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Chapter Three

The Steepest Descent and 

Newton Methods

Lecture 3



Theorem (4): (Convergence Theorem of Newton′s Method)

1: Let 𝒇 is twice continuously differentiable in 𝑹𝒏.

2: Let 𝑿𝒌 be close enough to the solution 𝑿∗ of the minimization 

problem with 𝒈 𝑿∗ = 𝟎.

3: If the Hessian 𝑮(𝑿∗) is positive definite matrix.

4: If 𝑮(𝑿) satisfies Lipschitz condition

𝑮𝒊𝒋 𝑿 − 𝑮𝒊𝒋 𝒀 ≤ 𝜷 𝑿 − 𝒀 , 𝒇𝒐𝒓 𝒔𝒐𝒎𝒆 𝜷 , 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒊, 𝒋

𝒘𝒉𝒆𝒓𝒆 𝑮𝒊𝒋 𝑿 𝒊𝒔 𝒕𝒉𝒆 𝒊, 𝒋 − 𝒆𝒍𝒆𝒎𝒆𝒏𝒕 𝒐𝒇 𝑮 𝑿 .

Then

1: For all 𝒌 Newton′s iteration 𝑿𝒌+𝟏 = 𝑿𝒌 − 𝑮𝒌
−𝟏𝒈𝒌 is well defined.

2: The generated sequence {𝑿𝒌} converges to 𝑿∗ with a quadratic rate.



Algorithm (3): (Newton′s Method with Line Search)

Step 1: Given 𝑿𝟎 𝝐 𝑹
𝒏, 𝜺 > 𝟎, 𝒌 = 𝟎.

Step 2: Compute 𝒈𝒌. 𝑰𝒇 𝒈𝒌 ≤ 𝜺 stop.

Step 3: Solve 𝑮𝒌𝒔𝒌 = −𝒈𝒌 for 𝒔𝒌.

Step 4: Find 𝜶𝒌 such that 𝒇 𝑿𝒌 + 𝜶𝒌𝒔𝒌 = 𝐦𝐢𝐧
𝜶≥𝟎

𝒇 𝑿𝒌 + 𝜶𝒔𝒌 .

Step 5: 𝑺𝒆𝒕 𝑿𝒌+𝟏 = 𝑿𝒌 + 𝜶𝒌𝒔𝒌
, 𝒌 = 𝒌 + 𝟏, 𝒂𝒏𝒅 𝒈𝒐 𝒕𝒐 𝒔𝒕𝒆𝒑 𝟐.



Theorem (5):

1: Let 𝒇: 𝑹𝒏 → 𝑹 be twice continuously differentiable on an open 

𝒄𝒐𝒏𝒗𝒆𝒙 𝒔𝒆𝒕 𝑫 ⊂ 𝑹𝒏.

2: Assume that for any 𝑿𝟎 𝝐 𝑫 there exists a constant 𝒎 > 𝟎 such 

𝒕𝒉𝒂𝒕 𝒇 𝒙 𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒔

𝒖𝑻𝛁𝟐𝒇 𝑿 𝒖 ≥ 𝒎 𝒖 𝟐, 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒖 𝝐 𝑹𝒏, 𝑿 𝝐 𝑳 𝑿𝟎 , 𝒘𝒉𝒆𝒓𝒆

𝑳 𝑿𝟎 = {𝑿: 𝒇(𝑿) ≤ 𝒇(𝑿𝟎) 𝒊𝒔 𝒕𝒉𝒆 𝒄𝒐𝒓𝒓𝒆𝒔𝒑𝒐𝒏𝒅𝒊𝒏𝒈 𝒍𝒆𝒗𝒆𝒍 𝒔𝒆𝒕.

Then the sequence {𝑿𝒌} generated by Algorithm (3) satisfies:

1: when 𝑿𝒌 𝒊𝒔 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆,  𝒈𝒌 = 𝟎 𝒇𝒐𝒓 𝒔𝒐𝒎𝒆 𝒌.

2: when 𝑿𝒌 is an infinite sequence, 𝑿𝒌 converges to the unique 

𝒎𝒊𝒏𝒊𝒎𝒊𝒛𝒆𝒓 𝑿∗ 𝒐𝒇 𝒇.



Example:

Use the Newton′s Method with Line Search to find the minimizer of the 

objective function 𝒇 𝑿 = 𝒙𝟏 − 𝒙𝟐 + 𝟐𝒙𝟏
𝟐 + 𝟐𝒙𝟏𝒙𝟐 + 𝒙𝟐

𝟐 .

Take 𝑿𝟎 = [𝟎, 𝟎]𝑻 and 𝜺 = 𝟎. 𝟎𝟎𝟎𝟏.

Solution:

First, we find the gradient vector 𝒈(𝑿) as:

𝒈 𝑿 = [
𝝏𝒇

𝝏𝒙𝟏
,
𝝏𝒇

𝝏𝒙𝟐
]𝑻= [𝟏 + 𝟒𝒙𝟏 + 𝟐𝒙𝟐 , −𝟏 + 𝟐𝒙𝟏 + 𝟐𝒙𝟐]

𝑻 .

Now, find the Hessian matrix 𝑮(𝑿) as:

𝑮 = 𝑮 𝑿 =

𝝏𝟐𝒇

𝝏𝒙𝟏
𝟐

𝝏𝟐𝒇

𝝏𝒙𝟏𝝏𝒙𝟐

𝝏𝟐𝒇

𝝏𝒙𝟐𝝏𝒙𝟏

𝝏𝟐𝒇

𝝏𝒙𝟐
𝟐

=
𝟒 𝟐
𝟐 𝟐

.

𝑵𝒐𝒘, 𝒄𝒐𝒎𝒑𝒖𝒕𝒆 𝒈𝟎 = 𝒈 𝑿𝟎 = [𝟏,−𝟏]𝑻.



Compute 𝑮−𝟏 =
𝟏

𝟒

𝟐 −𝟐
−𝟐 𝟒

=

𝟏

𝟐
−

𝟏

𝟐

−
𝟏

𝟐
𝟏
.

𝑪𝒐𝒎𝒑𝒖𝒕𝒆 𝒔𝟎 = −𝑮−𝟏𝒈𝟎 = −

𝟏

𝟐
−

𝟏

𝟐

−
𝟏

𝟐
𝟏

𝟏
−𝟏

=

−
𝟏

𝟐

𝟏

𝟐
𝟏

𝟐
− 𝟏

𝟏
−𝟏

=
−𝟏
𝟑

𝟐

.

Compute 𝑿𝟏 = 𝑿𝟎 + 𝜶𝒔𝟎 =
𝟎
𝟎
+ 𝜶

−𝟏
𝟑

𝟐

=
−𝜶
𝟑

𝟐
𝜶 .

Evaluate 𝒇 𝑿𝟏 = −𝜶−
𝟑

𝟐
𝜶 + 𝟐𝜶𝟐 − 𝟑𝜶𝟐 +

𝟗

𝟒
𝜶𝟐 = −

𝟓

𝟐
𝜶 +

𝟓

𝟒
𝜶𝟐.

⸫
𝒅𝒇

=
𝟓

+
𝟓
𝜶



Set 
𝒅𝒇

𝒅𝜶
= 𝟎 → −

𝟓

𝟐
+
𝟓

𝟐
𝜶 = 𝟎 → 𝜶 = 𝟏.

⸫
𝒅𝟐𝒇

𝒅𝜶𝟐
=

𝟓

𝟐
> 𝟎 → 𝜶 𝒊𝒔 𝒂𝒎𝒊𝒏𝒊𝒎𝒊𝒛𝒆𝒓 𝒐𝒇 𝒇(𝑿𝟏).

⸫𝑿𝟏 =
−𝜶
𝟑

𝟐
𝜶 =

−𝟏
𝟑

𝟐

.

𝑵𝒐𝒘,𝒘𝒆 𝒄𝒐𝒎𝒑𝒖𝒕𝒆 𝒈𝟏 = 𝒈 𝑿𝟏 =
𝟎
𝟎

.

𝑺𝒊𝒏𝒄𝒆 𝒈𝟏 = 𝟎 < 𝜺.

⸫ 𝑿𝟏 =
−𝟏
𝟑

𝟐

is the minimizer of 𝒇 𝑿 .



H.W.

Use the Newton′s Method with Line Search to find the 

minimizer of the objective 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇 𝑿 = 𝒙𝟏
𝟐 + 𝟐𝒙𝟐

𝟐 . 

Take 𝑿𝟎 =
𝟏
𝟏

and 𝜺 = 𝟎. 𝟎𝟎𝟎𝟏.


