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Chapter Four

Conjugate Direction Methods

Lecture 4



Example:

Given the objective 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇 𝑿 = 𝒙𝟏
𝟐 + 𝟐𝒙𝟐

𝟐 . Compute the first two 

iterations for 

𝟏: 𝑭𝒍𝒆𝒕𝒄𝒉𝒆𝒓 𝑹𝒆𝒆𝒗𝒆𝒔𝑴𝒆𝒕𝒉𝒐𝒅.

𝟐: 𝑫𝒊𝒙𝒐𝒏𝑴𝒆𝒕𝒉𝒐𝒅.

𝟑: 𝑷𝒐𝒍𝒂𝒌 𝒂𝒏𝒅 𝑹𝒊𝒃𝒊𝒆𝒓𝒆 𝑴𝒆𝒕𝒉𝒐𝒅.

Using the initial point 𝑿𝟎 = [𝟏, 𝟏]𝑻.

Solution:

𝟏: 𝑭𝒍𝒆𝒕𝒄𝒉𝒆𝒓 𝑹𝒆𝒆𝒗𝒆𝒔𝒎𝒆𝒕𝒉𝒐𝒅.

First, we compute the gradient vector 𝒈(𝑿) as follows:

𝒈 𝑿 = [
𝝏𝒇

𝝏𝒙𝟏
,
𝝏𝒇

𝝏𝒙𝟐
]𝑻= [𝟐𝒙𝟏, 𝟒𝒙𝟐]

𝑻.

⸫ 𝒈𝟎 = 𝒈 𝑿𝟎 = [𝟐, 𝟒]𝑻.

⸫ 𝒑𝟎 = −𝒈𝟎 = −𝟐,−𝟒 𝑻.

We find 𝜶 𝒂𝒏𝒅 𝑿𝟏 as follows:



𝑿𝟏 = 𝑿𝟎 + 𝜶𝒑𝟎 =
𝟏
𝟏
+ 𝜶

−𝟐
−𝟒

=
𝟏 − 𝟐𝜶
𝟏 − 𝟒𝜶

.

⸫ 𝒇 𝑿𝟏 = (𝟏 − 𝟐𝜶)𝟐+𝟐(𝟏 − 𝟒𝜶)𝟐.

Now, we set 
𝒅𝒇(𝑿𝟏)

𝒅𝜶
= 𝟎 → 𝟐 𝟏− 𝟐𝜶 −𝟐 + 𝟒 𝟏 − 𝟒𝜶 −𝟒 = 𝟎 →

−𝟒 + 𝟖𝜶− 𝟏𝟔 + 𝟔𝟒𝜶 = 𝟎 → 𝟕𝟐𝜶 = 𝟐𝟎 → 𝜶 =
𝟐𝟎

𝟕𝟐
= 𝟎. 𝟐𝟕𝟕𝟕.

Since 
𝒅𝟐𝒇(𝑿𝟏)

𝒅𝜶𝟐
= 𝟕𝟐 > 𝟎 → 𝜶 = 𝟎. 𝟐𝟕𝟕𝟕 is a minimizer of  𝒇 𝑿𝟏 .

⸫ 𝑿𝟏 =
𝟏 − 𝟐𝜶
𝟏 − 𝟒𝜶

=
𝟎. 𝟒𝟒𝟒𝟔
−𝟎. 𝟏𝟏𝟎𝟖

.

We compute 𝒈𝟏 as follows:

𝒈𝟏 = 𝒈 𝑿𝟏 = [𝟎. 𝟖𝟖𝟗𝟐,−𝟎. 𝟒𝟒𝟑𝟐]𝑻.

We compute 𝜷𝟎 𝒂𝒏𝒅 𝒑𝟏 as follows:

𝜷𝟎 =
𝒈𝟏

𝑻𝒈𝟏

𝒈𝟎
𝑻𝒈𝟎

.



𝒈𝟏
𝑻𝒈𝟏 = 𝟎. 𝟖𝟖𝟗𝟐,−𝟎. 𝟒𝟒𝟑𝟐

𝟎. 𝟖𝟖𝟗𝟐
−𝟎. 𝟒𝟒𝟑𝟐

= (𝟎. 𝟖𝟖𝟗𝟐)𝟐+(−𝟎. 𝟒𝟒𝟑𝟐)𝟐

= 𝟎. 𝟗𝟖𝟕𝟏

𝒈𝟎
𝑻𝒈𝟎 = 𝟐, 𝟒

𝟐
𝟒

= 𝟒 + 𝟏𝟔 = 𝟐𝟎.

⸫ 𝜷𝟎 =
𝒈𝟏

𝑻𝒈𝟏

𝒈𝟎
𝑻𝒈𝟎

=
𝟎.𝟗𝟖𝟕𝟏

𝟐𝟎
= 𝟎. 𝟎𝟒𝟗𝟒.

⸫ 𝒑𝟏 = −𝒈𝟏 + 𝜷𝟎𝒑𝟎

=
−𝟎. 𝟖𝟖𝟗𝟐
𝟎. 𝟒𝟒𝟑𝟐

+ 𝟎. 𝟎𝟒𝟗𝟒
−𝟐
−𝟒

=
−𝟎. 𝟖𝟖𝟗𝟐
𝟎. 𝟒𝟒𝟑𝟐

+
−𝟎. 𝟎𝟗𝟖𝟖
−𝟎. 𝟏𝟗𝟕𝟔

=
−𝟎. 𝟗𝟖𝟖
𝟎. 𝟐𝟒𝟓𝟔

.

Now, we find 𝑿𝟐 as follows:

𝑿𝟐 = 𝑿𝟏 + 𝜶𝒑𝟏 =
𝟎. 𝟒𝟒𝟒𝟔
−𝟎. 𝟏𝟏𝟎𝟖

+ 𝜶
−𝟎. 𝟗𝟖𝟖
𝟎. 𝟐𝟒𝟓𝟔

=
𝟎. 𝟒𝟒𝟒𝟔 − 𝟎. 𝟗𝟖𝟖𝜶

−𝟎. 𝟏𝟏𝟎𝟖 + 𝟎. 𝟐𝟒𝟓𝟔𝜶
.



⸫ 𝒇 𝑿𝟐 = (𝟎. 𝟒𝟒𝟒𝟔 − 𝟎. 𝟗𝟖𝟖𝜶)𝟐+𝟐(−𝟎. 𝟏𝟏𝟎𝟖 + 𝟎. 𝟐𝟒𝟓𝟔𝜶)𝟐

𝒅𝒇

𝒅𝜶
= 𝟐 𝟎. 𝟒𝟒𝟒𝟔 − 𝟎. 𝟗𝟖𝟖𝜶 −𝟎. 𝟗𝟖𝟖 + 𝟒(−𝟎. 𝟏𝟏𝟎𝟖 + 𝟎. 𝟐𝟒𝟓𝟔𝜶)(𝟎. 𝟐𝟒𝟓𝟔)

= −𝟎. 𝟖𝟕𝟖𝟕𝟓𝟐𝟗𝟔 + 𝟏. 𝟗𝟓𝟐𝟐𝟖𝟖𝜶 − 𝟎. 𝟏𝟎𝟖𝟖𝟒𝟗𝟗𝟐 + 𝟎. 𝟐𝟎𝟏𝟕𝟎𝟖𝟕𝟕𝟒𝜶

= −𝟎. 𝟗𝟖𝟕𝟔𝟎𝟐𝟖𝟖 + 𝟐. 𝟏𝟓𝟑𝟗𝟗𝟔𝟕𝟕𝜶.

Set   
𝒅𝒇

𝒅𝜶
= 𝟎 →= −𝟎. 𝟗𝟖𝟕𝟔𝟎𝟐𝟖𝟖 + 𝟐. 𝟏𝟓𝟑𝟗𝟗𝟔𝟕𝟕𝜶 = 𝟎

⸫𝜶 =
𝟎.𝟗𝟖𝟕𝟔𝟎𝟐𝟖𝟖

𝟐.𝟏𝟓𝟑𝟗𝟗𝟔𝟕𝟕
= 𝟎. 𝟒𝟓𝟖𝟓.

Since 
𝒅𝟐𝒇(𝑿𝟏)

𝒅𝜶𝟐
> 𝟎 → 𝜶 = 𝟎. 𝟒𝟓𝟖𝟓 is a minimizer of 𝒇 𝑿𝟐 .

⸫ 𝑿𝟐 = 𝑿𝟏 + 𝜶𝒑𝟏 =
𝟎. 𝟒𝟒𝟒𝟔 − 𝟎. 𝟗𝟖𝟖𝜶

−𝟎. 𝟏𝟏𝟎𝟖 + 𝟎. 𝟐𝟒𝟓𝟔𝜶
=

−𝟎. 𝟎𝟎𝟖𝟒
𝟎. 𝟎𝟎𝟏𝟖

.



𝟐: 𝑫𝒊𝒙𝒐𝒏𝑴𝒆𝒕𝒉𝒐𝒅

We know that the difference between 𝑭𝒍𝒆𝒕𝒄𝒉𝒆𝒓 𝑹𝒆𝒆𝒗𝒆𝒔𝒎𝒆𝒕𝒉𝒐𝒅 and 

𝑫𝒊𝒙𝒐𝒏𝑴𝒆𝒕𝒉𝒐𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝜷𝒌.

⸫𝜷𝟎 = −
𝒈𝟎

𝑻𝒈𝟎

𝒑𝟎
𝑻𝒈𝟎

.

𝒈𝟎
𝑻𝒈𝟎 =20 (as in the first part).

𝒑𝟎
𝑻𝒈𝟎 = −𝟐,−𝟒

𝟐
𝟒

= −𝟒 − 𝟏𝟔 = −𝟐𝟎.

⸫ 𝜷𝟎 = −
𝒈𝟎

𝑻𝒈𝟎

𝒑𝟎
𝑻𝒈𝟎

= −
𝟐𝟎

−𝟐𝟎
= 𝟏.

⸫ 𝒑𝟏 = −𝒈𝟏 + 𝜷𝟎𝒑𝟎 =
−𝟎. 𝟖𝟖𝟗𝟐
𝟎. 𝟒𝟒𝟑𝟐

+
−𝟐
−𝟒

=
−𝟐. 𝟖𝟖𝟗𝟐
−𝟑. 𝟓𝟓𝟔𝟖

.

⸫ 𝑿𝟐 = 𝑿𝟏 + 𝜶𝒑𝟏 =
𝟎. 𝟒𝟒𝟒𝟔
−𝟎. 𝟏𝟏𝟎𝟖

+ 𝜶
−𝟐. 𝟖𝟖𝟗𝟐
−𝟑. 𝟓𝟓𝟔𝟖

=
𝟎. 𝟒𝟒𝟒𝟔 − 𝟐. 𝟖𝟖𝟗𝟐𝜶

−𝟎. 𝟏𝟏𝟎𝟖 − 𝟑. 𝟓𝟓𝟔𝟖𝜶
.



⸫𝒇 𝑿𝟐 = (𝟎. 𝟒𝟒𝟒𝟔 − 𝟐. 𝟖𝟖𝟗𝟐𝜶)𝟐+𝟐(−𝟎. 𝟏𝟏𝟎𝟖 − 𝟑. 𝟓𝟓𝟔𝟖𝜶)𝟐

𝒅𝒇

𝒅𝜶
=

𝟐 𝟎. 𝟒𝟒𝟒𝟔 − 𝟐. 𝟖𝟖𝟗𝟐𝜶 −𝟐. 𝟖𝟖𝟗𝟐 + 𝟒(−𝟎. 𝟏𝟏𝟎𝟖 − 𝟑. 𝟓𝟓𝟔𝟖𝜶)(−𝟑. 𝟓𝟓𝟔𝟖)

= −𝟐. 𝟓𝟔𝟗𝟎𝟕𝟔𝟔𝟒 + 𝟏𝟔. 𝟔𝟗𝟒𝟗𝟓𝟑𝟐𝟖𝜶 + 𝟏. 𝟓𝟕𝟔𝟑𝟕𝟑𝟕𝟔 + 𝟓𝟎. 𝟔𝟎𝟑𝟑𝟎𝟒𝟗𝟔𝜶

= −𝟎. 𝟗𝟗𝟐𝟕𝟎𝟐𝟖𝟖 + 𝟔𝟕. 𝟐𝟗𝟖𝟐𝟓𝟖𝟐𝟒𝜶

Set  
𝒅𝒇

𝒅𝜶
= 𝟎 → −𝟎. 𝟗𝟗𝟐𝟕𝟎𝟐𝟖𝟖 + 𝟔𝟕. 𝟐𝟗𝟖𝟐𝟓𝟖𝟐𝟒𝜶 = 𝟎 → 𝜶 = 𝟎. 𝟎𝟏𝟒𝟖.

Since 
𝒅𝟐𝒇(𝑿𝟏)

𝒅𝜶𝟐
> 𝟎 → 𝜶 = 𝟎. 𝟎𝟏𝟒𝟖 is a minimizer of 𝒇 𝑿𝟐 .

⸫ 𝑿𝟐 =
𝟎.𝟒𝟒𝟒𝟔 − 𝟐. 𝟖𝟖𝟗𝟐𝜶

−𝟎. 𝟏𝟏𝟎𝟖 − 𝟑. 𝟓𝟓𝟔𝟖𝜶
=

𝟎.𝟒𝟎𝟏𝟖
−𝟎. 𝟏𝟔𝟑𝟒

.



𝟑: 𝑷𝒐𝒍𝒂𝒌 𝒂𝒏𝒅 𝑹𝒊𝒃𝒊𝒆𝒓𝒆 𝑴𝒆𝒕𝒉𝒐𝒅.

We know that the difference between 𝑭𝒍𝒆𝒕𝒄𝒉𝒆𝒓 𝑹𝒆𝒆𝒗𝒆𝒔𝑴𝒆𝒕𝒉𝒐𝒅 and 

𝑷𝒐𝒍𝒂𝒌 𝒂𝒏𝒅 𝑹𝒊𝒃𝒊𝒆𝒓𝒆 𝑴𝒆𝒕𝒉𝒐𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝜷𝒌.

⸫𝜷𝟎 =
𝒈𝟏

𝑻(𝒈𝟏−𝒈𝟎)

𝒈𝟎
𝑻𝒈𝟎

.

⸫ 𝒈𝟏 − 𝒈𝟎 =
𝟎. 𝟖𝟖𝟗𝟐

− 𝟎.𝟒𝟒𝟑𝟐
−

𝟐
𝟒

=
−𝟏. 𝟏𝟏𝟎𝟖
−𝟒. 𝟒𝟒𝟑𝟐

.

𝒈𝟏
𝑻 𝒈𝟏 − 𝒈𝟎 = 𝟎. 𝟖𝟖𝟗𝟐, − 𝟎. 𝟒𝟒𝟑𝟐

−𝟏. 𝟏𝟏𝟎𝟖
−𝟒. 𝟒𝟒𝟑𝟐

=( 𝟎. 𝟖𝟖𝟗𝟐) −𝟏. 𝟏𝟏𝟎𝟖 + (− 𝟎. 𝟒𝟒𝟑𝟐)( −𝟒. 𝟒𝟒𝟑𝟐)

= −𝟎. 𝟗𝟖𝟕𝟕𝟐𝟑𝟑𝟔 + 𝟏. 𝟗𝟔𝟗𝟐𝟐𝟔𝟐𝟒 = 𝟎. 𝟗𝟖𝟏𝟓.

⸫𝜷𝟎 =
𝒈𝟏

𝑻(𝒈𝟏−𝒈𝟎)

𝒈𝟎
𝑻𝒈𝟎

=
𝟎.𝟗𝟖𝟏𝟓

𝟐𝟎
= 𝟎. 𝟎𝟒𝟗𝟏.

⸫ 𝒑𝟏 = −𝒈𝟏 + 𝜷𝟎𝒑𝟎 =
−𝟎. 𝟖𝟖𝟗𝟐
𝟎. 𝟒𝟒𝟑𝟐

+ 𝟎. 𝟎𝟒𝟗𝟏
−𝟐
−𝟒

=
−𝟎. 𝟗𝟖𝟕𝟒
𝟎. 𝟐𝟒𝟔𝟖

.



⸫ 𝑿𝟐 = 𝑿𝟏 + 𝜶𝒑𝟏 =
𝟎. 𝟒𝟒𝟒𝟔
−𝟎. 𝟏𝟏𝟎𝟖

+ 𝜶
−𝟎. 𝟗𝟖𝟕𝟒
𝟎. 𝟐𝟒𝟔𝟖

=
𝟎.𝟒𝟒𝟒𝟔 − 𝟎. 𝟗𝟖𝟕𝟒𝜶

−𝟎. 𝟏𝟏𝟎𝟖 + 𝟎. 𝟐𝟒𝟔𝟖𝜶

⸫𝒇 𝑿𝟐 = (𝟎. 𝟒𝟒𝟒𝟔 − 𝟎. 𝟗𝟖𝟕𝟒𝜶)𝟐+𝟐(−𝟎. 𝟏𝟏𝟎𝟖 + 𝟎. 𝟐𝟒𝟔𝟖𝜶)𝟐

𝒅𝒇

𝒅𝜶
=

𝟐 𝟎. 𝟒𝟒𝟒𝟔 − 𝟎. 𝟗𝟖𝟕𝟒𝜶 −𝟎. 𝟗𝟖𝟕𝟒 + 𝟒(−𝟎. 𝟏𝟏𝟎𝟖 + 𝟎. 𝟐𝟒𝟔𝟖𝜶)(𝟎. 𝟐𝟒𝟔𝟖𝜶)

= −𝟎. 𝟖𝟕𝟕𝟗𝟗𝟔𝟎𝟖 + 𝟏. 𝟗𝟒𝟗𝟗𝟏𝟕𝟓𝟐𝜶 − 𝟎. 𝟏𝟎𝟗𝟑𝟖𝟏𝟕𝟔 + 𝟎. 𝟐𝟒𝟑𝟔𝟒𝟎𝟗𝟔𝜶

= −𝟎. 𝟗𝟖𝟕𝟑𝟕𝟕𝟖𝟒 + 𝟐. 𝟏𝟗𝟑𝟓𝟓𝟖𝟒𝟖𝜶 .

Set  
𝒅𝒇

𝒅𝜶
= 𝟎 → 𝜶 = 𝟎. 𝟒𝟓𝟎𝟏.

Since 
𝒅𝟐𝒇(𝑿𝟏)

𝒅𝜶𝟐
> 𝟎 → 𝜶 = 𝟎. 𝟒𝟓𝟎𝟏 is a minimizer of 𝒇 𝑿𝟐 .

⸫ 𝑿𝟐 = 𝑿𝟏 + 𝜶𝒑𝟏 =
𝟎. 𝟒𝟒𝟒𝟔
−𝟎. 𝟏𝟏𝟎𝟖

+ 𝟎. 𝟒𝟓𝟎𝟏
−𝟎. 𝟗𝟖𝟕𝟒
𝟎. 𝟐𝟒𝟔𝟖

=
𝟎. 𝟎𝟎𝟎𝟏𝟕
𝟎. 𝟎𝟎𝟎𝟐𝟖

.



H.W.:

Given the objective 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏

𝒇 𝑿 = 𝟒𝒙𝟏
𝟐 + 𝟑𝒙𝟐

𝟐 − 𝟓𝒙𝟏𝒙𝟐 − 𝟖𝒙𝟏 . 

Compute the first two iterations for 

𝟏: 𝑭𝒍𝒆𝒕𝒄𝒉𝒆𝒓 𝑹𝒆𝒆𝒗𝒆𝒔 𝑴𝒆𝒕𝒉𝒐𝒅.

𝟐: 𝑫𝒊𝒙𝒐𝒏𝑴𝒆𝒕𝒉𝒐𝒅.

𝟑: 𝑷𝒐𝒍𝒂𝒌 𝒂𝒏𝒅 𝑹𝒊𝒃𝒊𝒆𝒓𝒆 𝑴𝒆𝒕𝒉𝒐𝒅.

Using the initial point 𝑿𝟎 = [𝟎, 𝟎]𝑻.


