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Flow chart for the cubic interpolation method with two points







Algorithm (5): (Cubic Interpolation Method with Two Points)

Step 0:

𝑮𝒊𝒗𝒆𝒏 𝒊𝒏𝒊𝒕𝒊𝒂𝒍 𝒑𝒐𝒊𝒏𝒕 𝒂, 𝒊𝒏𝒊𝒕𝒊𝒂𝒍 𝒔𝒕𝒆𝒑 𝒉 𝒂𝒏𝒅 𝒂𝒄𝒄𝒖𝒓𝒂𝒄𝒚 𝜺 > 𝟎.

Step 1:

Set 𝝁𝟏 = 𝒂. Evaluate 𝜱𝟏 = 𝜱 𝝁𝟏 𝒂𝒏𝒅𝜱′𝟏 = 𝜱′ 𝝁𝟏 .

Step 2:

𝑰𝒇 𝜱′𝟏 < 𝜺 , stop. Otherwise go to step 3.

Step 3:

𝑰𝒇 𝜱′𝟏 > 𝟎, set 𝒉 = − 𝒉 and go to step 5. Otherwise go to step 4.

Step 4:

Set 𝒉 = 𝒉 and go to step 5.

Step 5:

Set 𝝁𝟐 = 𝝁𝟏 + 𝒉 and evaluate 𝜱𝟐 = 𝜱 𝝁𝟐 𝒂𝒏𝒅𝜱′𝟐 = 𝜱′ 𝝁𝟐 .



Step 6:

If  𝜱′𝟏𝜱′𝟐 ≥ 𝟎, set 𝒉 = 𝟐𝒉, 𝝁𝟏 = 𝝁𝟐 , 𝜱𝟏 = 𝜱𝟐 , 𝜱′𝟏 = 𝜱′𝟐 and go to 

step 5. Otherwise go to step 7.

Step 7:

If 𝒉 > 𝟎, set 𝒂 = 𝝁𝟏, 𝒃 = 𝝁𝟐 and go to step 9. Otherwise go to step 8.

Step 8:

𝑺𝒆𝒕 𝒂 = 𝝁𝟐 , 𝜱 = 𝜱𝟏, 𝒃 = 𝝁𝟏, 𝜱𝟏 = 𝜱𝟐, 𝜱𝟐 = 𝜱 .

Step 9: Compute

𝒔 = 𝟑
𝜱𝟐−𝜱𝟏

𝒃−𝒂
, 𝒛 = 𝒔 − 𝜱′

𝟏 −𝜱′
𝟐 ,

𝒘 = 𝒛𝟐 −𝜱′
𝟏𝜱

′
𝟐 , 𝒛 = 𝟏 −

𝜱′𝟐+𝒘+𝒛

𝜱′𝟐−𝜱
′
𝟏+𝟐𝒘

,

𝝁𝟏 = 𝝁𝟏 + 𝒃 − 𝒂 𝒛 ,𝜱𝟏 = 𝜱 𝝁𝟏 , 𝜱′𝟏 = 𝜱′ 𝝁𝟏 .

Step 10:

𝑰𝒇 𝜱′𝟏 < 𝜺 , stop. Otherwise set 𝒉 =
𝒉

𝟏𝟎
and go to step 3.



Example:

Use cubic interpolation method to find the minimizer of 

the function 𝒇 𝒙 =
𝒙

ln 𝒙
, 𝒙 > 𝟏.

Given initial point 𝒂 = 𝟐, 𝒍𝒆𝒏𝒈𝒕𝒉 𝒔𝒕𝒆𝒑 𝒉 = 𝟎. 𝟏
and the accuracy 0.03.

Solution:

First, we find the derivative of 𝒇 𝒙 .

𝒇′ 𝒙 =
ln 𝒙 −𝟏

(ln 𝒙)𝟐
.

1: Set μ𝟏 = 𝒂 = 𝟐.
2: Compute Φ𝟏 = 𝒇 μ𝟏 and Φ′𝟏 = 𝒇′(μ𝟏) as follows:



𝜱𝟏= 𝒇 𝟐 = 𝟐. 𝟖𝟖𝟓𝟑𝟗 .
Φ′𝟏 = 𝒇′(𝟐)= −𝟎. 𝟔𝟑𝟖𝟔𝟕 .
S𝐢𝐧𝐜𝐞 Φ′𝟏 = 𝟎. 𝟔𝟑𝟖𝟔𝟕 > ϵ = 𝟎. 𝟎𝟑 𝒂𝒏𝒅 Φ′𝟏 < 𝟎 .
Set 𝒉 = 𝒉 = 𝟎. 𝟏 .

3: Compute  μ𝟐 , Φ𝟐 and Φ′𝟐 as follows:

μ𝟐= μ𝟏 + 𝒉 = 𝟐 + 𝟎. 𝟏 = 𝟐. 𝟏 .
Φ𝟐 = 𝒇 𝟐. 𝟏 = 𝟐. 𝟖𝟑𝟎𝟒𝟑 .
Φ′𝟐 = 𝒇′ 𝟐. 𝟏 = −𝟎. 𝟓𝟑𝟕𝟏𝟐.
S𝐢𝐧𝐜𝐞 Φ′𝟏Φ′𝟐 > 𝟎 , set

𝒉 = 𝟐𝒉 = 𝟎. 𝟐 .
μ𝟏 = μ𝟐= 𝟐. 𝟏, 𝜱𝟏= Φ𝟐 = 𝟐. 𝟖𝟑𝟎𝟒𝟑, 



Φ′𝟏= Φ′𝟐 = −𝟎. 𝟓𝟑𝟕𝟏𝟐.
4: Compute  μ𝟐 , Φ𝟐 and Φ′𝟐 as follows:

μ𝟐= μ𝟏 + 𝒉 = 𝟐. 𝟏 + 𝟎. 𝟐 = 𝟐. 𝟑 .
Φ𝟐 = 𝒇 𝟐. 𝟑 = 𝟐. 𝟕𝟔𝟏𝟒𝟏 .
Φ′𝟐 = 𝒇′ 𝟐. 𝟑 = −𝟎. 𝟐𝟒𝟎𝟖𝟔.
S𝐢𝐧𝐜𝐞 Φ′𝟏Φ′𝟐 > 𝟎 , set

𝒉 = 𝟐𝒉 = 𝟎. 𝟒 .
μ𝟏 = μ𝟐= 𝟐. 𝟑, 𝜱𝟏= Φ𝟐 = 𝟐. 𝟕𝟔𝟏𝟒𝟏, 

Φ′𝟏= Φ′𝟐 = −𝟎. 𝟐𝟒𝟎𝟖𝟔.



5: Compute  μ𝟐 , Φ𝟐 and Φ′𝟐 as follows:

μ𝟐= μ𝟏 + 𝒉 = 𝟐. 𝟑 + 𝟎. 𝟒 = 𝟐. 𝟕 .
Φ𝟐 = 𝒇 𝟐. 𝟕 = 𝟐. 𝟕𝟏𝟖𝟑𝟒 .
Φ′𝟐 = 𝒇′ 𝟐. 𝟕 = −𝟎. 𝟎𝟎𝟔𝟖𝟒.
S𝐢𝐧𝐜𝐞 Φ′𝟏Φ′𝟐 > 𝟎 , set

𝒉 = 𝟐𝒉 = 𝟎. 𝟖 .
μ𝟏 = μ𝟐= 𝟐. 𝟕, 𝜱𝟏= Φ𝟐 = 𝟐. 𝟕𝟏𝟖𝟑𝟒, 

Φ′𝟏= Φ′𝟐 = −𝟎. 𝟎𝟎𝟔𝟖𝟒 .



6:Compute  μ𝟐 , Φ𝟐 and Φ′𝟐 as follows:

μ𝟐= μ𝟏 + 𝒉 = 𝟐. 𝟕 + 𝟎. 𝟖 = 𝟑. 𝟓.
Φ𝟐 = 𝒇 𝟑. 𝟓 = 𝟐. 𝟕𝟗𝟑𝟖𝟐 .
Φ′𝟐 = 𝒇′ 𝟑. 𝟓 = 𝟎. 𝟏𝟔𝟏𝟎𝟔.
S𝐢𝐧𝐜𝐞 Φ′𝟏Φ′𝟐 < 𝟎 , and 𝒉 > 𝟎 ,
Set 𝒂 = μ𝟏 = 𝟐. 𝟕 𝒂𝒏𝒅 𝒃 = μ𝟐= 𝟑. 𝟓.

7: Compute 𝒔 , 𝒛 𝒂𝒏𝒅 𝒘 𝒂𝒔 𝒇𝒐𝒍𝒍𝒐𝒘𝒔:

𝒔 = 𝟑
Φ𝟐−Φ𝟏

𝒃−𝒂
= 𝟎. 𝟐𝟖𝟑𝟐 .

𝒛 = 𝒔 −𝚽′
𝟏 −𝚽′

𝟐 = 𝟎. 𝟏𝟐𝟖𝟗𝟖 .

𝒘 = 𝒛𝟐 −Φ′𝟏Φ′𝟐 = 𝟎. 𝟏𝟑𝟑𝟏𝟖 . 𝒘 > 𝟎 .

𝒛 = 𝟏 −
Φ′𝟐+𝒘+𝒛

Φ′𝟐−𝚽
′
𝟏+𝟐𝒘

= 𝟎. 𝟎𝟐𝟔𝟖𝟏 .



8: Compute  μ𝟏 , Φ𝟏 and Φ′𝟏 as follows:

μ𝟏= μ𝟏 + 𝒃 − 𝒂 𝒛 = 𝟑. 𝟓𝟐𝟔𝟖𝟏 .
Φ𝟏 = 𝒇 𝟑. 𝟓𝟐𝟔𝟖𝟏 = 𝟐. 𝟕𝟗𝟖𝟏𝟖 .
Φ′𝟏 = 𝒇′ 𝟑. 𝟓𝟐𝟔𝟖𝟏 = 𝟎. 𝟏𝟔𝟑𝟗 .
Since Φ′𝟏 = 𝟎. 𝟏𝟔𝟑𝟗 > ϵ = 𝟎. 𝟎𝟑 .

Set 𝒉 =
𝒉

𝟏𝟎
=

𝟎.𝟖

𝟏𝟎
= 𝟎. 𝟎𝟖 .

Since Φ′𝟏 > 𝟎 , 𝒔𝒆𝒕 𝒉 = − 𝒉 = −𝟎. 𝟎𝟖 .
9:Compute  μ𝟐 , Φ𝟐 and Φ′𝟐 as follows:

μ𝟐= μ𝟏 + 𝒉 = 𝟑. 𝟓𝟐𝟔𝟖𝟏 − 𝟎. 𝟎𝟖 = 𝟑. 𝟒𝟒𝟔𝟖𝟏 .
Φ𝟐 = 𝒇 𝟑. 𝟒𝟒𝟔𝟖𝟏 = 𝟐. 𝟕𝟖𝟓𝟒𝟐 .
Φ′𝟐 = 𝒇′ 𝟑. 𝟒𝟒𝟔𝟖𝟏 = 𝟎. 𝟏𝟓𝟓𝟑𝟓.



S𝐢𝐧𝐜𝐞 Φ′𝟏Φ′𝟐 > 𝟎 , set

𝒉 = 𝟐𝒉 = −𝟎. 𝟏𝟔 .
μ𝟏 = μ𝟐= 𝟑. 𝟒𝟒𝟔𝟖𝟏, 𝜱𝟏= Φ𝟐 = 𝟐. 𝟕𝟖𝟓𝟒𝟐
Φ′𝟏= Φ′𝟐 = 𝟎. 𝟏𝟓𝟓𝟑𝟓.

10: Compute  μ𝟐 , Φ𝟐 and Φ′𝟐 as follows:

μ𝟐= μ𝟏 + 𝒉 = 𝟑. 𝟒𝟒𝟔𝟖𝟏 − 𝟎. 𝟏𝟔 = 𝟑. 𝟐𝟖𝟔𝟖𝟏.
Φ𝟐 = 𝒇 𝟑. 𝟐𝟖𝟔𝟖𝟏 = 𝟐. 𝟕𝟕𝟓𝟓𝟑 .
Φ′𝟐 = 𝒇′ 𝟑. 𝟐𝟖𝟔𝟖𝟏 = 𝟎. 𝟏𝟑𝟒𝟏𝟑 .
S𝐢𝐧𝐜𝐞 Φ′𝟏Φ′𝟐 > 𝟎 , set 𝒉 = 𝟐𝒉 = −𝟎. 𝟑𝟐 ,
μ𝟏 = μ𝟐= 𝟑. 𝟐𝟖𝟔𝟖𝟏, 𝜱𝟏= Φ𝟐 = 𝟐. 𝟕𝟕𝟓𝟓𝟑.

Φ′𝟏= Φ′𝟐 = 𝟎. 𝟏𝟑𝟒𝟏𝟑.



11: Compute  μ𝟐 , Φ𝟐 and Φ′𝟐 as follows:

μ𝟐= μ𝟏 + 𝒉 = 𝟑. 𝟐𝟖𝟔𝟖𝟏 − 𝟎. 𝟑𝟐 = 𝟐. 𝟗𝟔𝟔𝟖𝟏 .
Φ𝟐 = 𝒇 𝟐. 𝟗𝟔𝟔𝟖𝟏 = 𝟐. 𝟕𝟐𝟖𝟏𝟑 .
Φ′𝟐 = 𝒇′ 𝟐. 𝟗𝟔𝟔𝟖𝟏 = 𝟎. 𝟎𝟕𝟑𝟗𝟐 .
S𝐢𝐧𝐜𝐞 Φ′𝟏Φ′𝟐 > 𝟎 , set 𝒉 = 𝟐𝒉 = −𝟎. 𝟔𝟒 ,
μ𝟏 = μ𝟐= 𝟐. 𝟗𝟔𝟔𝟖𝟏, 𝜱𝟏= Φ𝟐 = 𝟐. 𝟕𝟐𝟖𝟏𝟑.

Φ′𝟏= Φ′𝟐 = 𝟎. 𝟎𝟕𝟑𝟗𝟐.
12: Compute  μ𝟐 , Φ𝟐 and Φ′𝟐 as follows:

μ𝟐= μ𝟏 + 𝒉 = 𝟐. 𝟗𝟔𝟔𝟖𝟏 − 𝟎. 𝟔𝟒 = 𝟐. 𝟑𝟐𝟔𝟖𝟏 .
Φ𝟐 = 𝒇 𝟐. 𝟑𝟐𝟔𝟖𝟏 = 𝟐. 𝟕𝟓𝟓𝟐𝟔 .
Φ′𝟐 = 𝒇′ 𝟐. 𝟑𝟐𝟔𝟖𝟏 = −𝟎. 𝟐𝟏𝟖𝟎𝟒.



13: Since Φ′𝟏Φ′𝟐 < 𝟎 𝒂𝒏𝒅 𝒉 < 𝟎 , 𝒔𝒆𝒕
𝒂 = μ𝟐= 𝟐. 𝟑𝟐𝟔𝟖𝟏
𝒃 = μ𝟏 = 𝟐. 𝟗𝟔𝟔𝟖𝟏
Φ =𝜱𝟏= 𝟐. 𝟕𝟐𝟖𝟏𝟑
Φ𝟏 = Φ𝟐 = 𝟐. 𝟕𝟓𝟓𝟐𝟔
Φ𝟐 =Φ = 𝟐. 𝟕𝟐𝟖𝟏𝟑.

14: Compute 𝒔, 𝒛 𝒂𝒏𝒅 𝒘 𝒂𝒔 𝒇𝒐𝒍𝒍𝒐𝒘𝒔:

𝒔 = 𝟑
Φ𝟐−Φ𝟏

𝒃−𝒂
= −𝟎. 𝟏𝟐𝟕𝟏𝟕 .

𝒛 = 𝒔 −𝚽′
𝟏 −𝚽′

𝟐 = 𝟎. 𝟐𝟕𝟏𝟐𝟗 .

𝒘 = 𝒛𝟐 −Φ′𝟏Φ′𝟐 = 𝟎. 𝟐𝟕𝟒𝟐𝟓 . 𝒘 > 𝟎 .

𝒛 = 𝟏 −
Φ′𝟐+𝒘+𝒛

Φ′𝟐−𝚽
′
𝟏+𝟐𝒘

= −𝟎. 𝟐𝟕𝟔𝟔 .



15: Compute  μ𝟏 , Φ𝟏 and Φ′𝟏 as follows:

μ𝟏= μ𝟏 + 𝒃 − 𝒂 𝒛 = 𝟐. 𝟕𝟖𝟗𝟕𝟖.
Φ𝟏 = 𝒇 𝟐. 𝟕𝟖𝟗𝟕𝟖 = 𝟐. 𝟕𝟏𝟗𝟏𝟖 .
Φ′𝟏 = 𝒇′ 𝟐. 𝟕𝟖𝟗𝟕𝟖 = 𝟎. 𝟎𝟐𝟒𝟔𝟕 .
Since Φ′𝟏 = 𝟎. 𝟎𝟐𝟒𝟔𝟕 < ϵ = 𝟎. 𝟎𝟑 .

⸫The minimizer of the function is

μ𝟏= 𝟐. 𝟕𝟖𝟗𝟕𝟖.
H.W.

Use cubic interpolation method to find the minimizer of 

the function 𝒇 𝒙 = 𝒙𝟓 − 𝟓𝒙𝟑 − 𝟐𝟎𝒙 + 𝟓. 

Take 𝒂 = 𝟎, 𝒉 = 𝟎. 𝟒 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒂𝒄𝒄𝒖𝒓𝒂𝒄𝒚 𝟎. 𝟐 .


