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Qua3| Newton Methods

|_ecture 3



Theorem (3):
If
1: Xo In R™ Is arbitrary:.
2: Hy 1s an arbitrary n X n symmetric positive definite matrix.

3: f: R® > Risdefined by f(X) = %XTAX + b'X + c,where Ais an

n X n symmetric positive definite matrix, b iIsan n X 1 vector
and ¢ is areal number.
4:X1,X,,-, X, and H{,H,,--- ,H;,1 < k < n are generated from
Algorithm (2). 3
Then
a:s{As;=0,i#j,(i,j=0,1,, k).
b:H,As; =s;,(i=0,1,--- ) k—1).




Notes (2):
1: Theorem (3) shows that the DFP method is a conjugate direction
method.

2: From Theorem (3 - b), with k = n, we see that H,,4 has n
eigenvectors s; (i =0,1,:--,n — 1) each of which corresponds to the
eigenvalue unity.

3: From Theorem (3 - a), we see that s;, (i =0,1,---,n— 1), bejng
A — conjugate, are linearly independent. 3

Note (3): N

From Theorem (3) and Lemma (1), we conclude that H,, A = I, $O-tF

H,=A1




Example:
Given the objective function f(X) = x% + 2x5 . Compute the first two

iterations for DFP method. Use X, = [ﬂ

Solution:

First, we find the gradient vector g(X) as:
_Of Of i1_ ¢ T

9(X) = [ 5o1"= (2%, 42,]".

~go = g(Xo) =.[2,4]"

~Po=—Hogo=—Igo=—go=[-2,—4]".
_ I -21 [1—-2«a

X1 =Xgt+apg = [1]+a[_4] = [1—4a .

f(X)=01-2a)*+2(1 - 4a)?.

% =2(1-2a)(-2) +4(1 — 4a)(—4) = 72a — 20.




df 20

Set —=0 > a=—=0.2778.
da 72
0.4444
“X1= ] _0.1112)

~ 708888
ng1=9X1) = _0.4448)

Now, we compute sq,yo and z, as:

S = ot :[—1.5556] _ :[—1.1112 J— _
0 0Po = [ 4 1111)’ YYo= 91790 = |_4 4448 ' 20 0Yo = Yo-
:[—1.1112
—4.4448!1"
To find the matrix H,, we must compute the following:
—1. 5556 _[2.4199 2.6667
—-1.1111 -1.5556 -1.1111]= 1.7284 1.2345]°
sTyo = [-1.5556 —1.1111][:1'111?; = 6.6672.

SoSo _ [0.3630 0.4
sgyo 0.2592 0.1852/"

~1.1112 ~ 71.2348 4.9391
44448 —1.1112 —4.4448] = 4.9391 19.75621




r_ [-1.11127 B . [1.2348 4.9391
-—4.4448][ 1.1112 —4.44438 _[4.9391 19.7562]'
—1.1112;

ylzo = [-1.1112 —4. 4448][ — 20.9910 .

—4.4448!
z0Z)) _ [0.0588 0.2353]
0 0.2353 0.9412!

YoZo

Sosg Zozg

~H{=H,+ T~ 370
_[1 O] n [O.363O 0.4 ]_ [0.0588 0.2353]

0 1 0.2592 0.1852 0.2353 0.9412
1.3042 0.1647]

10.0239 0.2440
Now, we compute p4 as:

- =_[1.3042 0.1647”0.8888]
. 191 0.0239 0.2440!l—0. 4448

o 1208



0.4444 ] n a[_1'2324] _[0.4444 — 1. 2324« ]

X2 =Xetapi = 641112 0.1298! ~— [—0.1112 — 0.1298«
f(X;) =(0.4444 — 1.2324a)*+2(—0.1112 — 0.1298a)?

Caf
ooda_

2(0.4444 — 1.2324a)(—1.2324) + 4(—0.1112
—0.1298a)(—0.1298)
= —1.0954 + 3.0376a + 0.0577 + 0.0674a = —1.8963 + 3.105«

Set%=0 - —1.8963 +3.105a =0 —» a = 0.6107.

0.4444 — 1.2324«a ] _ [—O. 3082].

“ X271 _0.1112 — 0.1298a 0.1905




H.W.
Given the objective function

f(X) = 4x% + 3x5 — 5x1x5 — 8x4 .
Compute the first two iterations for DFP method.

Use Xy = [8]




