒏 − 𝟏), being 

𝑨 − 𝒄𝒐𝒏𝒋𝒖𝒈𝒂𝒕𝒆, are linearly independent.

Note (3):

From Theorem (3) and Lemma (1), we conclude that 𝑯𝒏𝑨 = 𝑰, so that

𝑯𝒏 = 𝑨−𝟏.



Example:

Given the objective 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇 𝑿 = 𝒙𝟏
𝟐 + 𝟐𝒙𝟐

𝟐 . Compute the first two 

iterations for DFP method. 𝑼𝒔𝒆 𝑿𝟎 =
𝟏
𝟏

.

Solution:

First, we find the gradient vector 𝒈(𝑿) as:

𝒈 𝑿 = [
𝝏𝒇

𝝏𝒙𝟏
,
𝝏𝒇

𝝏𝒙𝟐
]𝑻= [𝟐𝒙𝟏 , 𝟒𝒙𝟐]

𝑻.

⸫𝒈𝟎 = 𝒈 𝑿𝟎 =.[𝟐, 𝟒]𝑻

⸫ 𝒑𝟎 = −𝑯𝟎𝒈𝟎 = −𝑰𝒈𝟎 = −𝒈𝟎 = [−𝟐,−𝟒]𝑻.

⸫ 𝑿𝟏 = 𝑿𝟎 + 𝜶𝒑𝟎 =
𝟏
𝟏
+ 𝜶

−𝟐
−𝟒

=
𝟏 − 𝟐𝜶
𝟏 − 𝟒𝜶

.

𝒇 𝑿𝟏 = (𝟏 − 𝟐𝜶)𝟐+𝟐(𝟏 − 𝟒𝜶)𝟐.
𝒅𝒇

𝒅𝜶
= 𝟐 𝟏 − 𝟐𝜶 −𝟐 + 𝟒 𝟏 − 𝟒𝜶 −𝟒 = 𝟕𝟐𝜶 − 𝟐𝟎.



Set   
𝒅𝒇

𝒅𝜶
= 𝟎 → 𝜶 =

𝟐𝟎

𝟕𝟐
= 𝟎. 𝟐𝟕𝟕𝟖.

⸫ 𝑿𝟏 =
𝟎. 𝟒𝟒𝟒𝟒
−𝟎. 𝟏𝟏𝟏𝟐

.

⸫ 𝒈𝟏 = 𝒈 𝑿𝟏 =
𝟎, 𝟖𝟖𝟖𝟖
−𝟎. 𝟒𝟒𝟒𝟖

.

Now, we compute 𝒔𝟎 , 𝒚𝟎 𝒂𝒏𝒅 𝒛𝟎 as:

𝒔𝟎 = 𝜶𝟎𝒑𝟎 =
−𝟏. 𝟓𝟓𝟓𝟔
−𝟏. 𝟏𝟏𝟏𝟏

, 𝒚𝟎 = 𝒈𝟏 − 𝒈𝟎 =
−𝟏. 𝟏𝟏𝟏𝟐
−𝟒. 𝟒𝟒𝟒𝟖

, 𝒛𝟎 = 𝑯𝟎𝒚𝟎 = 𝒚𝟎.

⸫ 𝒛𝟎 =
−𝟏. 𝟏𝟏𝟏𝟐
−𝟒. 𝟒𝟒𝟒𝟖

.

𝑻𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆𝒎𝒂𝒕𝒓𝒊𝒙 𝑯𝟏, we must compute the following:

𝒔𝟎𝒔𝟎
𝑻 =

−𝟏. 𝟓𝟓𝟓𝟔
−𝟏. 𝟏𝟏𝟏𝟏

−𝟏. 𝟓𝟓𝟓𝟔 −𝟏. 𝟏𝟏𝟏𝟏 =
𝟐. 𝟒𝟏𝟗𝟗 𝟐. 𝟔𝟔𝟔𝟕
𝟏. 𝟕𝟐𝟖𝟒 𝟏. 𝟐𝟑𝟒𝟓

.

𝒔𝟎
𝑻𝒚𝟎 = −𝟏. 𝟓𝟓𝟓𝟔 −𝟏. 𝟏𝟏𝟏𝟏

−𝟏. 𝟏𝟏𝟏𝟐
−𝟒. 𝟒𝟒𝟒𝟖

= 𝟔. 𝟔𝟔𝟕𝟐.

𝒔𝟎𝒔𝟎
𝑻

𝒔𝟎
𝑻𝒚𝟎

=
𝟎. 𝟑𝟔𝟑𝟎 𝟎. 𝟒
𝟎. 𝟐𝟓𝟗𝟐 𝟎. 𝟏𝟖𝟓𝟐

.

𝒛𝟎𝒛𝟎
𝑻 =

−𝟏. 𝟏𝟏𝟏𝟐
−𝟒. 𝟒𝟒𝟒𝟖

−𝟏. 𝟏𝟏𝟏𝟐 −𝟒. 𝟒𝟒𝟒𝟖 =
𝟏. 𝟐𝟑𝟒𝟖 𝟒. 𝟗𝟑𝟗𝟏
𝟒. 𝟗𝟑𝟗𝟏 𝟏𝟗. 𝟕𝟓𝟔𝟐

.



𝒛𝟎𝒛𝟎
𝑻 =

−𝟏. 𝟏𝟏𝟏𝟐
−𝟒. 𝟒𝟒𝟒𝟖

−𝟏. 𝟏𝟏𝟏𝟐 −𝟒. 𝟒𝟒𝟒𝟖 =
𝟏. 𝟐𝟑𝟒𝟖 𝟒. 𝟗𝟑𝟗𝟏
𝟒. 𝟗𝟑𝟗𝟏 𝟏𝟗. 𝟕𝟓𝟔𝟐

.

𝒚𝟎
𝑻𝒛𝟎 = −𝟏. 𝟏𝟏𝟏𝟐 −𝟒. 𝟒𝟒𝟒𝟖

−𝟏. 𝟏𝟏𝟏𝟐
−𝟒. 𝟒𝟒𝟒𝟖

= 𝟐𝟎. 𝟗𝟗𝟏𝟎 .

𝒛𝟎𝒛𝟎
𝑻

𝒚𝟎
𝑻𝒛𝟎

=
𝟎. 𝟎𝟓𝟖𝟖 𝟎. 𝟐𝟑𝟓𝟑
𝟎. 𝟐𝟑𝟓𝟑 𝟎. 𝟗𝟒𝟏𝟐

.

⸫ 𝑯𝟏 = 𝑯𝟎 +
𝒔𝟎𝒔𝟎

𝑻

𝒔𝟎
𝑻𝒚𝟎

−
𝒛𝟎𝒛𝟎

𝑻

𝒚𝟎
𝑻𝒛𝟎

=
𝟏 𝟎
𝟎 𝟏

+
𝟎. 𝟑𝟔𝟑𝟎 𝟎. 𝟒
𝟎. 𝟐𝟓𝟗𝟐 𝟎. 𝟏𝟖𝟓𝟐

−
𝟎. 𝟎𝟓𝟖𝟖 𝟎. 𝟐𝟑𝟓𝟑
𝟎. 𝟐𝟑𝟓𝟑 𝟎. 𝟗𝟒𝟏𝟐

=
𝟏. 𝟑𝟎𝟒𝟐 𝟎. 𝟏𝟔𝟒𝟕
𝟎. 𝟎𝟐𝟑𝟗 𝟎. 𝟐𝟒𝟒𝟎

.

Now, we compute 𝒑𝟏 as:

𝒑𝟏 = −𝑯𝟏𝒈𝟏 = −
𝟏. 𝟑𝟎𝟒𝟐 𝟎. 𝟏𝟔𝟒𝟕
𝟎. 𝟎𝟐𝟑𝟗 𝟎. 𝟐𝟒𝟒𝟎

𝟎. 𝟖𝟖𝟖𝟖
−𝟎. 𝟒𝟒𝟒𝟖

=
−𝟏. 𝟐𝟑𝟐𝟒
−𝟎. 𝟏𝟐𝟗𝟖

.



⸫ 𝑿𝟐 = 𝑿𝟏 + 𝜶𝒑𝟏 =
𝟎. 𝟒𝟒𝟒𝟒
−𝟎. 𝟏𝟏𝟏𝟐

+ 𝜶
−𝟏. 𝟐𝟑𝟐𝟒
−𝟎. 𝟏𝟐𝟗𝟖

=
𝟎. 𝟒𝟒𝟒𝟒 − 𝟏. 𝟐𝟑𝟐𝟒𝜶
−𝟎. 𝟏𝟏𝟏𝟐 − 𝟎. 𝟏𝟐𝟗𝟖𝜶

.

𝒇 𝑿𝟐 = (𝟎. 𝟒𝟒𝟒𝟒 − 𝟏. 𝟐𝟑𝟐𝟒𝜶)𝟐+𝟐(−𝟎. 𝟏𝟏𝟏𝟐 − 𝟎. 𝟏𝟐𝟗𝟖𝜶)𝟐

⸫
𝒅𝒇

𝒅𝜶
=

𝟐 𝟎. 𝟒𝟒𝟒𝟒 − 𝟏. 𝟐𝟑𝟐𝟒𝜶 −𝟏. 𝟐𝟑𝟐𝟒 + 𝟒(−𝟎. 𝟏𝟏𝟏𝟐

− 𝟎. 𝟏𝟐𝟗𝟖𝜶)(−𝟎. 𝟏𝟐𝟗𝟖)

= −𝟏. 𝟎𝟗𝟓𝟒 + 𝟑. 𝟎𝟑𝟕𝟔𝜶 + 𝟎. 𝟎𝟓𝟕𝟕 + 𝟎. 𝟎𝟔𝟕𝟒𝜶 = −𝟏. 𝟖𝟗𝟔𝟑 + 𝟑. 𝟏𝟎𝟓𝜶

Set 
𝒅𝒇

𝒅𝜶
= 𝟎 → −𝟏. 𝟖𝟗𝟔𝟑 + 𝟑. 𝟏𝟎𝟓𝜶 = 𝟎 → 𝜶 = 𝟎. 𝟔𝟏𝟎𝟕.

⸫ 𝑿𝟐 =
𝟎. 𝟒𝟒𝟒𝟒 − 𝟏. 𝟐𝟑𝟐𝟒𝜶
−𝟎. 𝟏𝟏𝟏𝟐 − 𝟎. 𝟏𝟐𝟗𝟖𝜶

=
−𝟎. 𝟑𝟎𝟖𝟐
−𝟎. 𝟏𝟗𝟎𝟓

.



H.W.

Given the objective 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏

𝒇 𝑿 = 𝟒𝒙𝟏
𝟐 + 𝟑𝒙𝟐

𝟐 − 𝟓𝒙𝟏𝒙𝟐 − 𝟖𝒙𝟏 . 

Compute the first two iterations for DFP method.  

𝑼𝒔𝒆 𝑿𝟎 =
𝟎
𝟎

.


